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Summary

Every day, people face decisions that involve multiple, often conflicting objectives:
balancing cost against quality, safety against speed, or personal benefit against social
responsibility. These trade-offs rarely admit a single “right” answer, and they become
even more challenging when other decision-makers are involved. Reinforcement
learning offers a powerful framework for constructing artificial agents that act
autonomously in complex, uncertain environments, learning through trial and error how
to make effective decisions. Yet, most existing approaches focus on a single objective,
assuming away the trade-offs that are intrinsic to real decision-making. This thesis
addresses that gap directly. Its central theme is how to design agents that can think
in trade-offs, that is, agents that can reason about multiple objectives and act optimally
under uncertainty.

The contributions unfold in three parts that build on one another. First, we bridge single-
and multi-objective reinforcement learning by showing how decomposition techniques
allow well-established single-objective methods to be extended to learning the Pareto
front, a classical solution set that captures efficient trade-offs for certain decision-makers.
Building on this foundation, we then introduce and analyse alternative solution concepts
that more directly reflect decision-makers’ preferences, developing rigorous theoretical
guarantees and demonstrating their practical relevance. Finally, we turn to multi-agent
systems and establish a novel reduction from multi-objective to single-objective games,
which not only provides new theoretical insights but also enables the transfer of powerful
algorithms across domains.

Taken together, these results provide both theoretical and practical advances.
Theoretically, the thesis deepens our understanding of what it means to act optimally
under multiple objectives. Practically, it demonstrates how learning agents can be
equipped to handle genuine trade-offs. By establishing strong connections between
multi-objective and single-objective paradigms, the thesis lays the groundwork for
future progress to be accelerated, enabling advances in one field to be immediately
translated into the other. These advances bring us closer to systems that can adapt
their behaviour to different stakeholders, balance conflicting objectives transparently,
and operate responsibly in safety-critical real-world environments.






Samenvatting

Elke dag staan mensen voor keuzes die meerdere, vaak tegenstrijdige doelstellingen
omvatten: kosten tegenover kwaliteit, veiligheid tegenover snelheid, of persoonlijk
voordeel tegenover maatschappelijk belang. Zulke trade-offs leveren zelden één “juiste”
oplossing op, en worden nog uitdagender wanneer meerdere beslissers betrokken
zijn. Reinforcement learning biedt een krachtig raamwerk voor het construeren van
kunstmatige agenten die autonoom handelen in complexe, onzekere omgevingen, en via
vallen en opstaan leren hoe zij doeltreffende beslissingen kunnen nemen. Toch richt het
merendeel van de bestaande benaderingen zich op één enkele doelstelling, en negeert
daarmee de trade-offs die eigen zijn aan echte besluitvorming. Dit proefschrift pakt die
leemte rechtstreeks aan. Het centrale thema is hoe we agenten kunnen ontwerpen die
in trade-offs kunnen denken: agenten die over meerdere doelstellingen kunnen redeneren
en optimaal kunnen handelen onder onzekerheid.

De bijdragen ontvouwen zich in drie samenhangende delen. Eerst overbruggen
we single- en multi-objective reinforcement learning door te laten zien hoe
decompositietechnieken het mogelijk maken om gevestigde single-objective methoden
uit te breiden naar het leren van het Pareto front, een klassieke oplossingsverzameling
die efficiénte trade-offs vastlegt voor specifieke beslissers. Op deze basis introduceren
en analyseren we vervolgens alternatieve oplossingsconcepten die de voorkeuren van
beslissers directer weerspiegelen, waarbij we formele theoretische garanties ontwikkelen
en hun praktische relevantie aantonen. Ten slotte richten we ons op multi-agent
systemen en formuleren we een nieuwe reductie van multi-objective naar single-
objective games, die niet alleen nieuwe theoretische inzichten oplevert maar ook de
overdracht van krachtige algoritmen tussen domeinen mogelijk maakt.

Gezamenlijk leveren deze resultaten zowel theoretische als praktische vooruitgang op.
Theoretisch verdiept het proefschrift ons begrip van wat het betekent om optimaal te
handelen onder meerdere doelstellingen. Praktisch toont het aan hoe lerende agenten
kunnen worden uitgerust om met echte trade-offs om te gaan. Door sterke verbindingen
te leggen tussen multi-objective en single-objective paradigma’s, legt het proefschrift een
fundament om toekomstige vooruitgang te versnellen, zodat ontwikkelingen in het ene
veld direct kunnen worden vertaald naar het andere. Deze vooruitgang brengt ons dichter
bij systemen die hun gedrag kunnen aanpassen aan verschillende belanghebbenden,
conflicterende doelstellingen transparant kunnen afwegen, en verantwoordelijk kunnen
opereren in veiligheidskritische omgevingen in de echte wereld.
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Introduction

1 The State of AI Research

The field of Artificial Intelligence (Al) is undergoing a period of profound transformation.
Rapid progress in machine learning, fuelled by the availability of extensive datasets
[Sun et al,, 2017; Gao et al., 2021], powerful computational infrastructure [Jouppi et al.,
2017; Bradbury et al., 2018], and increasingly sophisticated algorithms [Silver et al., 2016;
Vaswani et al., 2017], has produced remarkable breakthroughs across multiple domains.
From natural language processing [Anil et al., 2023; OpenAl et al., 2024] to computer
vision [McKinney et al., 2020; Kirillov et al., 2023], Al systems are now capable of solving
tasks that were previously regarded as uniquely human.

Among the central challenges in contemporary AI research is the creation of
agentic AI': artificial agents, whether virtual or physically embodied, that act
(semi-)autonomously in complex and dynamic environments. Such agents must not
only acquire knowledge through interaction and experience, but also reason about their
actions in ways that are aligned with human values and societal norms. Agentic Al is
already influencing sectors such as healthcare [Komorowski et al., 2018], transportation
[Kendall et al., 2019; Xu et al., 2017], and energy systems [Ruelens et al., 2018; Luo et al.,
2022]. As these systems are deployed in increasingly high-stakes domains, there is a

! Although the terms “agentic AI” and “agent” are now often associated with large language models (LLMs),
we use them here in a broader sense that encompasses artificial agents of any form.
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16 CHAPTER 1. INTRODUCTION

growing need for decision-making frameworks that offer formal guarantees, provide
quantifiable confidence in their outputs, and clarify the trade-offs and assumptions that
govern agent behaviour [Delgrange, 2024].

2 Research Context

The developments in Al bring to the forefront a fundamental challenge: real-world
decisions are rarely about optimising a single objective in isolation. Instead, they involve
reconciling multiple, often conflicting, objectives under conditions of uncertainty and
limited information. Understanding how to design agents that can navigate such trade-
offs is therefore central to the broader project of agentic Al, and it provides the context
for the questions pursued in this thesis.

Consider the operation of a traffic signal at a busy intersection. Extending the green
phase for one direction reduces waiting times for those vehicles, but it simultaneously
increases delays for other lanes. Allowing long queues to form raises emissions from
idling cars, whereas switching too frequently may compromise safety and reduce overall
throughput. Beyond a single intersection, neighbouring traffic lights interact with each
other, creating complex dynamics that no signal can optimise in isolation.

This scenario exemplifies the core question of this thesis: how can autonomous
agents make high-quality decisions in the presence of multiple objectives, uncertainty,
and interaction with other agents? To address this, we integrate three foundational
perspectives, reinforcement learning, multi-objective decision-making, and multi-agent
systems, into a unified analytical framework and illustrate this in Fig. 1.1. This integration
motivates a range of theoretical challenges, which we approach through principled
algorithm design and mathematical analysis, with particular emphasis on solution
concepts, existence results, and structural equivalences.

Reinforcement Learning

Suppose a traffic signal observes that congestion is building up in one direction and
decides to extend the green phase. During this time, it notices that pedestrians are waiting
to cross and keeps that information in mind for future decisions. This scenario consists
of several essential components: an agent (the traffic signal) operating in an environment
(the road network), which includes everything the agent can perceive and affect, and
which evolves with a degree of uncertainty (such as varying traffic conditions). The agent
has a set of actions (phase changes of the lights) and follows a policy that governs action
selection given the current state of the environment. Finally, the agent learns from its
experiences, adapting its policy over time to improve decision-making.
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Figure 1.1: The three pillars of this thesis: reinforcement learning, multi-objective
decision-making, and multi-agent systems. Each area contributes to a comprehensive
framework for decision-making under uncertainty, with competing objectives and in the
presence of other agents. The thesis develops principled formulations and analyses at the
intersection of these domains.

Reinforcement Learning (RL) [Sutton and Barto, 2018; Szepesvari, 2010] is a subfield of
artificial intelligence that formalises the idea that agents can acquire intelligent behaviour
by interacting with their environment. Conceptually, RL descends from the operant
conditioning tradition in behavioural psychology, where actions producing favourable
outcomes are reinforced and therefore repeated [Thorndike, 1911; Skinner, 1953]. It is
based on the observation that intelligent behaviour can emerge from trial and error:
acting, observing outcomes, and adapting accordingly. RL formalises this process by
providing algorithms through which agents learn a policy that maximises expected long-
term cumulative reward. It has enabled notable successes in diverse domains, including
game playing [Silver et al., 2016], robotic manipulation [Levine et al., 2016], and magnetic
control in nuclear fusion [Degrave et al., 2022].

Classical RL frameworks typically assume that the agent’s goal can be expressed
through a well-defined, scalar, and Markovian reward signal [Silver et al., 2021; Bowling
et al., 2023]. However, these assumptions have been widely criticised as overly restrictive
for many real-world applications, where objectives are multifaceted, conflicting, and not
easily reducible to a single number [Roijers et al., 2015; Abel et al., 2021; Vamplew et al.,
2022; Skalse and Abate, 2023; Subramani et al., 2024].
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Multi-Objective Decision-Making

In many real-world settings, agents must weigh multiple objectives simultaneously,
such as cost, fairness, safety, efficiency, and sustainability [Roijers and Whiteson, 2017].
These trade-offs are increasingly mandated by ethical and legal frameworks, such as the
European Al Act [European Parliament and Council, 2024]. Multi-objective decision-
making extends classical optimisation [Miettinen, 1998] and decision theory [Greco et al.,
2016] to explicitly model such considerations and has enabled progress in applications
ranging from drug discovery [Zhou et al., 2019] to intelligent traffic control [Zintgraf
et al., 2018] and epidemic mitigation [Reymond et al., 2024].

A frequent misconception is that multi-objective problems can simply be reduced to
single-objective ones by assigning fixed weights to each criterion [Hayes et al., 2022a].
This reduction ignores the epistemic uncertainty and context-dependence of real-world
preferences. A growing literature argues that complex value systems, such as those
underpinning human and societal decision-making, cannot be faithfully captured by such
linear scalarisation [Kahneman and Tversky, 1979; Ethayarajh et al., 2024].

In the case of traffic signal control, the agent cannot rely on fixed trade-off weights
between objectives such as throughput, fairness across lanes, safety, and emissions. For
instance, during peak hours it may prioritise clearing long queues to prevent gridlock,
whereas at night it may favour energy efficiency and reduced emissions. Multi-objective
reinforcement learning (MORL) [Gébor et al., 1998; Van Moffaert and Nowé, 2014; Hayes
et al., 2022a] extends classical RL to this setting by employing vector-valued rewards.
When preferences are not specified in advance, MORL algorithms aim to learn a solution
set of policies that captures the space of relevant trade-offs [Alegre et al., 2023; Liu
et al., 2025], thereby empowering the decision-maker to select a policy aligned with their
individual priorities.

Multi-Agent Systems

Agents do not operate in isolation but rather in environments populated by other agents.
These may be collaborators, competitors, or both, and their actions can significantly
influence the outcomes of an agent’s decisions. Multi-agent systems introduce a strategic
layer to decision-making, where each agent’s optimal behaviour depends on the actions
of others [Shoham and Leyton-Brown, 2008]. Analysing such interactions draws on tools
from game theory [Leyton-Brown, 2008] and multi-agent RL [Albrecht et al., 2024], and
poses unique challenges for learning and coordination. Nonetheless, these insights have
been applied with success in areas such as coordinating airport and maritime security
operations [Tambe, 2012] and real-time adaptive traffic signal control [Smith et al., 2013].

In the case of traffic management, one intersection’s decision to keep its light
green may cause congestion to spill back into neighbouring intersections, reducing
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the overall efficiency of the network. Agents must therefore reason not only about
their own objectives and trade-offs, but also about the strategies of other agents with
whom they share the environment. Game-theoretic solution concepts such as a Nash
equilibrium [Nash, 1951] and a correlated equilibrium [Aumann, 1974] formalise the
notion of stability in such settings: no agent has an incentive to deviate unilaterally from
their strategy. These concepts form the foundation for modelling strategic interaction
in both single- and multi-objective settings. When agents pursue multiple objectives
or have private preferences over them, classical equilibrium notions must be extended
accordingly, giving rise to the framework of multi-objective games [Shapley and Rigby,
1959; Radulescu et al., 2020a].

3 Motivation

As we have just discussed, the settings in which we wish to deploy artificial agents rarely
reduce to single-objective, single-agent problems. Traffic networks, energy markets,
and clinical workflows are uncertain, involve competing objectives, and are shaped by
the simultaneous actions of many decision-makers. If Al is to operate reliably in these
contexts, agents must reason simultaneously about trade-offs and about the presence of
other decision-makers.

We are now at an inflection point. The deployment of Al in high-stakes societal systems
is no longer speculative but ongoing, and legislation, public opinion, and economic
pressures are accelerating the demand for methods that are not only effective but
also principled and trustworthy. Without rigorous approaches, agents risk producing
behaviour that is unsafe, unfair, or inefficient in precisely the domains where errors are
least tolerable [Amodei et al., 2016; Obermeyer et al., 2019; Knox et al., 2023].

At the same time, there is a tremendous opportunity. Research communities in
reinforcement learning, game theory, decision theory, and multi-objective optimisation
have each developed rich theoretical foundations and powerful algorithmic tools. Yet
these traditions have largely evolved in isolation. A unified framework would allow us to
leverage their respective strengths, transfer insights across settings, and scale methods
to real-world problems.

This thesis is motivated by precisely this need. Its goal is twofold: first, to
establish principled foundations through reductions and structural equivalences that
connect multi-objective and multi-agent models to well-understood single-objective
counterparts; and second, to develop algorithms that operationalise these insights,
yielding methods that scale while preserving guarantees. Taken together, these
contributions aim to enable agents that act responsibly and effectively in the
environments where they are most needed.
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4 Contributions

This thesis is structured around a central guiding question:

How can we develop principled methods for multi-objective decision-making
and compute solutions that balance trade-offs in line with decision-makers’
preferences by leveraging advances from single-objective problems?

Answering this question requires both a precise definition of what constitutes a good
decision and algorithms capable of identifying such decisions in complex, potentially
multi-agent environments. We take a bottom-up approach, starting from established
solution concepts and building towards a unified framework for studying multi-objective
and multi-agent reinforcement learning in artificial agents.

Structure. This thesis addresses three core research challenges, each combining
theoretical analysis with algorithmic development. = We begin by integrating
reinforcement learning with the central concept from multi-objective optimisation:
the Pareto front. While the Pareto front characterises efficient trade-offs for broad
classes of decision-makers, it does not capture the needs of those whose choices are
guided by expected utility. To fill this gap, we develop distributional solution sets that
extend beyond Pareto efficiency and provide richer support for decision-making under
uncertainty. Finally, we extend these ideas to settings with multiple interacting agents
making decisions concurrently.

Integrating Multi- and Single-Objective RL

Challenge 1: How can recent advances in single-objective RL be leveraged to
efficiently learn a Pareto front?

Example: The traffic signal’s preferences over throughput, fairness, safety,
and emissions are unknown. Instead of requiring a full utility specification,
an artificial agent reuses single-objective RL with different scalarisations,
assembling a set of policies that reflects the available trade-offs.

Chapter 3 introduces Iterated Pareto Referent Optimisation (IPRO), an anytime algorithm
that decomposes a multi-objective problem into a sequence of constrained single-
objective sub-tasks. Each sub-task can be solved using standard reinforcement learning
algorithms, linking progress in single-objective RL directly to multi-objective settings.
We show that IPRO converges to an approximate Pareto front in finitely many steps
and to the true Pareto front in the limit, with explicit quality bounds at each iteration.
We further analyse its complexity in terms of the number of sub-problems required to
reach a given approximation accuracy. Empirically, IPRO outperforms prior methods
while requiring less domain knowledge and offering broader applicability. By leveraging
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specialised single-objective solvers, it also extends naturally to domains such as planning
and multi-objective pathfinding.

This first step establishes how single-objective techniques can be systematically reused
to construct multi-objective solution sets. Yet, the Pareto front is not always sufficient to
support realistic decision-makers, motivating the next challenge.

Distributional Multi-Objective Decision-Making

Challenge 2: If decision-makers maximise expected utility, what solution concept
captures optimality in multi-objective settings and how can it be computed?

Example: A traffic signal controller is not only concerned with the average
waiting time but also with its variability: occasional long queues, sudden
congestion, or irregular traffic surges. To make better decisions, an artificial
agent must reason about the full distribution of outcomes, enabling it to select
policies that are robust to such fluctuations and better reflect the preferences of
the system.

Chapter 4 shows that optimal decisions often depend on the entire distribution over
outcomes. Within the expected utility framework, where decision-makers seek to
maximise expected utility, we demonstrate that the Pareto front may fail to capture
relevant trade-offs. To address this, we introduce the Distributional Undominated Set
(DUS) and its convex variant (CDUS) and prove that the CDUS consists precisely of those
policies that maximise expected utility for multivariate risk-averse decision-makers. We
further analyse the relationship between these sets and the Pareto front, develop pruning
algorithms that reduce a given set of distributions to a (C)DUS, and extend an existing
MORL algorithm to recover a DUS in practice.

The techniques in this chapter build on ideas from distributional RL and show how they
can be applied to multi-objective decision-making. Building on this perspective, the final
challenge extends the same principle of connection by relating multi-objective games to
established single-objective game models.

Equilibria in Multi-Objective Games

Challenge 3: How can equilibrium solutions with multiple objectives be
characterised, and how do they relate to classical game-theoretic models?

Example: Multiple traffic signals operate within the same road network, each
seeking to balance efficiency, fairness, and safety at its intersection. Their
decisions interact: keeping one light green for too long may create queues that
spill into neighbouring junctions. An artificial agent must reason not only about
local trade-offs, but also about how the choices of multiple agents combine,
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seeking stable outcomes where no signal has an incentive to change its strategy
unilaterally.

Chapter 5 examines multi-objective games from a game-theoretic perspective. Such
games are known to exhibit surprising non-existence results [Rddulescu et al., 2020b].
We establish a formal equivalence between multi-objective games and a specific class
of single-objective games, enabling the transfer of theoretical insights and practical
algorithms across these models. Building on this connection, we derive strong existence
guarantees for Nash equilibria and demonstrate how established algorithms can be
adapted to compute them. While the equivalence is broadly applicable, the resulting
equilibria can sometimes remain challenging to analyse and compute. To mitigate
this, we identify conditions under which stronger guarantees can be obtained, yielding
settings where analysis and computation become more tractable.

In this way, the thesis closes the circle: beginning from single-objective RL methods, we
extend to multi-objective and distributional solution concepts, and finally connect these
insights to multi-agent interactions through formal equivalences.

5 Reading Guide

This thesis offers a comprehensive account of my doctoral research on multi-objective
decision-making. As the work spans several subfields, different readers may engage with
different parts depending on their interests and background. The following guide is
intended to help you navigate the material.

New to multi-objective decision-making? Begin with the Background chapter
(Chapter 2), which introduces the core ideas through practical examples. This chapter
provides the necessary foundations in structure, notation, and problem framing, and
serves as a starting point even for readers with limited prior exposure to the field. For
more technical readers, Chapter 2 may be skimmed and used only as a reference for
notation and definitions.

Interested in sequential multi-objective decision-making? If your primary
interest lies in sequential settings, start with Chapter 3, which presents methods for
learning Pareto fronts of policies, followed by Chapter 4, where we explore how
reasoning over full return distributions leads to more robust and principled decision-
making. These chapters introduce novel solution concepts and formal tools for
understanding optimal behaviour in uncertain, multi-objective environments.
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Focused on multi-agent multi-objective systems? Readers interested in strategic
interactions between agents may turn directly to Chapter 5. Building on the earlier
chapters, this part examines how multiple agents with potentially conflicting objectives
interact, how equilibrium solutions can be characterised, and how classical game-
theoretic models relate to multi-objective settings.

A note on formalism. The thesis takes a formal approach with definitions, theorems,
and proofs provided to ensure clarity and rigour. These details serve to ground the
arguments and sharpen the insights, but the central ideas remain accessible through
the intuition, examples, and discussion accompanying them. Readers are encouraged to
engage with the formalism at their own pace; key messages are reinforced throughout.

A message from the author. Ultimately, this thesis is about understanding what it
means to make good decisions in the presence of trade-offs and uncertainty. We all
navigate such trade-offs, often without realising it. Thinking in trade-offs is the central
perspective that runs through this work: there are no universally optimal choices, only
solutions that reflect how competing objectives are balanced. This thesis aims to make
that reasoning precise.






Background

This chapter lays the foundation for the remainder of the thesis, which addresses how to
make principled decisions under uncertainty, particularly in the presence of multiple,
often conflicting, objectives. Such multi-objective settings arise naturally in many
real-world applications, where trade-offs are unavoidable and must be navigated with
care [Zintgraf et al., 2018; Deng and Liu, 2018; Biswas et al., 2025; Osika et al., 2025].

Overview. We begin in Section 1 with an introduction to probability theory, which
provides the mathematical machinery for representing and reasoning about uncertainty.
Section 2 introduces the reinforcement learning (RL) framework, which formalises
the process by which agents learn to act optimally through interaction with their
environment. Since real-world decision problems rarely involve a single objective,
this leads into Section 3, which examines how to formulate and solve decision
problems involving multiple objectives. Finally, Section 4 considers environments with
multiple interacting agents, extending the discussion to the strategic and game-theoretic
dimensions of decision-making.

Motivating example. To ground these ideas, we make repeated use of a stylised example
based on adaptive traffic signal control. In this scenario, an artificial agent manages
signal phases at an intersection in response to stochastic and dynamic traffic conditions.
The problem captures essential features of sequential decision-making under uncertainty
and exemplifies the tensions that arise when objectives such as minimising delay and
ensuring safety must be simultaneously addressed.

25
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1 A Brief Introduction to Probability

To make principled decisions under uncertainty, we require a precise mathematical
framework for describing and reasoning about randomness. Probability theory provides
this foundation. It allows us to model uncertain outcomes, assign likelihoods to events,
and derive systematic decision rules. In this section, we introduce the core mathematical
constructs underpinning probabilistic reasoning. These structures form the basis for the
reinforcement learning framework introduced in Section 2, and ultimately for the multi-
objective and multi-agent decision problems studied in the thesis.

1.1 Measure Theory and Probability Spaces

Our starting point is measure theory, which formalises the intuitive notion of assigning
sizes, or in the case of probability, likelihoods, to sets of outcomes [Klenke, 2020]. While
abstract, this machinery enables us to define probabilities in a mathematically rigorous
way, and is indispensable for working with general state spaces, continuous random
variables, and stochastic processes.

We begin with the notion of a o-algebra, which identifies the collection of subsets
of a space that are considered measurable [Royden and Fitzpatrick, 1988]. This is a
prerequisite for assigning probabilities consistently.

Definition 1: o-algebra

A collection of subsets X of a set X is a o-algebra if it contains the empty set, is
closed under complementation, and is closed under countable unions.

Example 1: o-algebra over traffic conditions

Let X = {low, moderate, high} represent the possible traffic conditions at a given
intersection and consider the collection

> ={@, X, {low}, {moderate, high}}.
This collection satisfies:

« Contains @ and X: Both the empty set and the full set X are included.

« Closed under complementation: The complement of {low} is
{moderate, high}, and vice versa.

+ Closed under countable unions: Any union of sets in ¥ is also in ¥, for
example, {low} U {moderate, high} = X.
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If X is a topological space, the Borel o-algebra is the smallest o-algebra containing all
open sets of X and is denoted by B(X). In discrete countable spaces, the Borel o-algebra
coincides with the power set 2%, which contains all subsets of X [Royden and Fitzpatrick,
1988]. Once a o-algebra is specified, we can define a measure, which assigns a non-
negative value to each measurable set. This value reflects the size or likelihood of the
set, depending on the context.

Definition 2: Measure
Let X be a set and ¥ a o-algebra over X. A measure i : 3 — [0, 0] satisfies:
« Non-negativity: y(A) > 0 for all A € 3;

« Null empty set: p(2) = 0;
« Countable additivity: For any countable collection of disjoint sets {A;};2; C

2,
H <U Ai) = Z,U(Ai)-

A measure is called a probability measure if u(X) = 1.

Example 2: Probability measure over traffic conditions

From this point onward we take the entire power set, i.e. the set of all subsets, as our
default o-algebra for the remaining examples. Thus, for the set of traffic conditions

X = {low, moderate, high}, > = 2%,
We can assign probabilities to the three atomic events
,u({low}) = 0.6, p({moderate}) =0.3, p({high}) =0.1,

and extend p to every other subset of X by finite additivity. Because the probabilities
of the singletons sum to 1, y is a probability measure on (X, X).

The pair (X,X) is called a measurable space. A probability space augments this with
a probability measure, fully specifying a random experiment by defining its possible
outcomes, measurable events, and associated probabilities.
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Definition 3: Probability space
A probability space is a triple (Q, 2, ), where:

« Q is the sample space of possible outcomes;
« X is a o-algebra over Q, representing measurable events;
e p = % — [0,1] is a probability measure.

Example 3: Probability space for traffic conditions

With the full power set convention adopted in Example 2, set
Q = {low, moderate, high}, > = 2%

and let y be the probability measure that assigns p({low}) = 0.6, p({moderate}) =
0.3, p(fhigh}) = 0.1 and extends to all other subsets by additivity. The triple (Q, 2, x)
is therefore a probability space representing the uncertainty over the current traffic
condition at the intersection.

1.2 Random Variables and Expectation

Probability spaces provide a rigorous foundation for modelling uncertainty, but by
themselves they remain abstract: they describe events and their likelihoods without yet
giving us a way to quantify outcomes. To analyse decision-making problems, we require
a means of mapping uncertain events to numerical values that capture the aspects we
care about, such as rewards, costs, queue lengths, or delays. Random variables provide
exactly this connection, translating uncertainty into measurable quantities from which
we can derive expectations and other useful statistics [Billingsley, 1995].

To reason about probabilities of events defined through a random variable, we require
the variable to be a measurable function. This ensures that statements such as the
probability of its value lying in a given range correspond to valid measurable events in
the underlying probability space. Formally, a function f : X — Y between measurable
spaces (X, ) and (¥,3) is measurable if, for every B € 3/, the preimage f~!(B) lies in 3.
Thus a random variable is precisely such a measurable function from the sample space
Q to a target space, typically R? for real-valued variables.

Definition 4: Random variable

Given a probability space (Q, 3, u) and a measurable space (¥, >’), a random variable
is a measurable function X : Q — Y.
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Example 4: Number of waiting vehicles as a random variable
We attach a simple queue length to each traffic label by defining
2, o =low,
X :Q-—>N, X(w) =15,  ® = moderate,
10, o = high,

where N = {0,1, 2,...} is the set of natural numbers. Hence X(w) records the typical
number of vehicles waiting at the intersection when the traffic condition is w €
{low, moderate, high}.

Because the underlying o-algebra is the full power set, 3 = 2%, every subset of Q is
measurable, so X is measurable automatically. For example,

X"'({2,10}) = {low, high} € =.

Once we have defined random variables, the next step is to extract meaningful
numerical summaries from them. The most fundamental such summary is the
expectation, which describes the average value the random variable takes under the
probability measure. Since all random variables considered in this thesis are real- or
vector-valued, we focus directly on random variables taking values in R4,

Definition 5: Expectation

Let (Q,, 1) be a probability space and let X : Q — R? be an integrable random
variable. Its push-forward (distribution) is the measure

Px(A) = YX7'(A)), Ae B(RY),

where B(R?) denotes the Borel o-algebra. The expectation of X is
E[X] = / x Px(dx) = /X(a)) dp(w).
R¢ Q

If X takes only countably many values X = {x, x5,...} C R¥, this becomes

EIX] = Y xPx(xd) = Y x (X7 ({x}).

x€X xeX
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Example 5: Expectation of the number of waiting vehicles
Recall the random variable
2, = low,
X(w) =15, w = moderate,
10, « = high.
Assume the traffic condition probabilities are
/J({low}) = 0.6, p({moderate}) =0.3, /J({high}) =0.1.

The distribution of X is therefore
Px({2}) = 0.6, Px({5}) = 0.3, Px({10}) = 0.1.
Taking the weighted sum gives
E[X] = 2:06 + 5-03 + 10-0.1 = 1.2+ 15+1.0 = 3.7.

Hence, on average, about 3.7 vehicles are waiting at the intersection.

In many situations, extra information allows us to refine our predictions. For instance,
knowing that the ground is wet changes our estimate of whether it has rained. The
concept of conditional expectation formalises this idea, providing a way to update the
expectation of a random variable in light of new evidence. Such evidence is represented
by another random variable that encodes the observable data on which we condition.

To make this precise, we need a way to describe the information revealed by a random
variable. For any random variable Y : Q — R™, the o-algebra generated by Y, denoted
o(Y), is defined as

oY) = {Y'(A) : Ae BR™}. (2.1)

It is the smallest o-algebra with respect to which Y is measurable, and can be interpreted
as capturing all information that is observable through Y.
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Definition 6: Conditional expectation

Consider a probability space (Q,3, ). Let X : Q — R? be an integrable random
variable, and let Y : Q — R™ be any random variable.

The conditional expectation of X given Y, denoted E[X | Y], is the o(Y)-
measurable random variable that satisfies

/ Xdu =/ E[X|Y]dg  AeBR"™.
Y-1(4) Y-1(4)

Example 6: Conditional expectation given time of day

Using the same queue-length variable

2, = low,
X(w) =15, = moderate,
10, o = high,

assume
y({low}) = 0.6, p({moderate}) =0.3, p({high}) =0.1.

Suppose we only learn whether the period is off-peak or peak. Capture this with

off-peak, w = low,
Y(w) =
peak, w € {moderate, high}.

For Y = off-peak we must have o = low, so
E[X | Y = off-peak] = 2.
For Y = peak the state is either moderate or high. Renormalising the probabilities

inside that event,

0.3 0.1
p(moderate | peak) = — = 0.75, u(high | peak) = — = 0.25,
0.4 0.4
gives
E[X | Y = peak] = 5(0.75) + 10 (0.25) = 6.25.
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The unconditional mean was E[X] = 3.7; knowing whether the time is off-peak or
peak sharpens that estimate to

2, Y = off-peak,
E[X|Y]=
6.25, Y = peak.

The concept of conditional expectation captures how our beliefs about one random
variable should change when new information becomes available. The natural
counterpart is independence, which describes situations where such information is
irrelevant. Two random variables X and Y are independent when knowing the value
of one does not alter the distribution of the other. Formally, for all measurable sets
A € B(R?) and B € B(R™),

p(XT AN YTI(B)) = p(XTHA) - u(YTI(B)). (2.2)

2 Reinforcement Learning

Having established how to model uncertainty using probability theory, we now turn
to the question at the heart of this thesis: how can an agent make good decisions
in an uncertain environment? This is the core problem addressed by reinforcement
learning (RL), a framework for learning how to act optimally through interaction with
an environment [Sutton and Barto, 2018]. In RL, the agent does not have access to
a complete model of the world but instead learns from experience. It takes actions,
observes their outcomes, and adapts its behaviour to maximise a long-term objective.
Reinforcement learning thus blends probabilistic modelling, optimisation, and sequential
decision-making into a coherent paradigm.

2.1 Markov Decision Processes

To formalise the RL setting, we introduce the notion of a Markov Decision Process
(MDP) [Puterman, 1994]. MDPs provide the structural backbone of RL: they specify the
environment dynamics, how rewards are assigned, and what information the agent has
access to. All subsequent concepts in this chapter, and indeed much of this thesis, build
on the MDP framework.
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Figure 2.1: The MDP models the stochastic evolution of queue lengths at the intersection:
given the current queues and the chosen signal phase, it specifies a distribution over the
queues at the next decision instant. Under the policy described in Example 8, which
always gives green to the direction with the longer queue, the agent would select a;.

Definition 7: Markov Decision Process (MDP)
A Markov Decision Process (MDP) is a tuple M = (S, A, p, 1, py, ¥), Where:

« S is a set of states;

« A is a set of actions;

e p : SxAxS — [0,1] is the transition function, where p(s, a, ) is the
probability of transitioning from state s to state s’ after taking action a;

e r: Sx A — Ris the reward function, where r(s, a) is the immediate reward
received after taking action a in state s;

e po : S — [0, 1] is the initial state distribution, which specifies the probability

of starting in each state;

Yy € [0,1) is the discount factor, capturing the agent’s preference for

immediate over future rewards.
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Example 7: Adaptive traffic signal control as an MDP

An adaptive controller for a signalised intersection can be naturally formulated as a
Markov decision process, providing a formal framework for optimising traffic flow:

« States S: each state s records the queue lengths on all incoming lanes, i.e.
s = (q1, 92 G35 Qa)-

« Actions A: the viable signal phases, such as north-south green, east-west
green, and an all-red clearance.

« Transition function p: the function determines how many vehicles remain
in each queue after the chosen phase clears its approach. This depends on
how many vehicles were served and how many new ones arrived.

« Reward function r: a negative delay cost, r(s, a) = —).; ¢;, penalising long

queues and thereby encouraging smooth traffic flow.

Initial state distribution py: a distribution over initial states, e.g. uniform

over all queue lengths.

Discount factor y: a value close to 1 (e.g. 0.99) that emphasises long-run

performance rather than short-term gains.

We illustrate this MDP structure in Fig. 2.1.

The MDP defines the environment’s structure but does not specify how the agent should
act. This role is fulfilled by a policy: a rule that determines which action the agent
selects based on the information available. If the transition and reward functions are
fully known, optimal policies can be computed offline using classical planning algorithms
[Bertsekas, 2012, 2019]. In RL, however, the agent typically lacks access to these functions
and must instead learn a suitable policy through interaction with the environment,
improving its decisions based on the observed states, actions, and rewards.

In what follows, we use A(X) to denote the set of probability distributions over a set
X. In the finite case, if X = {1, ..., k}, also written as X = [k], then A(X) corresponds to
the standard (k — 1)-dimensional simplex

k
AR = {xele x> 0 Vi, Zx,-:l}. (23)

i=1
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Definition 8: Policy

Let the history at time ¢ be the sequence of states and actions up to that time,
ht = (SO’ ag, S1, A1s -+ 5 St—1, A¢—1, 5[)~

A policy & € II is a mapping from the set of all finite histories H = (5o H; to
distributions over actions:
7w H — A(A).

A deterministic policy is a special case where the distribution collapses to a point
mass, meaning that for each history h;, the policy selects a specific action a;:

T:H-—> A

A stationary policy depends only on the current state, selecting the same distribution
over actions whenever that state is encountered:

1S —> A(A).

Note that these special cases are not mutually exclusive. For instance, a policy can be
both deterministic and stationary, i.e., 7 : S — A. Depending on the class of policies
considered, this combination can have distinct implications for the learning process, both
in theory and in practice [Silver et al., 2014; Montenegro et al., 2024; Patil et al., 2024].
Unless stated otherwise, we restrict attention to stationary policies 7 : S — A(A).

Example 8: Queue-based deterministic stationary policy

For the intersection MDP of Example 7, consider a policy that always gives a green
phase to the direction with the longer queue. Denote by 3’;cns ¢ and Y jegw g5 the
total queue lengths on the north-south and east-west approaches, respectively. The
policy is

north-south green, if Z qi > Z 9

m(s) = ieNS jEEW
east-west green, otherwise.

This mapping depends only on the current state and selects a unique action, so it is
both stationary and deterministic.

Expected return. Executing a policy in an MDP together with an initial distribution p,
induces a probability measure P} on the trajectory space

Q= (Sx A,
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namely the space of infinite state-action sequences equipped with its product o-algebra.
The discounted return

)

Z"(w) ==Y y'r(snar)

t=0

is then a random variable Z” : Q — R, and the standard RL objective is to identify an
optimal policy 7* that maximises its expectation

J(m) =

E
7,80~ Po

Z y'r(ss, at)l . (2.4)

Model-based vs model-free RL. In the process of learning an optimal policy, many
reinforcement learning algorithms also attempt to construct an explicit model of the
environment, typically consisting of estimated transition and reward functions, which
can then be used for planning and policy improvement [Ha and Schmidhuber, 2018;
Schrittwieser et al., 2020]. This approach is known as model-based RL [Moerland et al.,
2023]. In contrast, model-free RL bypasses explicit modelling and learns policies directly
from interaction with the environment [Mnih et al., 2015; Schulman et al., 2017]. The
boundary between planning, model-based, and model-free RL is not always sharp, since
many modern algorithms combine elements of both [Gelada et al., 2019; Hafner et al.,
2021; Delgrange et al., 2023], but the distinction remains a useful conceptual framework
for categorising RL methods [Moerland et al., 2022].

2.2 Value-Based Methods

Once a policy has been defined, a natural question arises: how good is this policy, and
how can it be improved? Value-based methods provide an answer by quantifying the
expected long-term return of following a policy from a given state or after taking a
particular action. They thus establish a bridge between policies and learning signals,
allowing the quality of decisions to be assessed without requiring an explicit model of
the environment.

Value Functions

At the core of value-based methods are the value functions, which assign expected returns
to states or state-action pairs under a policy and thereby provide the foundation for policy
evaluation and improvement. Intuitively, once we can reliably answer the question “how
good is this action?”, the control problem reduces to selecting the action with the highest
value among those available.



2. REINFORCEMENT LEARNING

Definition 9: Value functions

For any policy 7, we define the following functions:

. State value function V” : S — R, which gives the expected discounted
return starting from state s and following policy 7 thereafter:

Vi) =E |, v'r(se.ar) | so=s|.
T =0

. State-action value function Q" : S x A — R, which gives the expected
discounted return starting from state s, taking action a, and following policy
7w thereafter:

(<]
Yov'r(sna) | so=sa=a

t=0

Q%(s,a) =E

« Advantage function A" : S x A — R, which quantifies the relative benefit
of taking action a in state s compared to the expected value of the state:

A"(s,a) = Q"(s,a) — V" (s).

Example 9: Value functions for the queue-based policy

Under the deterministic queue-based policy of Example 8 that always gives a green
phase to the direction with the longer queue, consider the state

s =(gns = 10, ggw = 4),

so the total queue length is 14. The reward equals the negative total queue length,
r(s,a) = =Y. g

and the discount factor is y = 0.9.
Assumptions.
« Selecting a green phase clears all vehicles queued on that approach.

« Exactly one new vehicle arrives at each approach before the next decision
instant.

37
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State value. Since gns > gew, the policy selects north-south green. Clearing the 10
vehicles in the north-south direction and adding one arrival to each queue results
in gns = 1 and ggw = 5, for a total of 6. Repeating this process yields the trajectory

4 — 6 — 3 — 3 —

006 9

where the state stabilises at a total queue length of 3. The state value is thus
? 2 -3
VI(s) = —14+ y(=6) + y (1—)
-

2 3
=—-14-09%x6—-0.9"x —
0.1

=-14—-54-243 = —43.7.

State-action value. Suppose instead that the agent initially selects east-west green.
Clearing the 4 vehicles in that direction and adding arrivals leads to gns = 11 and
gew = 1, for a total of 12. The subsequent evolution is

14 — 12 — 3 — 3 —

500 g

again converging to a total of 3. The corresponding state-action value is
p 2 =3
Q7 (s, apw) = —14 + y(—12) + y (ﬂ)
=-14—-09x12—-243 = —49.1.

Advantage. The advantage of selecting east-west green in state s is

A (s, agw) = Q" (s, agw) — V"(s)
=491 (—437) = —54.

Thus, deviating from the policy by choosing agw instead of ayg is suboptimal, with
an advantage of —5.4.

Q-Learning

Value functions are useful not only for evaluating a fixed policy but also for improving
it, since favouring actions with higher value yields progressively better behaviour.
When the transition and reward functions are known, this evaluation-improvement
cycle underlies classical planning methods such as value iteration and policy iteration
[Bellman, 1957; Howard, 1960].
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In RL the model is typically unknown and cannot be queried directly. Agents must
therefore estimate value functions from sampled transitions. Q-learning [Watkins, 1989;
Watkins and Dayan, 1992] is a model-free algorithm that performs this estimation,
learning the optimal state-action value function Q*(s, a) directly from experience. By
repeatedly updating its estimates with samples, it converges to Q" under suitable
conditions [Jaakkola et al., 1994; Tsitsiklis, 1994]. These guarantees assume a sequence of
learning rates («;) satisfying the classical stochastic approximation conditions ), a; = oo
and Y, a? < co [Robbins and Monro, 1951]. Algorithm 1 outlines the procedure.

Algorithm 1: Q-Learning [Watkins, 1989; Watkins and Dayan, 1992]

Input: learning rate schedule a(-), discount factor y, exploration schedule &(-),
episodes N

Result: optimised action-value function Q

1 initialise Q(s, a) arbitrarily
2 forn < 1to N do
3 reset environment and observe start state s

4 | while episode not terminated do

5 if Bernoulli(¢(n)) = 1 then

6 ‘ select a uniformly at random

7 else

8 L a < argmaxy, Q(s,a’)

9 execute a, observe r and s’

10 Q(s,a) « Q(s,a) + a(n) [r + ymaxy Q(s’,a") — O(s, a)]
11 s« ¢

Overview. Q-learning maintains an estimate of the optimal action-value function and
updates it incrementally as experience is gathered. Each iteration consists of three
essential steps: selecting an action, typically using an ¢-greedy rule to balance exploration
and exploitation, executing it to obtain a transition and reward, and applying a temporal-
difference update based on the Bellman optimality operator. In what follows, we examine
these components in more detail, beginning with the Bellman operator, its stochastic
approximation, and the role of exploration schedules.

Bellman optimality operator. The Bellman optimality operator B acts on any
candidate function Q: S x.A — R as

(BO)(s,@)=  r(s,a) +y Z p(s.a,s")max Q (s,d). (2.5)

immediate reward

discounted expected future return
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Intuitively, B performs a single look-ahead: it combines the immediate reward with the
best achievable value in the successor state, weighted by the transition probabilities.
Repeated application of B therefore propagates information backwards through time
until the fixed point Q* is reached.

Stochastic approximation of B. Applying the Bellman operator in its exact form
requires knowledge of the transition probabilities, which are not available to the agent in
RL. Instead, the agent observes sample transitions (s;, az, 11, s+1) during interaction with
the environment and uses these to construct a stochastic approximation of Eq. (2.5).

This approximation updates the current estimate based on the temporal-difference (TD)
error, which measures the gap between the present estimate and a one-step bootstrap
target:

O(sr,ar) < Q(spa) +a [rt + y max Q(St+1: a/) = QCst, at)]’ (2.6)

TD error

where « € (0, 1] is the learning rate. When the TD error vanishes, the estimate Q(s;, a;)
satisfies the Bellman equation, and learning can be viewed as gradually driving these
discrepancies towards zero across the visited transitions.

Exploration strategy. Because the value estimates are unreliable early in training,
effective exploration is essential. A common choice is the e-greedy strategy: at time
t, with probability e(t) the agent selects a random action, and with probability 1 — e(#) it
selects the greedy action arg max, Q(s, a). The exploration rate ¢(t) is typically annealed
from a high initial value towards zero as learning progresses. Note that some degree
of randomisation is critical, both to balance exploitation (leveraging current knowledge)
with exploration (trying new actions) and because theoretical convergence guarantees
require that all actions continue to be sampled [Watkins and Dayan, 1992; Jaakkola et al.,
1994]. Other exploration strategies are also possible, such as Boltzmann or softmax
selection, which samples actions according to a distribution that favours higher-value
actions while still allowing exploration [Sutton and Barto, 2018].

Behaviour and target policies. In Q-learning, the actions that generate experience
come from the ¢-greedy behaviour policy, whereas the update target uses max, Q(s’, a’),
which corresponds to a greedy target policy. Since these policies differ, Q-learning is
called an off-policy method. By contrast, a closely related variant known as SARSA
updates using the value of the actual action taken under the same e-greedy policy. In this
case the behaviour and target policies coincide, making SARSA an on-policy algorithm
[Rummery and Niranjan, 1994; Sutton, 1995].
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Algorithm 2: Deep Q-Network (DQN) [Mnih et al., 2015]

Input: initial network parameters 6, target update period K, replay-buffer
capacity C, batch size B

Result: optimised parameters 0

1 initialise replay buffer D « &; set § « 0

2 for interaction step t = 1,2,... do

3 select a; using an e-greedy policy w.r.t. Q,

4 | execute a;, observe r; and s;.1; store (s, a;, 11, Sp11) in D
5 if |D| > C then

6 L discard oldest transition

sample mini-batch B of transitions from D

8 | compute targets y = r + y maxy Q4(s’,a")

9 | update 6 by one SGD step on £ ¥, e (y — Qy(s, a))2
10 | if t mod K =0 then

11 L 0«0

Deep Q-Learning

In the classical tabular version of Q-learning, the action-value function is represented by
an explicit table with one entry for each state-action pair. While precise, this approach
is only feasible in small, finite environments. Most real-world RL problems involve
state spaces that are far too large for such a representation, such as high-dimensional
visual inputs in video games or continuous sensor readings in robotics [Bellemare et al.,
2013; Makoviychuk et al., 2021]. In these cases, the action-value function is instead
approximated by a parametrised function Q,(s, a), typically a deep neural network. The
network parameters are trained with stochastic gradient descent [Bottou, 2010], most
often using Adam [Kingma and Ba, 2015] or AdamW [Loshchilov and Hutter, 2019]. This
shift from tabular to function approximation led to the Deep Q-Network (DQN) algorithm
[Mnih et al., 2015], shown in Algorithm 2.

Overview. Similar to Q-learning, DQN aims to learn the optimal state-action value
function by following an e-greedy policy. However, rather than maintaining a tabular
representation, each observed transition is stored in a replay buffer. During training,
batches of transitions are sampled from this buffer and used to update the Q-network
parameters 6 by minimising the empirical squared TD error,

L= E
(s,a,r,s’)~D

2
<r + y max Q;(s.a’) = Qyls, a)) l , (2.7)
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where D denotes the replay buffer of past transitions and @ are the parameters of a slowly
updated target network.

Replay buffers. Sequential observations generated by online interaction are strongly
correlated and can degrade learning. DQN addresses this by storing transitions in a replay
buffer and sampling uniformly from it when updating the network. Drawing random
mini-batches breaks temporal correlations and improves data efficiency. Extensions
further enhance this idea through prioritised sampling [Schaul et al., 2016] or synthetic
augmentation [Lu et al., 2023a; Wang et al., 2024], enabling more effective use of the
buffer. Replay buffers also introduce trade-offs, including memory overhead, slower data
throughput in large-scale GPU training, and potential non-stationarity since the sampled
distribution may lag behind the current policy [Horgan et al., 2018; Fedus et al., 2020].

Target networks. Because the TD target depends on the parameters being optimised,
naive bootstrapping can lead to large oscillations. DQN mitigates this by maintaining a
separate target network with parameters 0, which are synchronised with 6 only every K
optimisation steps. This decoupling reduces harmful feedback loops and promotes more
stable convergence. An alternative approach uses soft updates, where the target network
is updated via an exponential moving average of the current parameters:

0«—10+(1-1)0, (2.8)

with 7 € (0, 1) typically set to a small value (e.g. 0.005). This technique, a form of Polyak
averaging [Polyak, 1964], is widely adopted in modern reinforcement learning algorithms
such as DDPG [Lillicrap et al., 2016] and SAC [Haarnoja et al., 2018].

Variants. Numerous extensions of DQN have sought to improve specific components
of the algorithm, including Double DQN [van Hasselt et al, 2016] for reducing
overestimation bias, Dueling Networks [Wang et al, 2016] for better state value
estimation, C51 [Bellemare et al., 2017] for distributional value learning, and Rainbow
[Hessel et al., 2018] which integrates several of these advances. Importantly, some work
has also explored avoiding the replay buffer and target network altogether, as these
introduce additional memory and implementation complexity [Gallici et al., 2025].

2.3 Policy-Gradient Methods

Value-based algorithms improve behaviour only indirectly: the agent first approximates
a value function and subsequently acts greedily with respect to that estimate. In large
or continuous action spaces this procedure becomes cumbersome and ties exploration
quality to the fidelity of the value approximation. Policy-gradient methods remove this
coupling by representing the policy itself as a differentiable mapping 7y and adjusting 6 to
maximise the expected return. The policy-gradient theorem [Williams, 1992; Sutton et al.,
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1999] gives an expression for V,J(0) that avoids differentiating through the dynamics:

Vo] () = Epro [Va log mg(ay | St)(Qng(St, a;) - b(st))]. (2.9)

Here the expectation is taken with respect to the discounted state visitation distribution
p™(s) induced by 7. This measure differs from the on-policy distribution induced by ry,
a subtlety that has important theoretical implications, but is usually ignored in practice
[Nota and Thomas, 2020].

Advantage Actor-Critic (A2C). In the policy gradient update, the term Q™(s;, a;) —
b(s;) measures how much better an action is relative to a baseline. Choosing the value
function as the baseline yields the advantage function, A™(s;, a;), and is known as
advantage actor-critic (A2C) [Mnih et al., 2016]. Using the advantage reduces the variance
of gradient estimates while keeping them unbiased. The full procedure is summarised in
Algorithm 3.

Proximal Policy Optimisation (PPO). Proximal Policy Optimisation (PPO) [Schulman
et al., 2017] improves actor-critic training by constraining each update to remain close
to the previous policy through a clipped surrogate objective. This restriction prevents
overly large parameter changes that might destabilise learning [Schulman et al., 2015].
PPO alternates between collecting trajectories with the current policy and maximising
the surrogate objective on mini-batches, thereby balancing exploration and exploitation
while preserving stability. Although reported to be challenging to implement correctly
[Huang et al., 2022], PPO has become a de facto standard owing to its robustness across
diverse domains [Ziegler et al., 2019; Andrychowicz et al., 2020; Li et al., 2025; Huang
et al., 2024]. An outline appears in Algorithm 4.

Generalised Advantage Estimation (GAE). In practice, the advantage used in A2C
and PPO is not learned directly. Instead, the critic learns the value function V", and the
advantage A™ is approximated using Generalised Advantage Estimation (GAE) [Schulman
et al., 2016]. GAE constructs a weighted sum of multi-step temporal-difference residuals,

AT = Y (N St S = yV(sen) — V(sy), (2.10)
1=0

where A € [0, 1] controls the trade-off between bias and variance. Setting A = 0 recovers
the one-step TD estimate, while A = 1 yields the Monte Carlo return with high variance.
In practice, the infinite sum is truncated at the rollout horizon, and intermediate A values
provide a practical compromise, making GAE a standard component in modern policy
gradient methods.
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Algorithm 3: Advantage Actor-Critic (A2C) [Mnih et al., 2016]

Input: initial actor parameters 0, critic parameters ¢, discount factor y, GAE
parameter A, rollout length T

Result: optimised parameters 0, ¢

1 repeat

2 collect T transitions under rg; store (s;, a, 1, St11)
3 compute advantages A; using critic V; and GAE(A)
4 set returns Gy < Ay + Vy(s¢)

5 update 9 by one gradient ascent step on

6

T-1

1
]actor(g) — ? Z Ay log ﬂe(at | St)

t=0

7 | update ¢ by one gradient descent step on + = (Vs(se) — Gt)2

8 until convergence

Algorithm 4: Proximal Policy Optimisation (PPO) [Schulman et al., 2017]

Input: initial policy and critic parameters 0, ¢, clip parameter ¢, rollout length T,
mini-batch size B, epochs K, discount factor y, GAE parameter A
Result: optimised parameters 0, ¢

1 set Ogq « 0

2 repeat
3 collect T transitions under g ; store (s, a;, 11, 57, 7o, (ai | s1))
4 | compute advantages A; using critic V3 and GAE(A)
5 set returns G; < A; + Vy(s;)
6 fork=1,...,K do
7 sample mini-batches B of size B
8 foreach mini-batch B do
9 compute importance ratios p;(6) = w forallie B
CIEY
10 update 0 by one gradient ascent step on
11
cli 1 : :
Jelie(g) = B > min (p(0)A;, clip(pi(0).1—¢,1+¢)A))
ieB
12 B update ¢ by one gradient descent step on ﬁ Yien (Vs — Gi)2

13 set O « 0
14 until convergence
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3 Multi-Objective Decision-Making

Many real-world problems involve multiple, often conflicting objectives, and their
complexity is rarely captured by a single scalar reward. In traffic signal control, for
example, minimising vehicle delay by rapidly alternating green phases can increase
pedestrian risk. These trade-offs motivate the field of multi-objective decision-making
[Roijers et al., 2013; Greco et al., 2016], which aims to reason about and optimise across
several reward dimensions simultaneously.

Vector notation. From this point onward, vectors are written in bold lowercase (e.g. x,
y), with components denoted by subscripts (x;, y;). Random vectors are written in bold
uppercase such as Z. All vectors are assumed to lie in R¢ for an appropriate dimension d.
Expressions involving a vector and a scalar are interpreted componentwise: for example,
x + a denotes (x; + a,...,xq + a). Likewise, operations between two vectors of equal
dimension are applied element-wise unless stated otherwise; for instance,

x._(xl Xd>
; ),

3.1 Utility-Based Approach

Humans routinely make decisions even in the presence of uncertainty and competing
objectives. In decision theory, this capacity is modelled through a utility function [von
Neumann and Morgenstern, 1944; Kahneman and Tversky, 1979; Keeney and Raiffa,
1993], which encodes preferences over outcomes. In this thesis we adopt a utility-based
perspective on multi-objective decision-making: preferences determine which solutions
are desirable, rather than an axiomatic focus on any particular solution set [Roijers et al.,
2013; Radulescu et al.,, 2020a; Dyer, 2005].

The utility-based approach assumes neither explicit symbolic knowledge of the utility
function nor direct access to it. Instead, the minimal assumption is that when presented
with a set of options, the decision-maker chooses according to an underlying utility
function. Formally, this function maps a vector of values to a scalar that expresses the
overall evaluation of an outcome and thereby enables comparison between alternatives.
Its form is left unrestricted and may be linear or non-linear, depending on the structure
of the objectives and the preferences of the decision-maker.

Definition 10: Utility function

A utility function is a mapping u : R? — R that assigns a scalar value to each vector
of d objectives. Given two reward vectors r, r’ € R4, we say that r is preferred to
r’ (denoted r > r’) if u(r) > u(r’).
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Example 10: Utility function in traffic control

Consider a traffic signal controller that must evaluate two possible settings. Each
setting yields a pair of outcomes in terms of average negative delay (minutes per
vehicle) and a safety score (on a scale from 0 to 10):

r; = (—Delay = —10, Safety = 9),
r, = (—Delay = —8, Safety = 7).

To compare these alternatives, the decision-maker combines the two objectives
using a linear utility function

u(r) = w; - —Delay + w, - Safety,

where w; and w, reflect the relative importance assigned to delay and safety.
Choosing w; = 0.3 and w, = 0.7 places greater emphasis on safety.

Applying this utility function yields:

u(r)) =03x-10+0.7 x 9 = 3.3,
u(ry) =03x—8+0.7x7 = 2.5.

Under this utility function, r; is preferred over r,, illustrating how a decision-
maker’s weighting of objectives shapes the final choice.

Linear utility. The form of the utility function determines how a decision-maker trades
off improvements across objectives. A particularly tractable case is the linear utility
function:

u(v) =w'o, (2.11)

where w € R4 are weights specifying the relative importance of each objective [Roijers
et al., 2013]. In this form, trade-offs are constant: the rate at which one objective can
be exchanged for another does not depend on the current outcome [Keeney and Raiffa,
1993; Varian, 2014]. Optimisation also becomes simpler, since maximising u over the
feasible region reduces directly to a weighted single-objective problem and coincides
with evaluating a convex coverage set [Roijers and Whiteson, 2017]. Owing to these
advantages, linear utility remains a central modelling assumption in much of the multi-
objective decision-making literature [Roijers, 2016; Yang et al., 2019; Xu et al., 2020;
Alegre et al., 2023].

Concave, convex, and quasiconcave utility. Beyond linearity, more general shapes of
utility functions capture richer attitudes towards trade-offs. A utility function is concave
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if for all x,y € R¢ and 1 € [0,1],
u(/lx+(1 —A)y) > Au(x)+(1—- 1) u(y). (2.12)

It is strictly concave if the inequality is strict whenever x # y and A € (0, 1). A function is
convex if the reverse inequality holds. Concavity encodes diminishing marginal value and
a preference for diversification: averaged outcomes are (weakly) preferred to extremes
[Mas-Colell et al., 1995; Varian, 2014]. Convex utilities, by contrast, reflect an anti-
diversification attitude: extremes are (weakly) preferred to averages. These shapes are
also closely tied to risk attitudes, where a concave utility function represents risk aversion,
while a convex utility function represents risk-seeking behaviour [Keeney and Raiffa,
1993]. Geometrically, concavity ensures that all upper contour sets {x : u(x) > «} are
convex, facilitating optimisation and yielding stable trade-offs.

A weaker but widely used condition is quasiconcavity, which requires only that for all
x,y € R¥and 1 € [0,1],

u(/lx +(1- A)y) > min{u(x), u(y)}. (2.13)

Quasiconcavity guarantees convex upper contour sets, but without imposing diminishing
marginal returns. Intuitively, it expresses a weak preference for balance: averaged
outcomes are never worse than extremes. The dual notion of quasiconvexity requires
convex lower contour sets, reflecting the opposite bias towards extremes.

Real-world utility functions. Although linear utility is often adopted for analytical
and computational convenience [Hayes et al., 2022a], empirical studies consistently show
that real decision-makers exhibit non-linear preferences. In travel behaviour, travellers
balance time, cost, and comfort in ways that cannot be captured by linear trade-offs
[Koppelman, 1981]. Health economics likewise models interventions by combining
longevity and quality-of-life through non-linear aggregation [Bleichrodt et al., 1999].
Water resource management requires weighing economic, environmental, and social
objectives, where multi-attribute utilities have been explicitly applied [Keeney and
Wood, 1977]. In agriculture, non-linear utility functions help farmers navigate between
maximising profit, avoiding risk, and minimising indebtedness [André and Riesgo, 2007].

From a modelling perspective, several functional forms have been proposed to
capture such behaviours. A first step is to relax linearity while retaining utility
independence, which ensures that multi-attribute utilities can be decomposed into
additive or multiplicative forms [Keeney, 1974; Keeney and Raiffa, 1993]. Additive
models with piecewise-linear marginals are especially popular, as they flexibly represent
diminishing returns while remaining straightforward to elicit [Dyer and Sarin, 1979;
Jacquet-Lagréze et al.,, 1987; Siskos et al., 2005]. The Choquet integral has become
a standard tool in modern multi-objective decision-making, allowing the modeller to
represent synergies or redundancies between criteria [Grabisch and Labreuche, 2010;
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(a) Solution sets (b) Utility landscape

Figure 2.2: Illustration of two perspectives on multi-objective decision-making. (a) The
light and dark blue points joined by the solid line form the Pareto front. The dark blue
points joined by the dashed line comprise the convex coverage set. Grey points are
dominated and excluded from both sets. The green and red points mark the ideal and
nadir, respectively, which define opposite corners of the bounding box around the Pareto
front. (b) A visualisation of a non-linear utility function u(x, y) = x -y over the objective
space, with colour denoting utility values.

Corrente et al., 2016]. In economics, concave utility functions have been used to model
risk-averse behaviour, capturing the diminishing marginal utility of wealth [Mas-Colell
et al.,, 1995; Varian, 2014].

3.2 Solution Concepts

While the utility-based approach assumes an underlying function guiding decision-
making, in practice such a function is often unknown or too complex to elicit, and thus
cannot be optimised directly. A common strategy is instead to identify a solution set of
candidate decisions that capture principled trade-offs across objectives. Such sets do not
prescribe a single outcome but guarantee that, once preferences are specified, a suitable
option is available. Two central examples are the Pareto front, which collects outcomes
not dominated on any objective, and the convex coverage set, which suffices for all linear
utility functions, as illustrated in Fig. 2.2.

u(z,y)=x-y
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Pareto Front

Pareto optimality is a widely used criterion for evaluating solutions. A decision is Pareto
optimal if no objective can be improved without worsening at least one other and the set
of all such decisions forms the Pareto front. Pareto-optimal vectors are especially relevant
when the decision-maker’s utility function is monotonically increasing, since in this case
if v >, v’ then v is preferred to v” regardless of how the decision-maker prioritises the
objectives.

Definition 11: Pareto dominance, Pareto optimality, and Pareto front

Let R C R? be a set of vectors. For r, r’ € R, we say r’ Pareto dominates r, written
r’ - r,if

r/ >rforalli€{l,..,d}, and r]’- > r; for at least one j.

A vector r* € R is Pareto optimal if no r € R satisfies r >, r*.

The Pareto front of R, denoted F(R) or simply F when R is clear from context, is
the set of all Pareto-optimal vectors:

F(R) = {reR|$ﬂr’€R:r’>pr}.

Example 11: Pareto front in traffic control

Consider a traffic signal control problem with two objectives: minimising vehicle
delay (minutes per vehicle) and maximising safety (on a scale from 0 to 10). We
evaluate four candidate control configurations, each yielding the following outcome
vectors:

ry = (_10’ 9)a r; = (_8’ 7)’ r3 = (_12’ 7), rqy = (_9> 75)

« 1y offers better safety but longer delay compared to r;; neither dominates the
other.

« r3 has longer delay than r, while providing the same safety, so r; >, rs.

« 14 is not pairwise dominated, nor does it dominate r; or r,.

The Pareto front consists of ry, ry, and r4; only r3 is dominated and excluded.

The Pareto landscape. When a vector v Pareto dominates or is equal to another vector
v’, we write v >, v’. We say that v strictly Pareto dominates v’, denoted v > v, when
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vi € {1,...,d} : v; > v]. A vector is weakly Pareto optimal if no other vector strictly
Pareto dominates it.

Two reference points associated with the Pareto front are particularly important. The
ideal point v' corresponds to the least upper bound over all objectives, while the nadir
point v" represents the greatest lower bound (see Fig. 2.2a). These points delineate the
range of attainable trade-offs and can be used to constrain the search space [Miettinen,
1998].

Approximating the Pareto front. In practice, two challenges arise. First, the Pareto
front may be continuous, making it impossible to enumerate all solutions explicitly.
Second, even when the front is finite, computing all Pareto-optimal solutions may be
prohibitively expensive, particularly as the number of objectives increases [Bentley et al.,
1978; Hughes, 2005]. In both cases, it is common to consider an approximate Pareto front
FT with tolerance 7. This set satisfies the condition that for every v* € F*, there exists
v € FT such that |v* — v|. < 7.

Convex Coverage Set

Rather than exhaustively constructing the entire Pareto front, it is often more practical
to compute a convex coverage set, which is a solution set for decision-makers with linear
preferences [Roijers and Whiteson, 2017]. This set enables efficient exploration of the
solution space without requiring explicit identification of every Pareto-optimal point.
Notably, when convex combinations of Pareto-optimal solutions yield valid outcomes,
the convex coverage set coincides with the full Pareto front [Roijers and Whiteson, 2017].

Definition 12: Convex coverage set

Let R C R? be a set of vectors. A convex coverage set of R, denoted C(R), is the
subset of vectors in R that are not Pareto dominated by any convex combination of
other vectors in the set:

C(R) = { rer ‘ F € A(R) such that [ [r’] >p r}.
r'~p

Example 12: Convex coverage set in traffic control

Consider again the traffic signal control problem from Example 11. As established
earlier, r; is pairwise dominated and excluded from the Pareto front, while ry, r»,
and r4 remain.



3. MULTI-OBJECTIVE DECISION-MAKING 51

When considering convex combinations, a 50-50 mixture of r; and r; yields

1 1 1 1
“ri 4 =ry = —(~10, 9) + =(=8, 7) = (-9, 8),
ritor = S(-10,9)+ (-8, 1) = (-9, 8)
which Pareto dominates ry = (-9, 7.5), since the delay is equal but safety is higher.
Thus, while r4 is Pareto optimal, it is not included in the convex coverage set.

3.3 Multi-Objective Reinforcement Learning

We focus on decision-making within the framework of Multi-Objective Reinforcement
Learning (MORL). This section introduces the formalism of Multi-Objective Markov
Decision Processes (MOMDPs) and explains how the components introduced in Section 2
extend to the multi-objective setting.

Definition 13: Multi-Objective Markov Decision Process (MOMDP)

A Multi-Objective Markov Decision Process (MOMDP) is a tuple M = (S, A, p, r,
Do, ¥), where:

« S, A, p, po and y are analogous to the MDP definition;
e r: Sx A — R?is the reward function, where d is the number of objectives
and r(s, a) is a vector of rewards.

Observe that, to distinguish between scalar and vector-valued reward functions, we
denote the latter in bold as r.

Example 13: Multi-objective traffic signal control

In the multi-objective extension of the traffic signal control problem, the only
change to Example 7 is to the reward function, which is now vector-valued. For
each state s and action a, the reward is defined as

r(s,a) = (—Delay(s, a), Safety(s, a)) e R2

« Delay(s,a) = Y,; ¢ denotes the total queue length, as in the scalar model.
Shorter queues yield higher (less negative) values.

« Safety(s, a) is the expected fraction of time the intersection remains fully clear
after the phase, which increases with longer all-red intervals and conservative
timings.

Value functions. With appropriate modifications, the value functions introduced in
Definition 9 extend naturally to the multi-objective setting by replacing scalar returns
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with vector-valued ones. The underlying structures remain unchanged from the scalar
case and are distinguished by bold notation. For example, the multi-objective state-value
and state-action value functions are denoted by V”* and Q7, respectively.

Scalarising returns. The utility-based approach extends naturally to MORL, where
a utility function is applied to vector-valued rewards [Rodriguez-Soto et al., 2024]. A
central question, however, is when to apply the utility function. This choice is critical
in the presence of stochastic rewards, as it influences how outcomes are evaluated and
decisions are made. Let X = (X,..., Xy) be a random vector of objective values. Its
utility can be assessed in two distinct ways:

« Expected utility: apply the utility function first, then take the expectation:
E[u(X)].

« Utility of the expectation: take the expectation first, then apply the utility:
u ([E [X] ) )

The former is often referred to as the Expected Scalarised Returns (ESR) criterion, while
the latter is known as the Scalarised Expected Returns (SER) criterion [Hayes et al.,
2022a]. These two expressions generally diverge, particularly when the utility function
is non-linear. ESR captures variability by applying the utility function to each outcome
before aggregation, whereas SER ignores variability and evaluates only the mean. Recent
work has further clarified the relationship between the two, showing that any policy
ordering induced under ESR can be reproduced by a suitable utility function under SER
[Subramani et al., 2024]. This distinction between SER and ESR is central to the semantics
of optimality in MORL and recurs throughout the theoretical results and algorithms
developed in this thesis.

Optimal policies. In the multi-objective setting, the definition of an optimal policy must
be reconsidered. If the utility function is known, the optimal policy is the one maximising
utility under either the ESR or SER criterion. More often, however, the utility function
is unavailable, making direct comparison of policies less straightforward. A common
approach is to extend dominance relations, such as Pareto dominance, to policies. Under
Pareto optimality, policies are compared through their expected return vectors: a policy
7 Pareto dominates n’ if v™ >p v™ , where

V= E [v7(s)] (2.14)

is the value vector of 7, averaged over the initial state distribution po. The Pareto front of
policies, denoted F(I1), is the set of all policies not dominated by any other. Throughout
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this thesis, we use F to refer either to the set of undominated value vectors or to the
corresponding Pareto-optimal policies, with the intended meaning clear from context.

Algorithms. A common approach in multi-objective reinforcement learning (MORL)
is to condition policies on a preference embedding, typically represented as a weight
vector when assuming linear utility functions. This idea, known as the use of extended
networks [Abels et al., 2019], involves modifying standard deep RL algorithms, such
as DON or PPO, to take both the state and the preference embedding as input [Felten
et al., 2024]. These networks are trained to produce policies that adapt to the provided
preferences, thereby enabling the agent to generate solutions that reflect different trade-
offs between objectives.

Although the architectural modifications are often ad hoc, they are guided by the
intuition that embedding preferences directly into the network allows for efficient reuse
of learned behaviours across the objective space. The resulting algorithms can produce
high-quality, diverse solution sets tailored to the decision-maker’s preferences.

A distinguishing factor among such methods is how they select the preference
embeddings used during training. A common strategy samples preference vectors from
a predefined distribution, often uniform over the weight simplex [Yang et al.,, 2019; Lu
et al., 2023b; Basaklar et al., 2023]. Other techniques include evolving promising weights
through prediction-guided search [Xu et al., 2020], or using targeted sampling to refine
solutions in desired directions [Reymond et al., 2022; Liu et al., 2025]. More principled
approaches have recently emerged, where the weight selection mechanism is grounded in
theoretical guarantees that ensure recovery of a desired solution set [Alegre et al., 2023].

4 Dealing with Multiple Agents

Agents typically do not operate in isolation. A self-driving car shares the road with other
vehicles, and an adaptive traffic signal must coordinate with neighbouring intersections.
In many real-world scenarios, multiple agents interact, and their decisions directly
influence one another. This brings us to the study of multi-agent systems (MAS), where
the objective is to analyse how agents can coordinate, compete, or collaborate to achieve
their goals [Shoham and Leyton-Brown, 2008].

4.1 Game-Theoretic Foundations

To formally model such interactions, we introduce normal-form games (NFGs), which
provide a foundational mathematical framework for multi-agent decision-making
[Leyton-Brown, 2008]. In an NFG, each agent’s payoff depends not only on its own
decisions but also on the choices made by others.
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Definition 14: Normal-Form Game (NFG)
An NFG is a tuple § = (N, A, r), where

« N is a finite set of n players;

o« A= A;x--xA,is the finite set of joint actions, where A; denotes the actions
available to player i;

e 7 =r; X X1y, is the joint payoff function, where each r; : A — R gives the
payoff to player i.

Players in the game choose their actions simultaneously, and the joint action
determines the payoffs for all players.

Example 14: Adaptive traffic signal control as an NFG

Consider two neighbouring intersections, I; and I, controlling a shared arterial.
The players are N = {I;, ,}, and each chooses a phase length from the set A; =
A, = {short,long}. The joint action space is A = A; x A,.

Each intersection seeks to minimise vehicle delay. Accordingly, the payoff functions
are defined as the negative mean delay observed at intersection I; during the next
cycle:

ri(ai, a;) = —Delay,(ai, az), i€{1,2}.

We represent this interaction as a normal-form game, with I; as the row player and
I, as the column player. Each cell in the matrix below shows the pair of payoffs
(r1, r2) corresponding to a joint action.

L
short long
short | —20,-20 | —25,-15
long | —15,-25 | —30,—-30

I

For example, if I; chooses a long phase and I, chooses a short phase, the joint action
(long, short) yields payoffs of —15 for I; and —25 for L. If both choose long phases,
the joint action (long, long) results in higher delays of —30 for both intersections.

We also consider continuous games (CGs), which extend NFGs to continuous action
spaces, allowing for a formal treatment of scenarios where players can choose from a
continuous space of actions rather than discrete options. We follow the formalisation
of continuous games by Stein et al. [2008], while recognising alternative definitions that



4. DEALING WITH MULTIPLE AGENTS 55

impose different assumptions on strategy sets or utilities [Ganzfried, 2021; Hsieh et al.,
2021; Adam et al., 2021].

Definition 15: Continuous Game (CG)

A Continuous Game (CG) € = (N,X,r) is a normal-form game where the
action spaces are non-empty compact metric spaces and the payoff functions are
continuous.

Example 15: Continuous traffic signal game

Consider two adjacent intersections, I; and I, each controlling the green phase for
their traffic signal. In the continuous game variant, each intersection chooses a
green phase duration from a continuous range, e.g. [10, 60] seconds.

Strategies. In Section 2, policies were introduced to describe how agents select actions in
MDPs. In game theory, these are typically referred to as strategies. A strategy is said to be
pure when the player deterministically selects a single action, and mixed when the player
randomises over multiple actions. Throughout this thesis, we adopt the convention that
7 = (m;, m_;) denotes a joint strategy, with r; representing the strategy of player i and 7_;
the joint strategy of all other players. Payoff functions are naturally extended to mixed
strategies by defining the expected payoff of player i under r as

ri(m) = Eoep [ri(a)]. (2.15)

Nash equilibria. Unlike single-agent settings, which focus on optimal policies, multi-
agent problems require equilibrium concepts that capture the interdependence of agents’
decisions. The most fundamental of these is the Nash equilibrium [Nash, 1951].

Definition 16: Nash equilibrium

Let G = (N, A, r) be a game with n players, where each player i has an action space
A; and a payoff function r; : A — R. A joint mixed strategy n* = (r},..., ;) isa
Nash equilibrium if, for each player i € N, the strategy 7 is a best response to the
strategies of the other players:

ri(ﬂ*) > ri(ﬂi,ﬂ'ii) for all T € A(Al),

If each 7] places all probability mass on a single action, the equilibrium is called
a pure-strategy Nash equilibrium. Otherwise, it is called a mixed strategy Nash
equilibrium.
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Example 16: Nash equilibrium in a NFG

Consider the NFG shown in Example 14, where each intersection I; aims to minimise
delay. The joint action (long, short) is a Nash equilibrium since neither intersection
can improve its payoff by unilaterally changing its action:

« If I; switches to short, its delay increases from —15 to —20.
« If I, switches to long, its delay increases from —25 to —30.

In practice, it is often useful to relax this concept to allow for e-Nash equilibria, where
each player can improve their payoff by at most ¢ by deviating from their strategy. A key
property of Nash equilibria is their guaranteed existence in all finite normal-form games
and continuous games [Nash, 1951; Glicksberg, 1952]. This foundational result ensures
that there always exists a stable outcome in which no player has an incentive to deviate.

4.2 Computational Approaches to Nash Equilibria

Computing Nash equilibria is a central problem in game theory and underpins many
multi-agent learning settings. However, the task is computationally demanding: even for
two-player games it is PPAD-complete, that is, it belongs to a complexity class capturing
problems believed to be intractable in general [Daskalakis et al., 2006]. This difficulty has
motivated a variety of algorithmic approaches, which we survey next.

Exact algorithms. Methods such as support enumeration [Dickhaut and Kaplan,
1993; Porter et al., 2008], Lemke-Howson pivoting [Lemke and Howson J. T., 1964],
its extensions [Wilson, 1971], and mixed-integer programming formulations [Sandholm
et al.,, 2005] provide exact solutions. Although provably correct, these algorithms scale
poorly with the size of the game and are often restricted to two-player settings.

Approximation schemes. When exact computation is infeasible, one may resort to
computing e-Nash equilibria. These methods employ small-support strategies [Lipton
et al., 2003], regret minimisation algorithms [Cesa-Bianchi and Lugosi, 2006; Hsieh et al.,
2021], or discretisation techniques [Babichenko et al., 2014]. More recent approaches use
deep learning to directly approximate Nash equilibria [Duan et al., 2023; Liu et al., 2024].
Such methods balance computational tractability with solution quality and often provide
explicit guarantees on the approximation error .

Learning-based techniques. Learning dynamics iteratively approximate equilibria
through repeated interaction. Among the most well-known examples is replicator
dynamics, a family of continuous-time methods grounded in evolutionary game
theory [Mertikopoulos and Sandholm, 2016]. In this thesis, we focus on classical learning-
based methods that assume full access to the payoff matrix and aim to compute exact
mixed strategies. Our primary baseline is fictitious play (FP) [Robinson, 1951; Ganzfried,
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2021], where each player repeatedly best responds to the empirical distribution of the
opponent’s past actions. The algorithm is summarised in Algorithm 5.

Algorithm 5: Two-Player Fictitious Play [Robinson, 1951]

1
2

3
4
5

6

10

Input: A two-player NFG G = (N, A, r) and horizon T
Output: Mixed strategy profile = = (7, 7)
forie{1,2}do
L Initialise action counts h;(a;) < 0 for all a; € A;
fort=1to T do
forie{1,2}do
Let j=3—1i
Define opponent’s empirical strategy: 7;(a;) < itaf) forall a; € A;
Compute best response

a; < arg max Z #i(apri(a;, a;)
a€A; aj€A;

Play joint action (ay, a,)
| Update counts: hi(a;) < hi(a1) + 1, ha(az) < ha(az) +1

return 7 = (hT‘ h—TZ)

4.3 Multi-Objective Games

As the focus of this thesis is on multi-objective decision-making, we extend the
normal-form game framework to accommodate multiple objectives. This leads us to
multi-objective normal-form games (MONFGs) [Blackwell, 1954], where each player’s
payoff is a vector-valued function of the joint actions.

Definition 17: Multi-Objective Normal-Form Game (MONFG)

A Multi-Objective Normal-Form Game (MONFG) G = (N, A, r) is a normal-form
game where the reward function is vector-valued.

Example 17: Multi-objective traffic signal game

Consider two intersections I; and I, each selecting a green phase duration. In the
multi-objective normal-form game setting, each intersection receives a vector-valued
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reward consisting of its negative delay and a safety score,

ri(ai, az) = (—Delayi(al, az), Safetyi(al, az)) 5

capturing the trade-off between efficiency and safety. Delays are measured in
vehicle-minutes, while the safety component is scaled to a value in [0, 10].

Assume both players choose between short and long phases. The resulting multi-
objective payoff matrix is:

L
short long
short [ (=20, 9.5), (20, 9.3) | (—25, 9.2), (=15, 9.6)
long | (=15, 9.0), (=25, 9.1) | (=30, 8.8), (=30, 8.9)

I

For example, (long, long) yields delays of —30 and safety indices of 8.8 and 8.9 for
I, and I, respectively. The joint action (short, long) results in delays of 25 and 15
minutes, with safety indices of 9.2 and 9.6.

Similar to MORL, multi-objective games complicate the notion of optimality as a
strategy may turn out to improve on some objectives while worsening others. We
therefore differentiate between utility-agnostic and utility-aware equilibria [Wang, 2025].

Utility-agnostic equilibria. Two equilibrium concepts in multi-objective games mirror
the solution sets in multi-objective optimisation. A Pareto-Nash equilibrium extends
Pareto optimality to strategic settings: a joint strategy is an equilibrium if no player can
deviate unilaterally to one that Pareto dominates their current payoff vector [Shapley
and Rigby, 1959; Zeleny, 1975; Lozovanu et al., 2005; Somasundaram and Baras, 2009;
Ismaili, 2018]. The strategic analogue of the convex coverage set is the weighted Nash
equilibrium. Here, each player applies a linear scalarisation of their objectives and plays
a Nash equilibrium in the resulting scalar game [Wang, 1993; Corley, 1985; Yu and Yuan,
1998; Qu et al., 2015].

We note that most existing work evaluates strategies in terms of their expected returns
(SER). For tractability, these analyses typically also restrict to linear utility functions,
under which SER reduces to ESR and the setting collapses to a standard normal-form
game. As a result, utility-agnostic equilibria under the true ESR formulation remain
largely unexplored.

Utility-aware equilibria. When the utility function is directly available, the standard
notion of Nash equilibrium can be extended to incorporate it. This can be done either
by applying the utility to the expected payoff (SER) or by applying it to each realised
payoff before taking the expectation (ESR). While ESR reduces to a standard normal-form
game, the SER formulation does not, and Nash equilibria are not guaranteed to exist in
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this case [Radulescu et al., 2020b]. This discrepancy warrants careful consideration and
is the main focus of Chapter 5. Beyond Nash equilibria, correlated equilibria [Aumann,
1974] have also been examined in multi-objective games [Radulescu et al., 2020b]. In
cooperative contexts, coalition formation has been studied where agents must form
groups based on private utilities derived from publicly observable values of the relevant
objectives [Igarashi and Roijers, 2017].






Learning a Pareto Front of
Policies

This chapter is based on Divide and Conquer: Provably Unveiling the Pareto
Front with Multi-Objective Reinforcement Learning [Ropke et al., 2025], a project
initiated during a research visit at the University of Galway. An earlier version
was presented at the European Workshop on Reinforcement Learning (EWRL)
2024. All proofs are integrated into the main text and updated for improved
presentation. Our code is available at https://github.com/wilrop/ipro.

1 Introduction

Many sequential decision-making problems involve multiple, often conflicting,
objectives. For instance, managing a water reservoir requires balancing environmental,
economic, and social considerations [Castelletti et al., 2013]. In such cases, decision-
makers must ultimately determine an appropriate trade-off between competing goals.
Multi-Objective Reinforcement Learning (MORL) provides a principled framework for
computing a diverse set of candidate policies that represent the best available trade-offs,
enabling informed selection based on individual preferences [Hayes et al., 2022a].
This chapter addresses the following challenge introduced in Chapter 1:

Challenge 1: How can recent advances in single-objective RL be leveraged to
efficiently learn a Pareto front?
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We focus on learning the Pareto front, defined as the set of policies whose expected
returns are not dominated by any other policy. When stochastic policies are allowed,
the Pareto front is convex [Roijers and Whiteson, 2017], which enables the use of
established solution methods, e.g. [Yang et al.,, 2019; Xu et al., 2020; Alegre et al., 2023].
However, deterministic policies are often preferred for reasons of safety, accountability,
or interpretability, and in such cases, the Pareto front may exhibit concave regions.
Algorithms addressing this setting have been elusive, with successful solutions limited
to purely deterministic environments [Reymond et al., 2022].

To overcome this limitation, we introduce Iterated Pareto Referent Optimisation (IPRO),
a general-purpose algorithm that decomposes the task of learning the Pareto front into a
sequence of constrained single-objective problems. Decomposition is a well-established
paradigm in multi-objective optimisation (MOO), allowing the application of powerful
single-objective solvers to each subproblem [Zhang and Li, 2007; Roijers, 2016]. Existing
MORL algorithms for convex fronts adopt a similar strategy by applying single-objective
reinforcement learning to solve scalarised variants of the original problem [Lu et al.,
2023b; Alegre et al., 2023].

IPRO builds on this idea and extends it to the general case. It is an anytime algorithm
that incrementally constructs the Pareto front by iteratively identifying new Pareto-
optimal policies. Each such policy is obtained by solving a constrained single-objective
problem for which principled methods are derived. Our theoretical results show that
IPRO guarantees convergence to a Pareto front and provides an explicit upper bound on
the distance to undiscovered solutions at each step. We further show that, for a fixed
number of objectives, the algorithm requires only a polynomial number of iterations to
approximate this front. Although IPRO applies to arbitrary policy classes, we highlight
its practical benefits for deterministic policies. Empirical results demonstrate that IPRO
performs competitively with or outperforms existing algorithms, even when these rely
on stronger assumptions or domain-specific knowledge.

Contributions. The main contributions of this chapter are as follows:

1. IPRO: a decomposition-based MORL algorithm. We propose IPRO, which
reduces the task of learning the Pareto front to a sequence of constrained single-
objective problems that can be solved with standard RL methods.

2. Anytime guarantees. IPRO maintains guarantees throughout its execution. We
prove convergence to the true Pareto front in the limit and provide an explicit upper
bound on the number of iterations required for approximate solutions.

3. Generality. Unlike prior work, IPRO applies to arbitrary MOMDPs and policy
classes, and inherits the guarantees of the single-objective solver used within.
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4. Strong empirical performance. We demonstrate that IPRO achieves state-
of-the-art performance, matching or exceeding methods that rely on additional
structural assumptions or domain knowledge.

Related work. IPRO decomposes obtaining a Pareto front into an outer loop that
formulates subproblems and an inner loop that solves each using a single-objective
algorithm. When learning a single policy in MOMDPs, conventional methods often adapt
single-objective RL algorithms. For example, Siddique et al. [2020] extend DQN, A2C and
PPO to learn a fair policy by optimising the generalised Gini index of the expected returns.
Reymond et al. [2023] extend this to general non-linear functions and establish a policy
gradient theorem for this setting. When maximising a concave function of the expected
returns, efficient methods exist that guarantee global convergence [Zhang et al., 2020;
Zahavy et al,, 2021; Geist et al., 2022].

Decomposition is a promising technique for MORL due to its ability to leverage strong
single-objective methods as a subroutine [Felten et al., 2024]. When the Pareto front is
convex, many techniques rely on the fact that it can be decomposed into a sequence of
single-objective RL problems where the scalar reward is a convex combination of the
original reward vector [Yang et al., 2019; Alegre et al., 2023]. When the Pareto front is
non-convex, Van Moffaert et al. [2013] learn deterministic policies on the Pareto front by
decomposing the problem using the Chebyshev scalarisation function but do not provide
any theoretical guarantees and only evaluate on discrete settings.

In MOQO, a related methodology was proposed by Legriel et al. [2010] to obtain
approximate Pareto fronts. Their approach iteratively proposes queries to an oracle and
uses the return value to trim sections from the search space. In contrast, we introduce
an alternative technique for query selection that ensures convergence to the true Pareto
front and aims to minimise the number of iterations. Moreover, we introduce a procedure
that deals with imperfect oracles and contribute novel results that are particularly useful
for MORL.

2 Iterated Pareto Referent Optimisation

We now present Iterated Pareto Referent Optimisation (IPRO), a general-purpose algorithm
for learning the Pareto front in MOMDPs. IPRO constructs a sequence of constrained
single-objective subproblems and maintains sets of lower and upper bounds that enclose
the current approximation of the Pareto front. An illustrative example is shown in Fig. 3.1.
For all definitions of terms used in this section, we refer to Chapter 2 Section 3.
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Figure 3.1: (a) The bounding box B, defined by the nadir v® and ideal v', contains all
Pareto-optimal solutions. The dominated set D and infeasible set 1 are defined by the
current approximation to the Pareto front F = {v;, v, 05} and are shaded. The lower
bounds I € L are highlighted in green, while the upper bounds u € U" are highlighted in
blue. (b) After querying the Pareto oracle Q with I,, v, is added to the Pareto front and
L and U are updated to represent the new corners of D and T respectively. (c) When
the Pareto oracle cannot find a feasible solution strictly dominating I, it is added to the
completed set C and the shaded orange area is added to the infeasible set I.

2.1 Algorithm Overview

The core idea behind IPRO is to maintain explicit boundaries of the search space that
may contain value vectors corresponding to undiscovered Pareto-optimal policies, and
to iteratively eliminate regions of this space using information from a Pareto oracle. Each
iteration selects a candidate region, queries the oracle for a new solution, and updates
the bounding structures accordingly. A detailed description is provided in Algorithm 6.

Bounding the search space. IPRO first identifies a bounding region 3 that encloses
all potentially Pareto-optimal value vectors. This region is defined by the ideal point
v' and the nadir point v® (Fig. 3.1a), which represent respectively the least upper
and greatest lower bounds across all objectives. The ideal point is constructed by
maximising each objective independently, yielding d value vectors that are also added
to the initial approximation set 7. Because computing the exact nadir is generally
intractable [Miettinen, 1998], we approximate it by minimising each objective in
isolation. To ensure a strict lower bound on v", as required for theoretical correctness
(see Section 3), we subtract a small constant from each coordinate of the resulting vector.

Once v' and the lower bound on v" are established, we immediately check whether
the initial approximation 7 contains a single policy that simultaneously maximises all
objectives. If so, this single policy constitutes the full Pareto front and can be returned
directly. The check is performed using a pruning algorithm such as PPRUNE [Roijers and
Whiteson, 2017].
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Algorithm 6: The IPRO algorithm.
Input: A Pareto oracle Q" with tolerance 7
Output: A r-Pareto front F
1 Get maximal points {v', ..., v?} to create the ideal v'
2 Get minimal points to estimate the nadir v
3 Form a bounding box /3 from v™ and v
1 U« {v'}, £ « {v"}
5 F < PPrRUNE({v!,...,v%}) and C « @
6 if |F| = 1 then
7 L return 7

8 forv e {v',...,v%} do
9 L L « vupPpATE(v, L)

10 while max ¢y minger |u — v']e > 7 do

11 1 « SerLECT(L)

12 SUCCESS, v* « Q7(])

13 if success then

14 F <« Fu{v*}

15 L L <« urDATE(V", L), U « —UPDATE(—v", -U")

16 else

17 C«Ccuil}
18 L« L\{l}, U « —uprpATE(-L,-1")

19 return F
20 Function update(v™, X):

21 X «§

22 forv € X do

23 if v* > v then

24 ‘ X« X u{(vy,0) | jeld]}
25 else

26 L X« X' u{v}

27 X’ « PRUNE(X”)
28 return X’

Obtaining a Pareto-optimal policy. To explore the Pareto front, IPRO relies on a
Pareto oracle (defined in Section 2.2) to produce a policy whose value vector lies in an
unexplored target region of the objective space. Suppose the user specifies a tolerance
7 > 0, indicating the desired resolution for a r-Pareto front F7. In this setting, the
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oracle receives a referent r and attempts to return a Pareto-optimal value vector v” that
improves at least 7 over the referent r, ie., 0™ >, r + 7.

If successful (Fig. 3.1b), the returned solution extends the approximation 7, and the
space dominated by v” can be safely excluded from further consideration. Moreover, any
point that would dominate v” must be infeasible, as it would have been returned instead.
Conversely, if no such solution is found (Fig. 3.1c), all points dominating r can be ruled
out: they are either infeasible or already covered within tolerance by an existing solution.
This process allows IPRO to efficiently prune the objective space and incrementally refine
its approximation of the Pareto front.

Tracking the boundaries. To represent the ruled-out regions of the objective space,
IPRO tracks two sets. The dominated set D contains points that are dominated by the
current approximation 7, while the infeasible set T includes points that no feasible policy
can reach. Both are illustrated in Fig. 3.1a.

Rather than representing D and T explicitly, IPRO maintains compact representations
of their boundaries. A set of lower bounds L captures the inner corners of D, while a
set of upper bounds U" does the same for I. These summaries are sufficient to localise
the remaining search space: any undiscovered Pareto-optimal solution must strictly
dominate some I € £ and be dominated by some u € U".

Iterative refinement. In principle, one could randomly select referents within the
bounding box and expand D and T via repeated oracle queries. However, this would
be inefficient when oracle evaluations are expensive, such as when learning policies in
a MOMDP. Instead, IPRO selects referents from L, ensuring that each query targets a
maximally unexplored region.

After each oracle call, the sets F, £, and U" are updated depending on the result. If
the oracle returns a new solution v*, it is added to ¥, and the region it dominates is
incorporated into D, refining the boundary captured by L. Conversely, if the oracle fails,
the region strictly dominating the referent is added to 7, and the referent is removed
from L and placed into the completed set C. In both cases, U is also updated to reflect
the new infeasible region (see Figs. 3.1b and 3.1c).

This process continues until every u € U is within 7 of some solution in F, ensuring
that the returned set constitutes a 7-Pareto front. In practice, IPRO prioritises referents
from L using a hypervolume-based heuristic, favouring those with the greatest potential
to improve coverage.

The bi-objective case. When there are two objectives, the structure of the search space
simplifies considerably. Each unexplored region corresponds to an axis-aligned rectangle,
defined by a lower bound I € £ and an upper bound u € U (Fig. 3.1). Adding a new
solution modifies only the local region, requiring at most two new points to be added to
the boundary. This results in a particularly efficient variant, referred to as IPRO-2D.
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(a) A weak Pareto oracle. (b) An approximate Pareto oracle.

Figure 3.2: Solutions inside the target region are black, while solutions outside the target
region are grey. (a) The weak Pareto oracle returns vy, which is in the target region but is
only weakly Pareto optimal as it is dominated by vs. (b) The approximate Pareto oracle
returns a Pareto-optimal solution vs, but cannot find v;, shown in blue.

The rectangular structure allows for several algorithmic simplifications. The distance
between bounds reduces to either the width or height of the rectangle, eliminating the
need for the max-min computation used in higher dimensions (see line 10 in Algorithm 6).
Moreover, the area of each rectangle can be computed directly, allowing IPRO-2D to
prioritise regions by size. This supports a priority queue implementation that greedily
selects the region with the largest remaining error. These geometric features allow IPRO-
2D to reduce the approximation error quickly while minimising oracle calls.

2.2 Pareto Oracle

A central component of IPRO is the Pareto oracle, which receives a referent and returns a
Pareto-optimal policy whose value vector strictly dominates it, if such a policy exists.
This mechanism enables IPRO to explore specific regions of the objective space and
incrementally build the Pareto front. We define two oracle variants, which differ in
the guarantees they provide and the precision with which they adhere to the target
region. To illustrate their difference, we show a possible evaluation of both oracles in
Fig. 3.2. We note that related concepts have been studied in multi-objective optimisation
[Papadimitriou and Yannakakis, 2000] and planning [Chatterjee et al., 2006].

Recovering the true Pareto front. The Pareto oracle aims to return a solution that
strictly dominates the referent and is Pareto optimal. While such an oracle would be
exact, it cannot always be realised in practice. In particular, for achievement scalarising
functions (see Section 4), it is known that strict improvement over the referent cannot
generally be guaranteed together with Pareto optimality [Wierzbicki, 1982]. To ensure
that the search process remains well-defined, we therefore need to relax either the quality
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of the returned solution or the region in which it must be found!. When the goal is to
recover the true Pareto front, however, the region around the referent must be respected
without any tolerance, leaving no room to relax the search region. Consequently, we
relax the solution quality instead and only require that the returned point be weakly
Pareto optimal. This leads to the definition of the weak Pareto oracle.

Definition 18: Weak Pareto oracle

A weak Pareto oracle Q7 with tolerance 7 = 0 maps a referent r € R? to a weakly
Pareto-optimal policy 7 € II such that v” > r, or returns FALSE when no such policy
exists.

Although weakly Pareto-optimal solutions may still be dominated by others within the
same region, the oracle guarantees that each result strictly extends the covered front. This
suffices to construct the true Pareto front incrementally, and enables IPRO to converge
in the limit under reasonable assumptions (see Section 3.1). Moreover, when the Pareto
front forms a continuous path, as in MOMDPs under stationary policies [Altman, 1999;
Luetal., 2023b], any weakly optimal solution that strictly dominates the referent is in fact
Pareto optimal, making the weak condition equivalent to true optimality in this setting.

Obtaining an approximate Pareto front. For most applications, recovering the exact
Pareto front is unnecessary or impractical and the decision-maker may be satisfied with
any solution within a given tolerance 7. In such settings, it is desirable for each oracle
query to yield meaningful progress towards a bounded approximation. To this end, we
define the approximate Pareto oracle, which guarantees that returned solutions are Pareto
optimal and enforces a user-specified improvement threshold over the referent.

Definition 19: Approximate Pareto oracle

An approximate Pareto oracle Q° with tolerance 7 > 0 maps a referent r € R¢ to a
Pareto-optimal policy 7 € II such that v™ >, r + 7 or returns FALSE when no such
policy exists.

Setting 7 = 0 is technically permissible, but it breaks the progress guarantee required
by IPRO: since our lower bounds are constructed from previously found Pareto-optimal
points, 7 = 0 would make an already discovered Pareto-optimal solution feasible again
in the target region. Returning such a solution yields no improvement and can lead to

In finite, model-based MDPs, one could in principle implement an exact Pareto oracle by solving a
linear program over occupancy measures that searches for a value vector v with v; > r; and maximises a
strictly positive scalarisation. Strict inequalities can be reduced to ordinary linear programs in polynomial
time [Papadimitriou and Steiglitz, 1998, Chapter 8.7.1], and linear programming itself admits polynomial-time
algorithms. We do not pursue this construction, as it would restrict our framework to discrete environments
with known dynamics.
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cycling. Requiring 7 > 0 rules this out, at the cost that Pareto-optimal points within the
resulting gap may be missed.

2.3 Dealing with Imperfect Pareto Oracles

While IPRO relies on a Pareto oracle that solves the scalar problem exactly, this condition
cannot always be guaranteed in practice when dealing with function approximators
or heuristic solvers. To overcome this, we introduce a backtracking procedure that
maintains the sequence {(I;,v;)},cy of lower bounds and retrieved solutions in each
iteration. When, at iteration n, the returned solution v, strictly dominates a point ¢ € C,
or v* € F,, it indicates an incorrect oracle evaluation in a previous iteration and we
initiate a replay of the sequence.

Let f represent the time step when the incorrect result was returned. For the
subsequence {(I;, v;)}o<;<;, We replay the pairs using standard IPRO updates and treat v,
as the solution retrieved for I;. For the subsequent pairs {(1;, v;)};.,,,, We verify for each
(v4, 1;) whether the original evaluation succeeded. If so, v; was weakly Pareto optimal,
and if a new lower bound I’ exists that is strictly dominated by v;, we perform an update
with (I, v;). If the evaluation failed, I; was marked as complete, and we check whether
a new lower bound I’ dominates ;. If so, I’ is also marked as complete. This mechanism
corrects earlier mistakes and reuses previous iteration outcomes as efficiently as possible.

3 Theoretical Analysis of IPRO

The structured decomposition underpinning IPRO, when combined with a suitably
defined Pareto oracle, provides a principled basis for theoretical analysis. This section
establishes guarantees on convergence to the Pareto front, the approximation quality at
each iteration, and a finite upper bound on the number of iterations required to compute
a 7-Pareto front.

3.1 IPRO Foundations

We now formalise the assumptions and key objects that will support the theoretical
analysis of IPRO.

Assumptions. Throughout, we assume that the Pareto oracles employed in IPRO
satisfy Definitions 18 and 19 exactly. In addition, we assume that the reward function
is uniformly bounded, a standard condition in both single- and multi-objective settings.
This ensures that value functions remain well-defined and analytically tractable, enabling
convergence and approximation guarantees.
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Assumption 1: Bounded rewards

Let M = (S, A, p, 1, po, y) be the MOMDP under consideration. We assume the
existence of a constant R, € R¢ such thatforall s € Sand a € A, Ry >p |r(s, a)l.

Definitions. Assumption 1 implies that the ideal and nadir points are both well-defined.
Let B = H;i:l[v}‘, u}] denote the bounding box defined by a strict lower bound on the
true nadir »® and the ideal point v'. At each time step t, the current Pareto front is
denoted by F;, while C; collects all referents for which the oracle failed to produce a
valid solution. Based on these, we define two essential subsets of /3: the dominated set
D; and the infeasible set Z,.

Definition 20: Dominated and infeasible sets at time ¢
We define two subsets of the bounding box /3 at time step ¢ as follows:

« The dominated set D, contains all points in /3 that are dominated by or equal
to a point in the current Pareto front:

Dt:{U€B|HU/€F[, v/zpv}.

« The infeasible set T, contains all points in /3 that dominate or are equal to
a point in the union of the current Pareto front and the set of completed
referents C;:

IZZ{UEB|HU/€7:‘[UC2,UZPU/}.

The infeasible set includes not only points dominated by the current Pareto front but
also those dominated by previously attempted referents that yielded no improvement.
These sets are used to identify and eliminate regions of the search space that can no
longer yield Pareto-optimal solutions.

To identify unexplored regions that may still contain undiscovered Pareto-optimal
points, we define the boundary and interior of both D; and 7, with respect to /3. Let
S denote the topological closure of a subset S, and let dS denote its boundary. We define
the boundary of D; as dD; = (B\ D;) n D;, and its interior as int D; = D, \ dD;. The
same definitions apply analogously to Z,.

Of particular interest are the reachable boundaries of these sets, which characterise the
portions of the boundary not yet excluded by either dominance or infeasibility. These
define the remaining search region and are illustrated in Fig. 3.3 for the two-objective
case.
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Figure 3.3: (a) The reachable boundaries of D, (green) and I, (blue) indicated with solid
lines and their interiors (shaded) when no section is completed. (b) When completing
the section at I, parts of the reachable boundary at time step ¢ become unreachable at
time step ¢ + 1.

Definition 21: Reachable boundaries at time ¢
We define the reachable boundaries of D, and I, at time step t as follows:
« The reachable boundary of D, denoted 9" D;, is
'D, = oD, \ 1,.

« The reachable boundary of 7;, denoted 9”1, is

arZ[ = 31, AN Dt-

We lastly define two critical subsets of the reachable boundaries, representing the
extrema of the remaining search space. The set of lower bounds £ contains the points on
the reachable boundary of the dominated set such that no other point on the reachable
boundary exists which is dominated by it. Similarly, the set of upper bounds V" contains
the points on the reachable boundary of the infeasible set such that there is no other
point on the reachable boundary that dominates it. Conceptually, these points are the
inner corners of their respective boundary as observed in Fig. 3.3.
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Definition 22: Lower and upper bounds at time ¢
We define the following sets over the reachable boundaries at time step ¢:

« The set of lower bounds L, consists of all points on the reachable boundary of
the dominated region that are not strictly dominated by any other such point:

£,={1€dD,|fved D, I>,v}.

« The set of upper bounds U} consists of all points on the reachable boundary
of the infeasible region that do not strictly dominate any other such point:

U}:{uearltﬁﬂvearlt,v>pu}.

3.2 Supporting Lemmas

To support the main results, we first establish a number of technical lemmas that
formalise the structure and contents of the sets introduced in Section 3.1, and clarify their
relation to the remaining feasible solutions. These lemmas form the basis for bounding
the search space in IPRO and ensuring that progress can be made.

We begin by characterising the interior of the infeasible set. Specifically, we show that
any point in the interior must either be genuinely infeasible or lie within the oracle’s
tolerance of a known Pareto-optimal point. This result follows from the fact that every
interior point has a strictly positive distance to the boundary of I,, which allows us to
reason about its local neighbourhood.

Lemma 1: Infeasible interior

Given an oracle Q with tolerance z, at all time steps t and for all v € int 7, v is
infeasible or within the tolerance 7 of a point on the current estimate of the Pareto
front F;.

Proof. 1. Interior point and dominated referent.

For v € int I, there exists r > 0 with B,(v) (the open ball of radius r around v)
contained in int 7,. Choose v’ € B,(v) such that v > v/, e.g. v" = v — § for some
0 < & < r. By Definition 20 there is & € F; U C; with v’ >, , and by transitivity v > o.

2. Case analysis on 0.

(A) o € F,. If v were feasible, it would strictly dominate & which is a point of the
current Pareto front, contradicting the oracle’s guarantee that every returned vector
is weakly Pareto optimal. Hence v is infeasible.
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(B) o € C,. In this case, 0 was chosen as the referent in some iteration, but the oracle
did not return a solution. We consider the two types of oracle separately:

(B1) Weak oracle (r = 0). Because v > 0, a weak oracle would have returned v if
it were feasible. Thus v is infeasible.

(B2) Approximate oracle (z > 0).
1. v >, o+7. The oracle would again have returned v if feasible, so v is infeasible.

2. v %/, D + 7. By construction of the lower-bound set L, there exists v* € F;
with v* + 7 >, v. Hence |v — v*| < 7 and v lies within tolerance of 7.

3. Conclusion.
In every case, v is either infeasible or within 7 of 7, completing the proof. O
Given this characterisation of the infeasible region, we next turn our attention to the
remaining feasible solutions. These lie in the region outside both the dominated set and
the interior of the infeasible set. The following lemma shows that all such solutions
are strictly lower bounded by the set £;, which lies on the reachable boundary of the
dominated region. The structure of the proof relies on tracing a strictly decreasing
path from any feasible solution to the nadir, which necessarily intersects the reachable

boundary of the dominated set, thereby guaranteeing the existence of a lower bound
in Et.

Lemma 2: Lower bounds

At any time step t, the set of lower bounds £, contains a strict lower bound for all
remaining feasible solutions, i.e.,

veB\(intZ,uD,) = 3l € L, such thatv > I.

Proof. 1. From a feasible point to a dominated boundary point.

Let v € B\ (int Z; U D;) be feasible. Because the nadir v™ is a strict lower bound on
every coordinate, the line segment joining v™ to v is strictly increasing. This segment
intersects dD; at some point o with v > .

2. Ensuring the boundary point is reachable.
If & ¢ 0"D;, then by Definition 21 we have v € Z,. Strict dominance v > & would place
v inside int 7,, contradicting the premise. Hence o € 9" D;.

3. Extracting a lower-bound vector.
Two possibilities arise:

1. © € L;. Then v > b already exhibits the desired I = v.

2. v ¢ L,. By Definition 22 there exists I € £; with ® >, I. Transitivity of strict
dominance gives v > I.
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4. Conclusion.
In all cases we have produced I € £, such that v > I, completing the proof. O
We now provide the dual statement for the upper set. Here, we show that all remaining
feasible solutions are upper bounded by a point in U;. As in the previous case, this set
lies on the reachable boundary, now of the infeasible region, and contains all points that
are not dominated by any other such point.

Lemma 3: Upper bounds

During IPRO’s execution, the upper set contains an upper bound for all remaining
feasible solutions, i.e.,

v e B\ (int I, uD;) = 3u € U, such that u >, v.

Proof. Proceed exactly as in Lemma 2, with a single substitution:

Segment direction. Start from the ideal point v' (rather than the nadir v*) and follow
the coordinate-non-increasing segment to v. Its first intersection with 97, yields a
point & >, v that lies on 9"Z;.

All subsequent steps mirror those in Lemma 2, with >, in place of > and the set U in
place of L;, giving the required u € U} such that u >, v. O

3.3 Upper Bounding the Error

At each time step, IPRO maintains a finite set U} that bounds the remaining feasible
solutions from above. This structure enables an explicit upper bound on the current
approximation error, which is the distance between the current Pareto front estimate F;
and the true front F*.

We define the true approximation error at time step ¢ as the worst-case distance between
any true Pareto-optimal point and its nearest approximation:

¢ = sup min [v* — V. (3.1)
P a veF,;

Since Lemma 3 guarantees that every undiscovered Pareto-optimal point is dominated
by or equal to some u € U}, and U; is finite for all + € N, we can upper bound ¢; by
evaluating only the points in V5. This yields the following result:

Theorem 1: Approximation guarantee

Let F* denote the true Pareto front and let 7; be the approximation produced by
IPRO at time step t. For every t € N the true approximation error ¢ satisfies

¢, < maxmin [u — v]w.
uel; veF,
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Proof. 1. Each undiscovered Pareto point is dominated by an upper bound.
By Lemmas 1 and 3, every Pareto-optimal vector that is not yet in F; is either within
its tolerance or still feasible and therefore dominated by some u € U:

W eF' \N(int,UF)Iuel; : ur,v". (1)

2. Bounding the worst-case distance.
Given (1), we can replace the supremum over 7~ in Eq. (3.1) with a maximum over the
finite set U7, which yields

& = sup min[v* — v < maxmin|u — v|w. O
vreF+ VEF, uel; veF,

Fig. 3.1b provides an example where U} = {u;, us, uy} captures the worst-case gap to
the true front. We define ¢, := maxyer, minger, |u — vl and refer to ¢, as the error
bound. While our results are stated using the L norm, the same reasoning extends to
other metrics.

A useful corollary of Theorem 1 is that the sequence of error bounds is monotonically
decreasing. This follows immediately since the upper bounds are only adjusted
downwards and our approximation of the Pareto front only improves.

Corollary 1: Monotonicity of the error sequence

The sequence of error bounds (¢;);en is monotonically decreasing.

Proof. 1. The approximation set expands.
IPRO only appends new Pareto-optimal vectors, so F; C Fy for every t.

2. Upper bounds tighten.

By construction, every remaining feasible vector at time ¢ +1 is dominated by or equal
to some u € U7, ;. But the same already held at time ¢ for some @ € U7; hence for each
u € U}y there exists it € U; with @ >, u.

3. Putting the pieces together.

Because F4; is a superset of F;, the inner minimum can only decrease. Because every
u € U}y is dominated by or equal to some @ € U3, the outer maximum can only
decrease as well. Consequently,

max min |u —vfe < maxmin|u — v]e,
u€lyy veF 4 uel; veF,

which proves ¢, < ¢; forall t € N. O
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3.4 Convergence to an Approximate Pareto Front

As IPRO progresses, the error bound ¢; decreases monotonically and converges to zero.
This behaviour is visualised in Fig. 3.1b, where the addition of a new Pareto-optimal
solution reduces the distance to the upper bounds. Similarly, when a section is completed,
as shown in Fig. 3.1c, the corresponding upper bound is removed, further shrinking the
unexplored region.

IPRO halts when the true approximation error ¢; is guaranteed to be at most equal to the
oracle’s tolerance 7. At that point, no region of the objective space remains that could
contain a Pareto-optimal solution more than r away from the current approximation.
The result is a valid 7-Pareto front. The following theorem formalises this guarantee.

Theorem 2: Approximate Pareto oracle convergence

Given an approximate Pareto oracle QF with tolerance 7 > 0, IPRO converges to a
7-Pareto front in a finite number of iterations.

Proof. 1. r-partition of the search space.

Partition the bounding box /B into a finite grid of axis-aligned hypercubes (“cells”) of
side 7. A cell is active at time step ¢ if it intersects neither the dominated set D, nor
the infeasible set int Z,.

2. Eliminating active cells.
Let I € L, be the current lower bound, and query the oracle at the shifted point I + 7,
located in an active cell C. Exactly one of the following occurs:

« Oracle succeeds. The new Pareto-optimal vector is added to Fy,;, and every
cell now intersecting with the dominated or infeasible set, including C, is
deactivated.

« Oracle fails. Because I + 7 is infeasible, every cell whose points dominate I + 7
is infeasible and is likewise removed from the active set, deactivating C.

Hence at least one active cell is removed at each iteration. If the referent I+ 7 happens
to lie in a cell that is already infeasible, then [ itself is discarded, and the algorithm
selects a new lower bound. Repeating this procedure eventually exhausts L, at which
point no active cells remain and IPRO terminates.

3. Finite termination.

Because the grid is finite, repeated deactivation exhausts the active set after finitely
many iterations. As such, IPRO will eventually reach a time step T where no active
cells remain.

4. r-Pareto optimality.
By Theorem 1, the true approximation error is bounded above by ¢,. Since IPRO only
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stops when e7 < 7, the set Fr forms a valid r-Pareto front and IPRO terminates at or
before time step T. O

Having established that IPRO converges to a valid 7-Pareto front in finite time, we now
turn to bounding the number of iterations required. While the algorithm is guaranteed to
terminate, the number of steps may still be large in practice. In particular, the complexity
of IPRO depends on both the oracle tolerance 7 and the number of objectives d. As with
related approaches, we find that the iteration count grows polynomially with 1/z but
exponentially with d [Papadimitriou and Yannakakis, 2000; Chatterjee et al., 2006].

Theorem 3: Upper bounding the number of iterations

Given a Pareto oracle Q" and tolerance 7 > 0, let Vj € [d], k; = [@-v))/7]. IPRO
constructs a 7-Pareto front in at most
d d
[1%-T1G-D
Jj= j=1

1 J

iterations, which is a polynomial in 1/r but exponential in the number of objectives

d.

Proof. We consider an approximate Pareto oracle with tolerance r > 0. Let /3 be the
bounding box defined by the nadir v and the ideal v'. Partition B into axis-aligned
hypercubes of side length 7, forming a grid of cells. The total number of cells in B3 is
then equal to H}i:l kj, where k; = [(v} —v?)/7].

The proof consists of three steps:

1. We show that it is always possible to construct a worst-case run of IPRO in
which every oracle call succeeds;

2. We use this to argue that the worst case occurs when Pareto-optimal vectors lie
along the Pareto-optimal facets of /5;

3. We compute the number of such cells, yielding the desired iteration bound.

1. Reduction to successful oracle calls.

An oracle failure removes the current lower bound I, from L, but does not introduce
any new lower bounds. A successful call does the same and may add additional lower
bounds corresponding to newly discovered Pareto-optimal points. Hence replacing a
failure by a success can only increase (never decrease) the number of future iterations.
Therefore the longest possible run of IPRO is obtained when every oracle call succeeds.
We may restrict attention to that case when deriving an upper bound on the total
number of iterations.
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2. Dominance-free sets.

Let S be a set of grid cells, each containing a Pareto-optimal point. In the worst case,
S has maximal cardinality subject to the condition that no cell in S strictly dominates
another. We now construct f