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Summary

Epidemics of infectious diseases are an important threat to public health and global eco-
nomies. The most efficient way to combat epidemics is through prevention. To develop
prevention strategies and to implement them as efficiently as possible, a good understand-
ing of the complex dynamics that underlie these epidemics is essential. Epidemiological
studies allow us to obtain insights in the history of such processes. However, to properly
understand such processes, and to study emergency scenarios, epidemiological models are
necessary. Such models enable us to make predictions and to study the effect of preven-
tion strategies in simulation. The development of prevention strategies, which need to
fulfil distinct criteria (i.a., prevalence, mortality, morbidity, cost), remains a challenging
process. For this reason, it is important to study how optimization techniques can be used
to support decision makers. In this thesis, we study a reinforcement learning1 approach
to automatically learn prevention strategies.
We investigate two main lines of research. Firstly, we study the decision making problem

where a number of possible prevention strategies has been defined by decision makers, who
need to determine which of these strategies is most efficient. This decision is made by
evaluating the prevention strategies in a complex and computationally demanding epidemi-
ological model. To perform this evaluation efficiently, we investigate the use of algorithms
in the field of reinforcement learning that are grounded in the Bayesian uncertainty frame-
work. This approach enables us to learn faster and to quantify the uncertainty of the
decisions. To make this possible, we extend existing algorithms and create a new al-
gorithm. Furthermore, we provide theoretical insights in how these algorithms operate.

1Reinforcement learning is a field within artificial intelligence that is used to automatically learn by
interacting with an environment.
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Summary

Secondly, we extend this approach such that we can learn adaptive strategies in an
epidemiological model. This means that, rather than comparing preventive strategies,
we will attempt to learn which subsequent steps are necessary to act optimally, while
considering the state of the epidemic. Since the state space of the epidemiological models
that are necessary to investigate versatile prevention strategies is huge, we need to represent
this space efficiently, in a way that reinforcement learning becomes feasible. To this end,
we follow a deep reinforcement learning approach.
We evaluate both research trajectories in the context of pandemic influenza, a pathogen

that has made many victims in the past. Our experiments show that our first research
trajectory is very useful to evaluate prevention strategies. Furthermore, we show that
these techniques will also be useful to support other complex decision making problems
that involve computationally demanding models. In the experiments to validate the second
research trajectory, we create a new epidemiological model to investigate school closure
policies in case an influenza pandemic emerges. To evaluate our learning technique, we
present a new method to establish a ground truth, through which we show that our learning
technique approximates the optimal strategy. Finally, we investigate whether there is a
collaborative advantage when designing school closure policies. We formulate this research
question as a multi-agent problem and attempt to solve this problem using deep multi-
agent reinforcement learning techniques.
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Samenvatting

Epidemieën van infectieziekten vormen een belangrijke bedreiging voor de volksgezondheid.
De meest efficiënte manier om infectieziekten in te dijken is door middel van preventie.
Om preventiestrategieën uit te denken en zo efficiënt mogelijk te implementeren is een
goed begrip nodig van de complexe dynamiek waarmee dergelijke pathogenen zich in een
populatie verspreiden. Epidemiologische studies laten ons toe om inzichten te verwerven
in de geschiedenis van zulke processen. Echter, om deze processen beter te begrijpen,
is het nodig om epidemiologische modellen te bouwen. Zulke modellen laten ons toe
om voorspellingen te maken, elementen te identificeren waarop preventie kan worden
toegespitst en het effect van preventiestrategieën te bestuderen. Het ontwikkelen van
preventiestrategieën, dewelke aan verschillende criteria dienen te voldoen (i.a., prevalen-
tie, mortaliteit, morbiditeit, kost), blijft echter een zeer uitdagend proces. Daarom is het
belangrijk om te onderzoeken hoe optimalisatietechnieken gebruikt kunnen worden om dit
proces te ondersteunen. In deze thesis hebben we het gebruik van bekrachtigingsleren2
onderzocht om optimale preventiestrategieën automatisch te leren.
We hebben twee onderzoeksrichtingen uitgewerkt. Ten eerste hebben we het probleem

bestudeerd waarbij er een aantal preventiestrategieën gedefinieerd is, en we willen bepalen
welk van deze strategieën het meest efficiënt is door de strategieën te evalueren in een com-
plex en computationeel veeleisend epidemiologisch model. Om deze evaluatie efficiënt aan
te pakken bestuderen we algoritmes uit het domein van bekrachtigingsleren die gebaseerd
zijn op het Bayesiaanse onzekerheidsraamwerk. Deze aanpak geeft ons de mogelijkheid
om sneller te leren en de onzekerheid van beslissingen te kwantificeren. Om dit mogelijk

2Bekrachtigingsleren is een deelveld van artificiële intelligentie dat gebruikt wordt om te leren door
interactie met een omgeving
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te maken hebben we bestaande algoritmes aangepast en nieuwe algoritmes ontwikkeld.
Daarnaast hebben we ook een theoretisch inzicht over deze algorithmes gegeven.
Ten tweede breiden we dit uit zodat we adaptieve strategieën kunnen leren binnen een

epidemiologisch model. Dus, in plaats van strategieën te vergelijken, trachten we te leren
welke opeenvolgende stappen er nodig zijn die rekening houden met de toestand van de
epidemie, om optimaal te handelen. Aangezien de toestandsruimte van de epidemiologis-
che modellen die nodig zijn om veelzijdige preventiestrategieën te beschouwen zeer groot
is, moeten we deze ruimte zo voorstellen dat de bekrachtigingsleertechniek hierover kan
redeneren. Dit doen we door middel van diepe neurale netwerken , i.e., deep learning.
We evalueren deze onderzoekstrajecten in de context van pandemische influenza, een

epidemie die in het verleden al erg veel slachtoffers heeft gemaakt. Onze experimenten
tonen aan dat ons eerste onderzoekstraject zeer nuttig is voor het vergelijken van pre-
ventiestrategieën. Verder tonen we aan dat deze technieken ook nuttig zijn om andere
complexe beslissingsprocessen te ondersteunen, waar computationeel veeleisende modellen
aan te pas komen. In het tweede onderzoekstraject maken we een specifiek model om
het sluiten van scholen te onderzoeken indien er een influenza pandemie uitbreekt. In dit
model tonen we dat onze leertechnieken de optimale strategie kunnen benaderen. Daaren-
boven onderzoeken we of er een positief effect is als verschillende geografische districten
samenwerken om te beslissen wanneer scholen gesloten dienen te worden. We formuleren
deze onderzoeksvraag als een multi-agent probleem en trachten dit op te lossen aan de
hand van multi-agent bekrachtigingsleren in combinatie met diepe neurale netwerken.
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Preface

This thesis presents the research that was conducted to investigate how the mitigation of
epidemics can be guided with reinforcement learning3. This work is the result of a multi-
disciplinary research effort that advances the research fields of epidemiological modelling,
machine learning and epidemiology. At the foundation of this thesis lies a substantial
amount of exploration that led to additional research results, that I will introduce in this
chapter. Here, I focus on papers on which I’m one of the main contributors (first author,
or shared first author, shared first authorship is annotated with a ∗). All other research
results are enumerated in my academic CV (Chapter 14).
Related to the results presented in this thesis, I explored the field of arboviruses and HIV.

Firstly, the work I conducted on arboviruses, allowed me to set up some collaborations
that resulted in two first-author journal publications that concern the nomenclature and
genotyping of arboviruses (see Section 1 and Section 2). Secondly, the work I conducted
with respect to HIV resulted in a first-author survey journal paper about HIV transmission
(see Section 3) and a first-author methodological journal paper on how to understand
HIV epidemics by investigating phylogenetic trees (see Section 4). In collaboration with
Master students, I also worked on the modelling of HIV epidemics: the modelling of
the undiagnosed HIV population (see Section 6) and the inference of set-point viral load
transmission models (see Section 5).

3The research presented in this thesis was funded by the VUB research council (from 01/01/2015 to
31/12/2015) and a personal FWO SB grant (from 01/01/2016 to 31/12/2019).
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1 Time to harmonize Dengue nomenclature and classi-
fication

Cuypers L*, Libin P*, Simmonds P, Nowé A, Muñoz-Jordán J, Alcantara L, Vandamme
AM, Santiago G, Theys K., "Time to Harmonize Dengue Nomenclature and Classifica-
tion.", Viruses, vol. 10, issue 10, 2018. [Peer reviewed, 2-yearly JCR impact factor 2018:
3.811] (* denotes equal contribution)

Dengue virus (DENV) is estimated to cause 390 million infections per year worldwide.
A quarter of these infections manifest clinically and are associated with a morbidity and
mortality that put a significant burden on the affected regions. Reports of increased fre-
quency, intensity, and extended geographical range of outbreaks highlight the ongoing
global viral spread. Persistent transmission in endemic areas and the emergence in territ-
ories formerly devoid of transmission have shaped DENV’s current genetic diversity and
divergence. This genetic layout is hierarchically organized in serotypes, genotypes, and
sub-genotypic clades. While serotypes are well defined, the genotype nomenclature and
classification system lack consistency, which complicates a broader analysis of their clinical
and epidemiological characteristics.
We identify five key challenges: (1) Currently, there is no formal definition of a DENV

genotype; (2) Two different nomenclature systems are used in parallel, which causes sig-
nificant confusion; (3) A standardized classification procedure is lacking so far; (4) No
formal definition of sub-genotypic clades is in place; (5) There is no consensus on how
to report antigenic diversity.
Taking in to account these challenges, our aim was to raise awareness that the time

is right to re-evaluate DENV genetic diversity. This effort will benefit greatly from the
thousands of DENV genome sequences already available in the public domain. Advances in
methodologies for DENV surveillance and guided sampling strategies, as well the potential
use of DENV whole-genome sequencing in a clinical and epidemiological context, further
illustrates the urgency to question the current DENV taxonomy. Here, our primary intent
is to raise attention of the need for a re-evaluation by identifying challenges that affect the
increasing importance of DENV genomics in understanding virus disease manifestations
and epidemic spread. A re-evaluation will provide harmonization across DENV studies and
guide scientists to construct tools to detect outbreaks and infer epidemiological trends.
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2. AUTOMATED GENOTYPING OF ARBOVIRUSES

2 Automated genotyping of arboviruses
Vagner Fonseca*, Pieter J K Libin*, Kristof Theys*, Nuno R Faria, Marcio R T Nunes,
Maria I Restovic, Murilo Freire, Marta Giovanetti, Lize Cuypers, Ann Nowé, Ana Abecasis,
Koen De-forche, Gilberto A Santiago, Isadora C de Siqueira, Emmanuel J San, Kaliane
C B Machado, Vasco Azevedo, Ana Maria Bispo-de Filippis, Rivaldo Venâncio da Cunha,
Oliver G Pybus, Anne-Mieke Vandamme, Luiz C J Alcantara, Tulio de Oliveira, "A com-
putational method for the identification of Dengue, Zika and Chikungunya virus species
and genotypes", PLoS Neglected Tropical Diseases, vol. 13, issue 5, 2019. [Peer reviewed,
2-yearly JCR impact factor 2018: 4.487] (* denotes equal contribution)

In the recent years, an increasing number of outbreaks of Dengue (DENV), Chikungunya
(CHIKV) and Zika (ZIKV) viruses have been reported in Asia and the Americas. The
predominant mosquito species transmitting DENV, CHIKV and ZIKV, are Aedes aegypti
and Aedes Albopictus, which are widely distributed in tropical and sub-tropical regions. In
the past few years, several studies have reported concurrent outbreaks of DENV, CHIKV
and ZIKV in the same geographical area.
Monitoring virus genotype diversity is crucial to understand the emergence and spread

of outbreaks, both aspects that are vital to develop effective prevention and treatment
strategies. Both DENV and CHIKV epidemics are associated with a mortality and morbidity
that puts a significant economic burden on the affected regions. While infections with ZIKV
are rarely fatal, ZIKV infections may result in Guillain-Barré syndrome and congenital
malformations. Genomic surveillance of epidemics at the appropriate resolution enables
the identification of strains associated with greater epidemic potential or disease severity.
However, methods that consistently classify arbovirus sequences at the level of species

and sub-species (i.e., serotype and/or genotype) are currently lacking. Additionally, whole
genome sequences are often not available in routine clinical settings, forcing the use of
shorter gene sequences to classify at viral species or sub-species level. It has however insuf-
ficiently been explored which genomic regions are most suitable for accurate classification.
A new computational method for the identification of DENV/CHIKV/ZIKV sequences,

with respect to species and sub-species, is presented. The classification method was
validated on a large dataset by assessing the classification performance of whole-genome
sequences, partial-genome sequences and products from next-generation sequencing meth-
ods. Furthermore, the suitability of different genomic regions for virus classification was
evaluated.
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Preface

3 The impact of HIV-1 within-host evolution on trans-
mission dynamics

Kristof Theys*, Libin P.*, Andrea-Clemencia Pineda-Peña,Ann Nowé,Anne-mieke Van-
damme,Ana B Abecasis, "The impact of HIV-1 within-host evolution on transmission
dynamics", Current Opinion in Virology, vol. 28, p 92 - 101, 2018. [Peer reviewed, 2-
yearly JCR impact factor 2018: 5.4] (* denotes equal contribution)

Despite the remarkable progress in the last three decades, Human Immunodeficiency
Virus type 1 (HIV-1) remains a global health threat with almost two million new infections
and one million AIDS-related deaths in 2016. HIV-1, as many RNA viruses, is characterized
by high rates of evolutionary changes during the course of infection, and this potential for
adaptive evolution has proven to be a cornerstone mechanism of viral escape from host
immune responses and antiretroviral treatment. Yet, drug resistance rates are stabilizing
or decreasing due to more efficacious and tolerable regimens, particularly in developed
countries, resulting in a nearly normal life expectancy for treated HIV-1 infected individuals.
By contrast, as immune-driven viral control by means of a preventive or therapeutic vac-

cine remains challenging, main priorities with respect to public health now concern the
formulation and implementation of efficient and effective prevention strategies. The wide-
spread implementation of Treatment as Prevention is considered one of the most important
intervention strategies to reduce the rate of HIV-1 transmission. Furthermore, methodolo-
gical improvements to infer transmission networks and to model epidemics in silico enable
authorities to monitor dynamics of epidemic spread and ameliorate prevention strategies.
Despite these advances, the resulting worldwide decline in HIV-1 infections is considered
insufficient to meet the UNAIDS visionary goal to end AIDS by 2030. Periodical reports
of increasing incidence (e.g. Eastern Europe and Central Asia) and persistent challenges
(e.g. late presenters, suboptimal adherence and increasing rates of drug resistance in
Africa) illustrate the continuous need to optimize targeted intervention strategies.
To this end, novel perspectives on the impact of HIV-1 within-host evolutionary processes

can be of high value to better understand and mitigate population-level transmission.
Knowledge on the association between viral genotype and epidemic potential is crucial
to formulate prevention strategies directed towards sub-epidemics that have the largest
impact on the incidence rate. Furthermore, insights into the different mechanisms and
virus diversity that dominate transmission and early infection will improve transmission
history inference as well as vaccine design.
HIV-1 is characterized by extensive genetic diversity within and between hosts, but distinct

processes and rates shape viral evolution at these levels. While within-host evolutionary
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4. INTERACTIVELY EXPLORING LARGE PHYLOGENIES

dynamics are dominated by selective forces and competitive fitness, between-host evolution
is considered to be largely shaped by neutral processes and multiple HIV-1 variants co-
exist at the epidemiological level, although recent findings might imply more selective
action at this level than generally assumed. Circulating viral diversity at population level
is an intrinsic reflection of transmission dynamics within the epidemic, but virus and host
genetics additionally impact between-host dynamics. As a result, a complex interplay of
multi-scale evolutionary processes exists and the selective advantage of viral traits differs at
the within-host and between-host level as conflicting evolutionary forces apply. While viral
spread in a population is expected to select for traits that maximize transmission efficiency,
viral strategies that favour within-host fitness do not necessarily benefit epidemiological
fitness, leading to a delicate evolutionary trade-off between virulence and transmission.
We discuss the connection between HIV-1 within-host evolution and transmission dy-

namics and highlight recent theoretical and experimental work bridging different scales.
We first address the processes that shape HIV viral evolution within the host, then we
focus on the bottleneck transmission event and finally on how this can be translated at
the population level. We end by shedding light on how these factors can affect the epi-
demiological transmission studies. Understanding the link between within-host processes,
transmission fitness and epidemic spread will be essential to achieve HIV-1 eradication.

4 Interactively exploring large phylogenies
Pieter Libin, Ewout Vanden Eynden, Francesca Incardona, Ann Nowé, Antonia Bezenchek,
An-ders Sönnerborg, Anne-Mieke Vandamme, EucoHIV Study Group, Kristof Theys, Guy
Baele, "PhyloGeoTool: interactively exploring large phylogenies in an epidemiological con-
text", Bioinformatics, vol. 33, issue 24, p. 3993 - 3995, 2017. [Peer reviewed, 2-yearly
JCR impact factor 2018: 4.531]

Expanding and intensifying sequencing efforts for the management of infectious diseases
along with the generation of large-scale databases of clinical and demographical informa-
tion provide unprecedented opportunities for the surveillance of epidemics and outbreaks
of viral pathogens. Mapping the origin and the dynamics of epidemics in space and time is
becoming feasible as geo-tagged and time-stamped sequence data are now part of routine
clinical care. Tracking the geographical spread and the relationship to specified charac-
teristics for distinct virus clades (e.g., transmission risk group, tropism, drug resistance
profile) can help to improve our understanding of such outbreaks. Computational and
methodological advances now allow to infer phylogenies of tens of thousands of sequences
and applications have been developed to visualize such large phylogenetic trees. However,
efficient means to visually navigate through these large phylogenies and the annotated
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Figure 1: The PhyloGeoTool graphical user interface. The upper left panel shows the
geographical distribution of the samples present in the selected cluster. The lower left panel
shows the distribution for a selected trait of interest; white bars show the distribution for
the entire dataset for that level of the tree, whereas the colored bars show the distribution
for a specific selected cluster and are annotated by their respective percentage. The right
panel shows the clustered phylogenetic tree and allows to perform phylogenetic placement

information, are currently still lacking. Furthermore, we envision the need for fast and
accurate placement of novel virus sequences onto an existing phylogenetic tree, as this
can provide valuable insights for outbreak detection, by relating evolutionary dynamics to
epidemiological and clinical characteristics.
To advance the state-of-the-art, we present PhyloGeoTool (Figure 1), an application to in-

teractively navigate large phylogenies and to explore associated clinical and epidemiological
data. PhyloGeoTool implements an algorithm that automatically partitions a phylogeny
into an optimal number of clusters, thereby recursively partitioning each identified cluster.
To demonstrate PhyloGeoTool‘s potential, we present a case study concerning trans-

mitted HIV-1 drug resistance in Europe and evaluated PhyloGeoTool in the context of
the Dengue virus.
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5. BAYESIAN INFERENCE OF SET-POINT VIRAL LOAD TRANSMISSION MODELS

5 Bayesian inference of set-point viral load transmission
models

Pieter Libin*, Laurens Hernalsteen*, Kristof Theys, Perpetua Gomes, Ana Abecasis, Ann
Nowé, "Bayesian inference of set-point viral load transmission models", Benelux Artificial
Intelligence Conference, p.: 107 - 12, 2018. (* denotes equal contribution)

When modelling HIV epidemics, it is important to incorporate set-point viral load and its
heritability. As set-point viral load distributions can differ significantly amongst epidemics,
it is imperative to account for the observed local variation. This can be done by using a
heritability model and fitting it to a local set-point viral load distribution. However, as the
fitting procedure needs to take into account the actual transmission dynamics (i.e., social
network, sexual behaviour), a complex model is required. Furthermore, in order to use the
estimates in subsequent modelling analyses to inform prevention policies, it is important
to assess parameter robustness.
In order to fit set-point viral load models without the need to capture explicitly the

transmission dynamics, we present a new protocol. Firstly, we approximate the transmission
network from a phylogeny that was inferred from sequences collected in the local epidemic.
Secondly, as this transmission network only comprises a single instance of the transmission
network space, and our aim is to assess parameter robustness, we infer the transmission
network distribution. Thirdly, we fit the parameters of the selected set-point viral load
model on multiple samples from the transmission network distribution using approximate
Bayesian inference.
Our new protocol enables researchers to fit set-point viral load models in their local

context, and diagnose the model parameter’s uncertainty. Such parameter estimates are
essential to enable subsequent modelling analyses, and thus crucial to improve preven-
tion policies.

6 Towards a phylogenetic measure to quantify HIV in-
cidence

Libin, P.*, Versbraegen, N.*, Abecasis, A. B., Gomes, P., Lenaerts, T., and Nowé, A.,
"Towards a phylogenetic measure to quantify HIV incidence.", Benelux Conference on Ar-
tificial Intelligence, 2019. (* denotes equal contribution)
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One of the cornerstones in combating the HIV pandemic is the ability to assess the
current state and evolution of local HIV epidemics. This remains a complex problem, as
many HIV infected individuals are unaware of their infection status, leading to parts of
HIV epidemics being undiagnosed and under-reported.
An abundance of clinical data is available in the context of HIV epidemics, as upon

diagnosis a number of tests are performed and the results thereof collected. One of those
tests determines the specific genotype of the virus infecting a patient. To that purpose, the
genetic sequence of the virus is determined. As a result, a vast amount of HIV sequences
have been collected over the last decades.
We first present a method to learn epidemiological parameters from phylogenetic trees,

using approximate Bayesian computation. The epidemiological parameters learned as a
result of applying approximate Bayesian computation are subsequently used in epidemiolo-
gical models that aim to simulate a specific epidemic. Secondly, we continue by describing
the development of a tree statistic, rooted in coalescent theory, which we use to relate
epidemiological parameters to a phylogenetic tree, by using the simulated epidemics. We
show that the presented tree statistic enables differentiation of epidemiological parameters,
while only relying on phylogenetic trees, thus enabling the construction of new methods
to ascertain the epidemiological state of an HIV epidemic. By using genetic data to infer
epidemic sizes, we expect to enhance our understanding of the portions of the infected
population in which diagnosis rates are low. This understanding will allow for more effect-
ive health policies, through diagnosis strategies that are directed towards these particular
sub-populations.
We validate our research on the HIV-1 epidemic in Portugal. We therefore first present

inference of the epidemiological parameters of said epidemic by applying approximate
Bayesian computation. We apply approximate Bayesian computation to fit a model that
contains the epidemiological parameters in question.
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1 | Introduction
La dernière chose qu’on trouve en faisant un ouvrage est
de savoir celle qu’il faut mettre la première.

Blaise Pascal, Pensées

In this dissertation, we contribute to the decision making process that aims for strategies
to mitigate epidemics of infectious diseases. To this end, we follow a reinforcement learning
approach to develop new methods and techniques to investigate mitigation policies in
epidemiological models. In this chapter, we aim to situate this multi-disciplinary research
project in the different related research domains. We start by providing background on
infectious diseases and the challenges they impose. We continue by presenting more
details on pandemic influenza, an infectious disease that has caused several devastating
epidemics throughout human history, and the pathogen on which most of the experiments
in this dissertation will focus. Next, we situate our work in the broad field of research
disciplines that study epidemics. Subsequently, we introduce the concepts that are key to
study intervention strategies aimed at the mitigation of epidemics, and we introduce the
machine learning technique reinforcement learning, on which our methodological approach
will be based upon. Finally, we provide a detailed description of our research objectives
and highlight the contributions that will be presented in this dissertation.
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CHAPTER 1. INTRODUCTION

1 Infectious diseases
Infectious diseases have been around since the dawn of time, with infectious agents, i.e.,
pathogens, causing disease in plants, animals and humans. A pathogen is an infectious
micro-organism, including viruses (e.g., influenza), bacteria (e.g., anthrax), protozoa (e.g.,
malaria parasite) and prions [Alberts et al., 2002], as shown in Figure 1.1.

(a) Digitally-colourized
electron microscopic image
of an influenza virion.

(b) Cerebrospinal fluid
showing anthrax bacilli
(purple rods).

(c) Blood smear that re-
veals a Plasmodium fal-
ciparum parasite.

Figure 1.1: Images showing a virion (a), bacilla (b) and protozoa (c). Figure (a) and (c)
were authored by Frederick Murphy and downloaded from the CDC Public Health Image
Library. Figure (b) was authored by Jernigan et al. [2001].

We as humans are most familiar with pathogens through the burden they put on us and
our economy, either by influencing our agricultural processes (i.e., pathogens that impact
our live stock or crops) or by affecting our health directly. The latter has severely impacted
human history. An example, that possibly speaks most to the imagination, is the bubonic
plague, significantly dubbed the black death1. The plague is caused by the bacterium
Yersinia pestis, and was responsible for a decimation of the world population in the 14th
century [Parkhill et al., 2001]. In Europe alone, it is estimated that the plague killed 30%
to 60% of the population [Spyrou et al., 2019]. Evidently, times have changed since the
14th century, as we now know that the plague is caused by a bacterium2 and is spread via
flea bites, enabling us to take the necessary precautions to avoid infection.
Furthermore, thanks to the development of antibiotics3, people infected with Yersinia

pestis can be treated effectively, thereby significantly reducing the mortality rate [Prentice
and Rahalison, 2007].

1Because of the black colouration of the patient’s skin due to subcutaneous haemorrhages.
2Germ theory, the theory that pathogens (i.e., germs) can lead to disease, was only popularized in the

19th century by Louis Pasteur.
3Although antibiotic resistance is a growing concern, also for Yersinia pestis [Galimand et al., 2006].
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2. PANDEMIC INFLUENZA

Yet, knowing a pathogen and how it spreads does not guarantee that we can avoid major
pandemics. This was demonstrated at the beginning of the twentieth century (1918-1920),
when an influenza strain commonly referred to as "Spanish flu" swiftly spread throughout
the world, killing millions of people [Taubenberger and Morens, 2006].
Nevertheless, we have come a far way. We have a good scientific understanding of how

pathogens spread, and this understanding continues to grow every day. We have prevention
strategies ranging from vaccines to bacterial and antiviral treatments [Behbehani, 1983;
Clardy et al., 2009; Marseille et al., 2002], ever-improving ways to chart ongoing epidemics
[Grubaugh et al., 2019] and sophisticated means to reason about epidemics and their
control [Diekmann et al., 2012].
Nonetheless, in recent history, we found ourselves defenceless against a new virus, i.e.,

the human immunodeficiency virus (HIV). Only quite recently, the development of anti-
retroviral drugs enabled us to turn the tide [Moore and Chaisson, 1999]. Mosquito-borne
infections, not the least malaria [Chen et al., 2018], but also the Dengue and Zika virus
[Messina et al., 2019; Petersen et al., 2016], continue to plague the peoples in the tropics.
The Ebola virus keeps sparking new epidemics that are as devastating as they prove hard
to control [Dudas et al., 2017]. Moreover, we see the insurgence of pathogens that we
considered to be eliminated, e.g., the measles are resurfacing throughout the Western
world [Holzmann and Wiedermann, 2019]. And to conclude this depressing enumeration,
the author is writing this introduction in lockdown, as we attempt to contain the ongoing
COVID-19 pandemic [Zhu et al., 2020].
All this indicates that many challenges remain, some of which we will try to address

in this dissertation.

2 Pandemic influenza
In this dissertation, we will develop new methods to help decision makers to reduce the
burden of infectious diseases. While these methods are applicable to a wide range of
pathogens, we will perform our experiments in the context of pandemic influenza. To
this end, we will provide some background on influenza pandemics, and explain how these
relate to seasonal influenza epidemics.
Seasonal influenza is a respiratory illness that is caused by the influenza A or B virus.

Seasonal influenza epidemics occur every year during the fall/winter seasons, i.e., at differ-
ent times in the Northern and Southern hemisphere [Nelson et al., 2007]. Such epidemics
are responsible for the deaths of half a million people each year, and cause a significant
economic burden [Stöhr, 2002]. To reduce this burden, prior to each season, a vaccine is
developed against a set of influenza virus strains, i.e., a tetravalent or quadrivalent vaccine
[Belshe, 2010]. This set of influenza strains is updated every year, by a global program
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CHAPTER 1. INTRODUCTION

that is operated by the World Health Organization, which generates and interprets surveil-
lance data to predict which virus strains will be most likely to appear in the next influenza
season [Klingen et al., 2018].
Contrary to seasonal influenza, influenza pandemics occur less frequently. The influenza

virus type A has the potential to cause pandemics, due to its high genetic variability.
When discussing genetic variation in the context of the type A influenza virus, two gene
segments are most important, i.e., hemagglutinin, a surface antigen which enables the
virus to enter cells, and neuraminidase, a surface antigen which cleaves the newly formed
virus [Nicholls, 2006]. As these segments are targeted by the host’s immune system, they
are susceptible to selective pressure, which is referred to as genetic drift [Lewis et al.,
2016]. Next to genetic drift, antigenic shift, the process of reassortment of one of the
hemagglutinin and one of the neuraminidase subtypes, can induce a significant change in
the antigenic properties of the virus [Treanor, 2004]. A strain of the influenza A virus is
typically referred to by the combination of these subtypes of the hemagglutinin (H) and
neuraminidase (N) regions, e.g., H1N1, H2N2, H5N1, H3N2. This genetic diversity can
result in viruses to which no (or little) immunity in the human population exists, and thus
have the potential to cause a large pandemic [Nicholls, 2006]. Therefore, the outcome of
an influenza pandemic can be much more severe than that of seasonal epidemics, with the
potential to kill millions of people worldwide [Paules and Subbarao, 2017].
In the past century, there were three influenza pandemics. The Spanish influenza of 1918

is assumed to have infected close to a third of the world’s population [Spinney, 2017], and
was caused by an H1N1 influenza virus. More recently, the Asian influenza pandemic of
1957, caused by an H2N2 virus, killed 2 million people [Viboud et al., 2016]. And finally,
in 1958, an H3N2 pandemic was responsible for one million deaths [Nicholls, 2006]. The
first pandemic emergency in the twenty-first century was the influenza pandemic of 2009,
caused by an H1N1 influenza virus [Fraser et al., 2009]. This pandemic was estimated to
have killed close to three hundred thousand people [Dawood et al., 2012].
As we cannot predict the virus strain that will be responsible for the next pandemic,

we can only start producing an effective vaccine when the virus strain has been identified.
Therefore, vaccines will be available only in limited supply at the beginning of the pandemic
[WHO, 2004]. This lack of vaccine availability, renders the containment of influenza
pandemics challenging. We will further discuss these challenges throughout this chapter.

3 Studying epidemics
As indicated in the previous section, understanding the processes that underlie the epidemic
spread of pathogens, is key to their control. This is a highly multi-disciplinary endeavour,
where the interplay between different complex systems is investigated [Bedford et al., 2019].

32



3. STUDYING EPIDEMICS

We now present a broad overview of the different scientific disciplines that are involved in
this process, to highlight the multi-disciplinary nature of this research. In this section we
focus on epidemics where humans are central, although many of these considerations can
be extrapolated towards epidemics that occur in livestock [Keeling et al., 2003].
The study of the pathogen and how it infects an individual human host and causes disease

therein, is conducted by microbiologists. Insights in the pathogen enable pharmacists to de-
velop new drugs or vaccines that can be used to implement therapeutic preventive actions.
In order to understand how pathogens move between humans, it is important to study

the social contact network that connects the different individuals. The properties of such
networks are examined in sociology, physics and economics. Often, a population of indi-
viduals is connected through a set of overlaying networks. E.g., on the one hand, adults
are connected through a commuting network in the daytime, on the other hand, children
meet their peers in school. These sub-populations are thus connected by different social
contact networks, yet in the evening, when families meet at home, these contact networks
are overlayed [Pilosof et al., 2017] (see Figure 1.2).
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Figure 1.2: Different social networks from the perspective of a teenager T1: household
network (i.e., parents and siblings), friends network and school network. This figure is
inspired by the work of Glass et al. [2006].

Furthermore, such social contact networks are often dynamic in nature. E.g., in a sexual
contact network, for certain individuals, the partnerships in the network will change regu-
larly. Moreover, the structure of such networks depends on the social context. E.g., while
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friendship networks within a school can be captured using an exponential random graph
model [Potter et al., 2012], sexual contact networks are scale-free [Liljeros et al., 2001].
For many pathogens, there is another animal species involved in the transmission process.

For such pathogens, we make the distinction between zoonotic and vector-borne diseases.
A disease is zoonotic, when the pathogen resides in another animal, through which it is able
to infect humans. Such infections can lead to epidemics within the human population, if
the virus is fit to be transmitted along human contact networks, as is for example the case
for the Ebola virus [Pigott et al., 2014]. As another example, it has been shown for several
influenza pandemics, that an avian influenza virus, or a combination between an avian and
a human influenza virus, was at the source of the epidemic [Belshe, 2005]. Also the new
SARS-CoV-2 virus, that is causing the ongoing COVID-19 pandemic, has a zoonotic origin
Andersen et al. [2020]. An infectious disease is vector-borne if there is an animal (i.e.,
vector) that carries the pathogen from one human host to another. This vector is typically
unaffected by the pathogen. A major group of pathogen vectors are arthropods, i.a., ticks,
mosquitos, fleas, mites. Vector species impose an additional transmission network that
complements human mobility, e.g., mosquitos can travel between houses.
This signifies the importance to study the ecology of animals responsible for zoonotic

or vector transmissions, in order to get a full understanding of how these intermediate
species affect the spread of pathogens in human populations. This includes studying
how animal species, responsible for zoonotic transmission, come into contact with hu-
mans [George et al., 2011] and investigating how arthropod populations can be controlled
[Moreira et al., 2009].
The ecology of animal species in general, and vector species in particular, is also af-

fected by climatological changes. For example, the mosquito species Aedes Albopictus4
was introduced in Southern Europe over the last decades [Akiner et al., 2016; Aranda
et al., 2018], and is expected to settle in Northern Europe in the next decades due to
climatological changes [Caminade et al., 2012; Fischer et al., 2014].
To understand how an epidemic unravels and to study its trajectory afterwards, it is

important to chart the epidemic progress in great detail, and analyse the observed time
series in a statistically sound framework.
The most fundamental statistic to record is incidence, i.e., the number of new cases per

unit time, over time. Medical doctors will be able to report such cases when a patient
is diagnosed5, which implies that only (sufficiently) symptomatic cases will be considered.
While the symptomatic incidence is a key statistic to monitor and study epidemics, for many

4Aedes Albopictus is a vector that is capable of transmitting different viruses, i.a., Zika virus, Dengue
virus, Chikungunya virus.

5As many infectious diseases share symptoms, diagnostic laboratory kits are necessary to make unam-
biguous diagnoses.
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3. STUDYING EPIDEMICS

pathogens (i.a., influenza [Leung et al., 2015], Dengue virus [Duong et al., 2015], Zika virus
[Aubry et al., 2017]), there is a significant proportion of the infected population that will not
develop any symptoms, but is still able to generate new infections. In order to investigate
the proportion of asymptomatic infections in a population, the seroprevalence (i.e., the
number of individuals in a population that test positive for an infectious disease based on
a blood serum test) in a population can be assessed [Staras et al., 2006]. Furthermore, for
pathogens with a prolonged incubation period (e.g., patients infected with HIV or Hepatitis
C virus will only develop symptoms after months or years) a proactive diagnosis policy will
be necessary [Boyer and Marcellin, 2000; Nakagawa et al., 2012].
When a diagnosis is confirmed, the genetic code of the pathogen that causes the infection

can be isolated. This is especially interesting for fast-evolving organisms (e.g., RNA viruses,
such as influenza, Dengue virus and HIV), from which the evolutionary relationship between
the different samples obtained in an epidemic can be inferred [Kühnert et al., 2011].

Figure 1.3: Phylogenetic trees of the four Dengue serotypes [Cuypers et al., 2018]. This
figure demonstrates the vast genetic diversity within each of the Dengue serotypes.
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These evolutionary relationships can be used to study the genetic diversity of the patho-
gen, which enables epidemiologists to classify the virus into genotypes (see Figure 1.3),
which is essential to study pathogens in their broader context [Geretti, 2006; Hemelaar
et al., 2006]. Furthermore, through phylodynamical analysis, these relationships can also
be used to make inferences about epidemiological trends [Drummond et al., 2005] and
the geographical origin and distributions of different strains of a pathogen [Holmes, 2004;
Lemey et al., 2009].
In addition to charting ongoing or past epidemics, it is important to create models

of infectious diseases that capture the right level of complexity to investigate the re-
search question at hand. This field of research is grounded in mathematics, statistics
and computer science. Such models range from elementary mathematical models (i.e.,
compartment models), over which formal reasoning is possible, to detailed mechanistic
models (i.e., individual based models), that enable fine-grained models at the level of
each individual. In this dissertation, we will use epidemiological models to investigate the
efficiency of prevention strategies.
Aforesaid models will expose a set of parameters with some meaningful epidemiological

interpretation. For example, the most elementary of models, i.e., the SIR model (see
Chapter 3 for more details), will just consider two parameters that concern the rate of
transmission and the rate of recovery. By fitting such models to data that was recorded
during an epidemic, we can infer the value (or distribution) of such parameters, providing
us with insight in the epidemiological process.
The parameters exposed in these models can also be used to explore potential scenarios,

e.g., what the impact would be of an influenza virus that exhibits a particularly high
infectiousness. By including parameters in the model that signify the impact of certain
preventive measures, we can investigate the effect of interventions. The main objective of
this dissertation is the use of epidemiological models to investigate and optimize prevention
strategies. We will discuss this topic in the next section.

4 Studying the effect of interventions
In this dissertation, the overall goal is to develop methods that can be used to learn optimal
intervention strategies, to reduce the burden caused by epidemics. We will now discuss
different elements that are central to the study of interventions. First, we consider the
exact objectives that we wish to optimize. Next, we enumerate different therapeutic and
non-therapeutic intervention options. And finally, we discuss the optimal use of public
health interventions.
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4.1 Objective of the intervention
When discussing epidemic mitigation strategies, our goal is to minimize the pathogen’s
burden on a population. However, this objective can be interpreted in different ways.
The most intuitive objective is to minimize the cumulative incidence:

Icum =
T∑
t=1

It, (1.1)

where It signifies the number of newly infected individuals at time t, and T denotes the
end of the epidemic. This objective directly reflects the impact of a intervention on the
epidemiological process.
Another common objective is to minimize the mortality count over the course of the

epidemic. Given the total incidence Icum at time T , mortality can be formulated as a
proportion f (i.e., fatality) of this quantity:

m = f · Icum (1.2)

However, the probability that an infection is fatal is rarely uniformly distributed across the
population. For many pathogens, the elderly will be more vulnerable to die upon infection,
which is for example the case for seasonal influenza [Thompson et al., 2003]. We thus
need to take into account the age-dependent cumulative infection count:

Icum(a) =
T∑
t=1

It(a), (1.3)

where Icum(a) and It(a) are functions in terms of age a. Mortality can be defined in terms
of survival probability function s(a) that expresses the probability to die when infected:

m =
∫ 100

0
(1− s(a)) · Icum(a)da, (1.4)

when we consider ages between 0 − 100 years.
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Figure 1.4: Mortality curves for three pandemics (i.e., 1918, 1957, 1968) [Luk et al., 2001].
The y-axis shows the number of deaths per 100000 individuals.

In Figure 1.4, we show the mortality function for three influenza pandemics (i.e., the
1918, 1957 and 1968 pandemic), to demonstrate the difference between mortality trends
between age groups.
Other interesting objectives include the quality-adjusted life-year (QALY) and the eco-

nomic cost induced by the epidemic. QALY is a measure of health, where health is
modelled as a function that takes both the quantity and quality of the life saved into
account [Sassi, 2006]. The economic cost of an epidemic attempts to quantify the impact
of illness (e.g., sick people cannot work), death (i.e., economically active people that die
leave an economic gap) and the cost of the intervention [Meltzer et al., 1999].
Furthermore, there are scenarios where multiple objectives can be of interest, and we

might want to investigate a combination of objectives. This complicates the analysis as
this requires us to specify how the different objectives need to be weighed.
In this dissertation, we consider the optimization of cumulative incidence. We do how-

ever discuss how our methods can be extended towards age-dependent and multi-objective
settings.

4.2 Therapeutic and non-therapeutic interventions
Depending on the pathogen and the stratum of the population we are targeting, different
intervention options are available. These can be divided in two groups: therapeutic and
non-therapeutic interventions.
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Therapeutic interventions consist of pharmaceutical measures that are provided to unin-
fected individuals to avoid infection or to treat infected individuals to avoid severe illness
and death. Furthermore, by treating infected individuals, we also reduce the chance that
these individuals will generate new infections. Some examples to avoid infection in healthy
individuals include: vaccination to avoid measles infection [Wolfson et al., 2007], pre-
exposure prophylaxis to avoid HIV infection [Karim and Karim, 2011] and post-exposure
prophylaxis to avoid infection with bacterial pathogens such as anthrax [Wein et al., 2003].
Some examples to reduce the number of newly generated infections include: lifelong
anti-retroviral therapy for HIV infected individuals to reduce their infectiousness [Lima
et al., 2008] and using antiviral drugs to cure Hepatitis C infected patients [Hofmann
and Zeuzem, 2011].
Non-therapeutic interventions consist of non-pharmaceutical measures to reduce the

number of new infections, which includes behavioural and restrictive measures. An ex-
ample of a behavioural measure is to promote condom-use to reduce the spread of sexually
transmitted infections [Schick et al., 2010]. Restrictive measures can be targeted towards
infected individuals (e.g., restricting traditional burying of individuals that died of an Ebola
infection [Pandey et al., 2014]) or to reduce the mixing in a population subgroup (e.g.,
school closures [Cauchemez et al., 2008]).

4.3 Optimal use of resources
Given the availability of an efficient therapeutic intervention option (e.g., vaccines) infec-
tious diseases can be controlled effectively [Piot et al., 2019]. A prime example of this is
smallpox that was declared to be globally eradicated by the World Health Organization
in 1980, through the use of an effective vaccine [Breman and Arita, 1980]. Many other
infectious diseases are successfully contained through the use of vaccines (i.a., tetanus
[Rappuoli et al., 2014], yellow fever [Barrett, 2017] and measles [WHO et al., 2017a]).
The World Health Organization estimates that between 2010 and 2015, 10 million deaths
were prevented due to vaccines, and that many more individuals were guarded from disease
and disability because of vaccines [WHO et al., 2017b].
However, there is a substantial amount of pathogens for which no vaccine is readily

available. For example, in the case of pandemic influenza, the virus needs to be isolated
before the production of a vaccine can start (see Section 2). For other viruses, such as
HIV, the development of a vaccine is challenging due to the extensive genetic variability
of the virus [Johnston and Fauci, 2008]. Furthermore, the development of vaccines takes
time and potential vaccines need to go through extensive clinical trials in order to be
used [Abbink et al., 2018]. Therefore, in case of an emerging epidemic, no vaccine will
be readily available.
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In the absence of an efficient vaccine, other resources need to be allotted to contain
an emerging epidemic, such as non-therapeutic measures (e.g., school closures to reduce
social mixing) or therapeutic measures other than vaccines (e.g., antiviral drugs as a pre-
prophylactic). Such measures have severe limitations. For one, schools can not be closed
indefinitely. Also, antiviral influenza medication is both expensive and should be allocated
with providence, as it might cause resistance in the virus, rendering it insusceptible to
the antiviral compound [Lipsitch et al., 2007]. Therefore, it is important that such scarce
resources will be optimally used.
When a vaccine does become available while an epidemic is ongoing, limitations with

respect to vaccine production or logistic constraints will likely induce challenges regarding
its distribution [Ulmer et al., 2006]. Moreover, other concerns might hamper an efficient
implementation. For one, in the 2019 Ebola epidemic, researchers had to test vaccines
in a war zone [Maxmen, 2019]. Furthermore, the spread of misinformation with respect
to vaccines has induced vaccine hesitancy amongst a significant part of the population
[MacDonald et al., 2015]. This is one of the main reasons for the major drop in vaccine
coverage that has been reported in many countries, what has been an important driver for
several measles outbreaks throughout the Western world [Robert et al., 2019].
Given the various constraints and complications that we discussed, it is crucial to optimize

intervention strategies in order to effectively and efficiently contain or prevent epidem-
ics. Furthermore, intervention strategies that efficiently use the available resources, make
budgets available that can be used for a wider implementation of the measures, thus
increasing their impact.
In this work, we investigate the use of reinforcement learning methods to identify op-

timal prevention strategies, in an epidemiological model, to support policy makers with
their decision making. In the next section we introduce reinforcement learning, and in Sec-
tion 6, where we introduce our research objectives in detail, we motivate why reinforcement
learning is a suitable methodology to approach this problem.

5 Reinforcement learning
Artificial intelligence involves the study of agents (i.e., an entity that perceives and acts
[Russell and Norvig, 2016]) that exhibit machine intelligence. Machine learning is a sub-
field in artificial intelligence, which concerns algorithms that do not explicitly encode the
rules to follow in order to solve a particular problem, but rather operate on data through
pattern detection or inference. This data can either be available beforehand or become
available by interacting with an environment. In the latter case, this is referred to as
reinforcement learning [Sutton and Barto, 1998], where an agent learns to behave optimally
in an environment. To this end, the agent interacts with the environment (e.g., a video
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game), by performing actions (e.g., controlling a joystick). Each action has an effect on
the environment’s state, which the agent observes (e.g., the screen of the video game),
together with the reward for executing that particular action (e.g., the immediate score
received). By carefully observing how the state evolves and considering the rewards that
follow upon executing actions, reinforcement learning algorithms will aim to optimize the
long term reward (e.g., to win the video game), thereby learning a policy that behaves
optimally in said environment.
Although in the previous description we assume that reinforcement learning agents ob-

serve a state upon executing an action, there are reinforcement learning settings where
no state space is considered, i.e., multi-armed bandits6 [Audibert and Bubeck, 2010]. A
multi-armed bandit models a set of actions (i.e., arms) that when played return a reward
according to the action’s reward probability distribution. This model is thus useful to
formulate decision problems where there is a set of options to be considered. The multi-
armed bandit formalism can be used to deal with decision problems with various objectives,
of which regret minimization (i.e., to optimize the overall reward over time) [Sutton and
Barto, 1998] and best arm identification [Bubeck et al., 2009], are the most well known.

6 Research objectives and contributions
The overall aim of our research is to investigate how decision making in an epidemiological
context can be improved by following a reinforcement learning approach.
Firstly, we consider the decision problem where an optimal prevention strategy needs to be

identified from a set of alternatives, where we assume that these prevention strategies can
be evaluated in a stochastic individual-based epidemiological model. As such models are
computationally intensive, it is paramount to identify the optimal strategy using a minimal
number of model evaluations. Additionally, as computational resources are limited, these
resources need to be reserved, and therefore epidemiological modelling experiments need to
be carefully planned. Therefore, we assume that we need to operate using a fixed number of
model evaluations (i.e., budget). To this end, we formulate this decision problem as a multi-
armed bandit, where the different prevention strategy options are modelled as arms. Pulling
an arm evaluates the corresponding prevention strategy in a stochastic epidemiological
model, upon which the output of the model (e.g., attack rate) is returned as a reward.
In this framework, we attempt to find the optimal prevention strategy by applying fixed-
budget best-arm identification algorithms. We use epidemiological modelling theory to

6Note that there are also contextual multi-armed bandits (CMAB), where the agent observes a state
prior to choosing an action [Féraud et al., 2016]. As in this dissertation, we will not consider the CMAB
formalism, for simplicity, we consider multi-armed bandits to be stateless.
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derive knowledge about the reward distribution, which we exploit using Bayesian best-
arm identification algorithms. This enables us to boost the performance of the best-arm
identification procedure. We evaluate these algorithms in a realistic experimental setting
that concerns the vaccine allocation in an influenza pandemic. Through experiments, we
demonstrate that it is possible to identify the optimal strategy using only a limited number
of model evaluations. Finally, we show that the uncertainty distribution constructed by
Bayesian best-arm identification algorithms can be used to inform decision makers about
the confidence of an arm recommendation.
Secondly, we reflect on our efforts to use best-arm identification to select prevention

strategies, and we identify two caveats. On the one hand, we argue that simply returning
the best prevention strategy can be an impediment for public health scientists, as this limits
flexibility with respect to decision making. On the other hand, we recognize that deciding
the budget upfront can be challenging, which is especially true when computationally in-
tensive models are used. For such models, it is difficult to make a trade-off between the
available budget and desired confidence beforehand. To alleviate these concerns, we con-
sider to formulate the decision task as an anytime m-top exploration problem, where the
objective is to recommend the top m arms after every time step. The anytime m-top ex-
ploration setting was introduced by Jun and Nowak [2016] only recently and these authors
introduced a new algorithm, i.e., AT-LUCB, to interact with this bandit setting. While
AT-LUCB is an interesting algorithm that remains the state-of-the-art to date, it is an Up-
per Confidence Bound (UCB) variant, which makes it hard to incorporate prior information
about the arms’ reward distribution. This is unfortunate, as we show that such information
can greatly improve learning performance, by using Bayesian bandit algorithms, such as
Thompson sampling. Therefore, we investigate the potential of Thompson sampling for
the m-top exploration problem, and propose the first Bayesian algorithm for this setting:
Boundary Focused Thompson Sampling (BFTS). We demonstrate that BFTS outperforms
AT-LUCB in the benchmarks introduced by Jun and Nowak [2016], and show that BFTS
significantly outperforms AT-LUCB in the context of epidemic decision making, by intro-
ducing a new and challenging benchmark problem. We further establish BFTS’s potential
in a bandit setting with Poisson reward distributions, to show that BFTS is able to handle
skewed and high-variance (i.e., challenging) reward distributions. Next, we perform a
Bayesian analysis of BFTS that provides additional insight in BFTS’ exploration strategy,
and confirms that this strategy is well-grounded.
The first two objectives concern a reinforcement learning approach to select the best

options out of a discrete set of policies. Next, we will investigate the use of reinforce-
ment learning techniques to learn adaptive policies that encode which action is optimal
given a particular epidemic state. We will investigate the use of reinforcement learning
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in the context of pandemic influenza, where we aim to study and optimize school clos-
ure policies in Great Britain. Again, we learn in an epidemiological model. However, as
the state-of-the-art in reinforcement learning algorithms, and especially these algorithms
that can take into account a realistic state space, are quite sample inefficient, the use of
aforementioned individual-based models is unattainable. Moreover, in order to learn fine-
grained intervention policies, a careful balance between model granularity and the model’s
computational efficiency is required.
The third objective is thus to construct a model that is sufficiently fine-grained to eval-

uate school closure policies, and is yet computationally efficient such that it can be
used in combination with reinforcement learning algorithms. To this end, we construct
a meta-population model that consists out of a set of interconnected patches. Each patch
corresponds to an administrative region in Great Britain and is internally represented by a
compartment model that divides the population in four different groups (i.e., susceptible,
exposed, infected and recovered) and covers four different age groups (i.e., children, adoles-
cents, adults and elderly). In order to realistically model the mixing between the different
age groups, we use a contact matrix that encodes the contact frequency between each
age category. By using contact matrices that differentiate between school term and school
holidays we can model school closure events. To realistically model the population hetero-
geneity and mobility in Great Britain, we parametrize each patch in the meta-population
model with the census data of the corresponding district and connect the model patches
according to Great Britain’s census mobility network. We evaluate the model in both a
set of synthetic scenarios and by reproducing the 2009 pandemic in Great Britain.
Finally, we investigate school closure policies in this model using different reinforcement

learning techniques. We start by examining individual districts, with different population
compositions, for which we establish a ground truth. We then evaluate two deep rein-
forcement learning algorithms and study which hyper-parameters optimize their learning
performance in our new epidemiological model. Based on this analysis, we evaluate and
discuss the learned policies. Next, we explore how we can learn policies considering a group
of districts, to investigate whether there is a collaborative advantage when implementing
school closures policies. As we consider a large number of districts in the epidemiological
model (i.e., 379 districts throughout England, Wales and Scotland), we need to partition
the model into smaller parts, as the state-of-the-art of multi-agent reinforcement learning
algorithms is only able to deal with a limited number of agents. To this end, we use the
Leiden algorithm to detect communities in the census mobility network. In these groups of
districts, we use state-of-the-art multi-agent reinforcement learning algorithms to examine
whether there is an advantage in collaborating between districts.
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This work is relevant to policy makers on two levels. Firstly, it contributes new insights
with respect to school closure policies. Secondly, it proposes a new framework to study
intervention strategies through the use of deep reinforcement learning.
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2 | Multi-armed bandits and
reinforcement learning

Reinforcement learning is the best representative of the
idea that an intelligent system must be able to learn on its
own, without constant supervision.

Richard Sutton

The field of machine learning is commonly categorized in three main areas: supervised
learning, unsupervised learning and reinforcement learning. Both supervised and unsuper-
vised learning algorithms start from a set of examples, i.e., instances, about the problem
at stake. In the case of supervised learning, each instance is composed of an observation,
and the outcome of that observation [Caruana and Niculescu-Mizil, 2006]. As an example,
consider that we want to learn a model for a spam filter, then our instances would con-
sist out of a set of e-mails, with for each e-mail an outcome (i.e., a boolean flag) that
indicates whether the e-mail is spam or not. Supervised learning can be used to solve
classification problems (when the outcome is categorical) and regression problems (when
the outcome is quantitative). In the case of unsupervised learning [Hinton et al., 1999],
observations are not required to be paired with an outcome, and the learning algorithm
aims to discover patterns in the set of examples. Unsupervised learning can, for example,
be used to partition a set of examples in clusters.
Reinforcement learning is quite distinct from the former areas, as the algorithms in this

realm do not start from a dataset, but consider an agent that learns by interacting with
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Figure 2.1: A reinforcement learning agent interacting with an environment. Upon execut-
ing an action, the agent receives feedback as a reward and can observe the state of the
environment. (This figure takes inspiration from the book of Sutton and Barto [1998].)

an environment. More specifically, we consider an environment in which the agent can
perform actions which may alter the environment’s state. The agent can observe the
state of the environment and receives a reward upon executing an action. This process
is schematically visualized in Figure 2.1.
The central concept that underlies reinforcement learning, i.e., trial and error learning,

finds its origin in psychology [Thorndike, 1911]. In the context of artificial intelligence,
this learning scheme was first introduced by Minsky [1954] and popularized in the book
of Sutton and Barto [1998]. Over the last years, a number of important milestones were
achieved using the reinforcement learning framework, i.a., learning to play ATARI 2600
video games [Mnih et al., 2015], learning to play the board game Go to beat the number
one human player [Silver et al., 2016] and learning to reach grandmaster performance in
the real-time strategy game Starcraft II [Vinyals et al., 2019]. Each of these achievements
consider a complex state space and we will further address this form of stateful reinforce-
ment learning in Section 3. However, we will first consider reinforcement learning in a
stateless setting, i.e., the multi-armed bandit as specified in the next section.

1 Multi-armed bandit
A multi-armed bandit (MAB) exposes a discrete set of actions (i.e., arms) that when ex-
ecuted (i.e., pulled) return a stochastic reward (see Definition 1) [Audibert and Bubeck,
2010].

Definition 1: Multi-armed bandit

The multi-armed bandit has K arms, where each arm ak returns a reward rk when
it is pulled. rk thus represents a sample from ak’s reward distribution. Each arm ak
has an expected reward, that is unknown, to which we refer as µk = E [rk].
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The name multi-armed bandit stems from the slot machines that are found in casinos
and which are also referred to as one-armed bandits. Following the notation used in
Definition 1, a multi-armed bandit can thus be seen as a slot machine with K levers,
where the player can at each time step choose which lever to interact with.
The multi-armed bandit is a formalism that can be used to model different problems, of

which cumulative regret minimization and best-arm identification are the most well known.
To introduce these settings, we will first define the bandit’s best arm (see Definition 2),
i.e., the arm with the highest expected reward.

Definition 2: Multi-armed bandit’s best arm

For any multi-armed bandit (Definition 1), we have a best arm a∗, with corresponding
expected reward:

µ∗ = max
k

µk. (2.1)

Cumulative regret is the regret we build up over time, by interacting with the multi-armed
bandit. When we pull an arm a(t) at time t we suffer an instantaneous regret:

µ∗ − µa(t) . (2.2)

Cumulative regret accumulates this instantaneous regret over time, as formally stated
in Definition 3.

Definition 3: Cumulative regret

For any multi-armed bandit (Definition 1), with best arm µ∗ (Definition 2), we have
the cumulative regret over time T :

CR(T ) =
T∑
t=1

µ∗ − µa(t) . (2.3)

Clearly, the best way to minimize cumulative regret is to always choose the best arm.
However, as this best arm is a priori unknown, we will need to explore which arm is best.
Although, as too much exploration is detrimental for our cumulative regret [Auer et al.,
2002], we also need to exploit the arms which we believe to be good. Thus, in order
to fulfil the goal to minimize the cumulative regret, the player needs to carefully balance
between exploitation and exploration.
Orthogonal to the cumulative regret minimization problem, there is the best-arm identi-

fication problem, where the aim is to identify the best arm (see Definition 2). The best-arm
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identification problem is an instance of the pure-exploration problem [Bubeck et al., 2009].
Best-arm identification can be approached from three angles: i.e., operate within a fixed
budget [Audibert and Bubeck, 2010], return a decision when a given confidence is reached
[Even-Dar et al., 2006], or to recommend the best arm after every time step (i.e., any-
time recommendation) [Jamieson and Talwalkar, 2016]. In this setting, the objective is to
minimize the simple regret (see Definition 4) [Bubeck et al., 2011].

Definition 4: Simple regret

Simple regret is the difference between the average reward of the best arm µ∗ and
the average reward µJ(T ) of the recommended arm J (T ) at time T :

R(T ) = µ∗ − µJ(T ) (2.4)

In the next section, we will introduce two algorithms to address the cumulative regret
minimization setting: the ε-greedy and Upper confidence bound algorithm. This will serve
as a stepping stone to the Thompson sampling algorithm (Section 2.4). The Thompson
sampling algorithm is an important prerequisite for Chapter 4 and Chapter 5, where we
will use and construct Thompson sampling variants to address pure-exploration problems.

2 Cumulative regret
We will now describe two algorithms aimed at solving the cumulative regret problem:
ε-greedy and Upper Confidence Bound (UCB). To provide some insight in how these
algorithms work, we will run these algorithms on a simple 3-armed Bernoulli bandit1, with
expected rewards µ = (.25, .5, .75).

2.1 ε-greedy
A straightforward way to address the cumulative regret bandit problem is to simply divide
our budget of arm pulls between exploration and exploitation, in a fixed way. This is exactly
what the ε-greedy algorithm does (see Algorithm 1). As ε will typically be small, most
of the time (i.e., with probability 1 − ε) we will greedily select the arm that is currently
thought to be best (i.e., exploit) and sometimes (i.e., with probability ε) we will choose
an arm at random (i.e., explore). Note that the arms are ranked by their empirical mean
µ̂

(t)
k . While this approach is not optimal, it is a intuitive algorithm that is often employed

in practice due to its simplicity.
1A Bernoulli bandit is a multi-armed bandit (Definition 1), where each arm ak, when played, returns a

reward that is the result of a Bernoulli trial with mean µk.
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Given: ε and a MAB with K arms
for t = 1, . . . ,+∞ do

amax = arg maxk µ̂
(t)
k{

a(t) = amax, with probability 1− ε
a(t) = random element of {1, ...,K}, with probability ε

Play a(t) and observe its reward r(t)

Update µ̂(t)
a(t) with r(t)

end
Algorithm 1: ε-greedy

From the description of the algorithm, it is clear that we need to choose a hyper-parameter
ε, that signifies the amount of exploration that will be necessary to solve the problem. This
parameter is hard to choose beforehand as it depends on the hardness of the problem. In
Figure 2.2, we demonstrate the working of this algorithm for ε = 0.01 and ε = 0.1. On
the one hand, Figure 2.2 shows that when little exploration is used (i.e., ε = 0.01) we are
at risk of being stuck at a sub-optimal arm for a long time, thus cumulating regret quickly.
On the other hand, when more exploration is used (i.e., ε = 0.1) we will cumulate less
regret at the start, but the exploration will continue even when the optimal arm has been
identified, which will result in the cumulation of regret. This is shown in Figure 2.2, as the
performance of ε-greedy with ε = 0.1, with respect to cumulative regret, will eventually
be surpassed by the algorithm with ε-greedy with ε = 0.01.
This demonstration exposes two important limitations of plain ε-greedy. First, it keeps

the amount of exploration constant over time. Secondly, ε-greedy’s exploration scheme
is inefficient, as it explores uniformly random, even when the empirical estimates of the
means indicate large differences between the bandit’s arms.
These limitations indicate that the amount of exploration will need to be decayed over

time2 and the uncertainty over the mean estimates should be taken into account to guide
the exploration. To this end, we will now describe and demonstrate the Upper Confidence
Bound (UCB) algorithm [Auer et al., 2002].

2In practice, ε-greedy variants that decay the ε over time are often used. However, it remains challenging
to define the appropriate decay function beforehand, as this again depends on the hardness of the problem.

49



CHAPTER 2. MULTI-ARMED BANDITS AND REINFORCEMENT LEARNING

0 2000 4000 6000 8000
Arm pulls

0

50

100

150

200

250

Cu
m

ul
at

iv
e 

re
gr

et
eps-greedy (eps=0.01)
eps-greedy (eps=0.1)

Figure 2.2: Results of running ε-greedy on the 3-armed Bernoulli bandit, for ε = 0.01 and
ε = 0.1. We show the average cumulative regret with a 95% confidence interval for 100
runs.

2.2 Upper confidence bound
For each arm, UCB maintains a confidence bound that expresses the uncertainty of our
estimate of the mean of this arm:

B
(t)
k = µ̂

(t)
k + κ ·

√
ln(t)
n

(t)
k

, (2.5)

where µ̂(t)
k is the empirical mean of arm k, t is the total number of arm pulls, n(t)

k is the
number of times arm k was pulled, and κ is a constant that modulates the amount of
exploration. At each time step, the arm will be pulled that maximizes B(t)

k , as formalized
in Algorithm 2. Intuitively, this bound signifies that UCB will prefer promising arms that
were played less, to balance between exploration and exploitation.
Importantly, we need to choose a hyper-parameter κ that modulates the amount of

exploration. We demonstrate UCB on the three-armed Bernoulli bandit that we introduced
earlier in this section, with two different values of κ (i.e., κ = 1 and κ = 2), in Figure 2.3.
UCB immediately outperforms the ε-greedy algorithm that uses a low exploration hyper-
parameter (i.e., ε = 0.01), and quickly outperforms the ε-greedy algorithm that uses a
higher exploration hyper-parameter (i.e., ε = 0.1). For both exploration value κ = 1
and κ = 2, UCB demonstrates a cumulative regret curve that converges as the algorithm
becomes more certain about the best arm, i.e., the behaviour we aim for.
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Given: ε and a MAB with K arms
for t = 1, . . . ,+∞ do

a(t) = arg maxk
[
µ̂

(t)
k + κ ·

√
ln(t)
n

(t)
k

]
Play a(t) and observe its reward r(t)

Update na(t) : na(t) = na(t) + 1
Update µ̂(t)

a(t) with r(t)

end
Algorithm 2: Upper confidence bound

For this problem, the UCB exploration hyper-parameter that performs best is κ = 1.
However, as this parameter depends on the hardness of the problem, it is difficult to
come up with a good value upfront. Furthermore, per arm, UCB only uses the empirical
mean µ̂(t)

k and the number of times the arm was pulled n(t)
k , and thus disregards all other

properties of the reward distribution. In many practical cases3, prior knowledge about the
reward distribution is available, even if it is only in the form of basic common knowledge
or intuitions.
The Bayesian statistical framework provides a natural way to incorporate such prior

knowledge, and in the context of multi-armed bandits, the Thompson sampling algorithm
addresses the exploration-exploitation trade-of from a Bayesian perspective. Thompson
sampling, also known as probability matching, has gained attention for its excellent per-
formance [Scott, 2010; Chapelle and Li, 2011] and its applicability to a wide range of
problems [Agrawal and Goyal, 2012; Osband et al., 2013; Russo and Van Roy, 2013;
Kocák et al., 2014; Guha and Munagala, 2014]. As Thompson sampling operates by
sampling from the Bayesian belief we have over the means, we first introduce the Bayesian
foundations that underlie this algorithm.

2.3 Bayesian inference
To convey some intuition, we will rely on the example of tossing a coin to investigate the
coin’s fairness. When performing Bayesian inference, our goal is to estimate the posterior
distribution of a particular hypothesis, where this hypothesis is expressed as a vector of
parameters θ. To estimate the posterior, we use both the prior belief we have over the
hypothesis and data points D that are collected through experimentation. Here, we want
to investigate the fairness of a coin, so our hypothesis can be represented by a parameter
θ that denotes the probability of tossing heads. The data D will be collected by tossing

3Including the work in this dissertation.
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Figure 2.3: Results of running UCB (κ = 1 and κ = 2) on the 3-armed Bernoulli bandit,
for reference we also show the ε-greedy results. We show the average cumulative regret
with a 95% confidence interval for 100 runs.

the coin and observing the outcome, i.e., head or tail. Using this terminology, we express
the posterior distribution (i.e., the probability of a hypothesis when we observe data) as:

P (θ | D) (2.6)

To compute this posterior we first introduce two concepts: i.e., the prior belief over the
hypothesis,

P (θ), (2.7)

and the likelihood of observing the data given a hypothesis θ,

P (D | θ). (2.8)

Bayes’ theorem shows that we can compute the posterior distribution as product of the
prior and likelihood, normalized by the marginal likelihood:

P (θ | D) = P (θ)P (D | θ)∫
P (D | θ′)P (θ′)dθ′

. (2.9)

As our coin fairness evaluation requires coin tosses (i.e., Bernoulli experiments), we will
use a Bernoulli likelihood function. Consider an ordered list of data points x, for each
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xi we compute the likelihood as:

P (x | θ) =
{
θ if x is head
1− θ if x is tail

(2.10)

As we consider the coin tosses as independent, the likelihood over x consists out of the
product of the likelihoods for each xi:

P (x | θ) =
∏
i

P (xi | θ)

= θh · (1− θ)t ,

(2.11)

where h is the number of observed heads and t is the number of observed tails.
When the posterior distribution is in the same probability distribution family as the

prior probability distribution, the prior and posterior are called conjugate distributions
[Schlaifer and Raiffa, 1961]. For Bernoulli experiments, the usual conjugate prior is the
beta distribution [Robert, 2007]:

P (θ) = Beta(θ | α0, β0), (2.12)

with,

Beta(θ | α0, β0) = θα0−1(1− θ)β0−1

B(α0, β0) , (2.13)

where B(., .) is the beta function and α0 and β0 are hyper-parameters that allow us to
specify prior knowledge. For now, we will use a uniform prior that corresponds to the beta
distribution with α0 = 1 and β0 = 1.
Conjugate priors are convenient, as they allow us to specify a closed-formed expression to

update the prior when data is observed [Robert, 2007]. This avoids that we need to numer-
ically approximate the posterior, e.g., using Markov Chain Monte Carlo [Hastings, 1970].
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For our Bernoulli experiments, given the prior in Equation 2.12 and the likelihood in
Equation 2.11, we can compute this posterior using Bayes’ theorem:

P (θ | x) = P (θ)P (x | θ)∫
P (x | θ′)P (θ′)dθ′

= P (θ)P (x | θ) · 1∫
P (x | θ′)P (θ′)dθ′

= Beta(θ | α0, β0) · θh (1− θ)t · 1∫ 1
0 Beta(α0, β0) · θ′h (1− θ′)tdθ′

= θα0−1(1− θ)β0−1

B(α0, β0) · θh (1− θ)t · 1∫ 1
0
θ′α0−1(1−θ′)β0−1

B(α0,β0) · θ′h (1− θ′)tdθ′

= θα0−1(1− θ)β0−1 · θh (1− θ)t∫ 1
0 θ
′α0−1(1− θ′)β0−1 · θ′h (1− θ′)tdθ′

= θα0−1+h (1− θ)β0−1+t∫ 1
0 θ
′α0−1+h (1− θ′)β0−1+tdθ′

= θα0−1+h (1− θ)β0−1+t

B(α0 + h , β0 + t)
= Beta(θ | α0 + h , β0 + t)

(2.14)

This derivation shows that we have a Beta posterior that keeps track of heads and tails.
To demonstrate this posterior distribution, we will conduct two experiments, one with a

fair coin (i.e., θf = .5) and one with a biased coin (i.e., θb = .7). We show the evolution of
the posterior in Figure 2.4 for the fair coin, and in Figure 2.5 for the biased coin. For both
experiments we start with a uniform Beta prior. After observing the outcome of only a few
coin tosses, we see that the posterior indicates either fairness (in Figure 2.4) or bias (in
Figure 2.5), albeit with a significant amount of uncertainty. By adding more observations
the uncertainty goes down, and after 500 observations the evidence for fairness or bias is
quite strong, supported by the narrow posterior probability distribution.

2.4 Thompson sampling
Thompson sampling [Thompson, 1933] operates by maintaining a Bayesian belief over the
means of the bandit’s arms. We thus need to impose a prior belief over the expected
rewards (i.e., a prior probability distribution), which we can update to a posterior belief
upon observing rewards (i.e., a posterior probability distribution). At each time step,
Thompson sampling is given a sample from the bandit posterior, thereby obtaining a
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Figure 2.4: Posterior probability distributions for the experiment with a fair coin, where
the x-axis represents θ. For each sub-figure, the header mentions the number of heads and
tails that were observed. The vertical dotted line represents a fair coin, i.e., θ = 0.5.
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Figure 2.5: Posterior probability distributions for the experiment with a biased coin, where
the x-axis represents θ. For each sub-figure, the header mentions the number of heads and
tails that were observed. The vertical dotted line represents a fair coin, i.e., θ = 0.5.
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sample for each arm. This list of samples is then ranked, upon which the arm that
is associated with the highest ranked posterior sample will be played and the observed
reward will be used to update the bandit’s posterior.
We will now formally present the Thompson sampling algorithm (Algorithm 3). To this

end, we first define the posterior distribution over the means of the bandit (Definition 5).

Definition 5: Multi-armed bandit posterior

Consider a stochastic multi-armed bandit, for which our prior belief over the means is
given by a distribution π(.). Provided the observed history of arm pulls and rewards,
until time t− 1,

H(t−1) =
{
a(i), r(i)

}t−1

i=1
, (2.15)

we have this posterior over the means of the bandit:

π(· | H(t−1)), (2.16)

given by π(.) conditioned on the history of arm pulls and observed rewards H(t−1).

At each time step t we sample an estimate µ̃(t) for the means µ1..K from the posterior
π(· | H(t−1)). To order the elements that comprise µ̃(t), we use a ranking operator
(Definition 6).

Definition 6: Thompson sampling ranking operator

For an estimate µ̃(t) of the means µ1..K , sampled from the posterior π(· | H(t−1))
(Definition 5), we define the operator Ψρ(µ̃(t)) that denotes the ρ-ordered arm.

Using this ranking operator we can express the arm that is associated with the highest
ranked posterior sample as:

Ψ1(µ̃(t)), (2.17)

and complete the description of the algorithm.
Thompson sampling thus balances the exploration-exploitation problem by taking into

account the uncertainty of the posterior. At the start, as little reward observations are
available, a high level of uncertainty will result in a close to uniform exploration. The
more certain we become about which arms are best, the more we will play them, and
eventually we will focus almost exclusively on these arms. Note however, as long as we use
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Given: An MAB with K arms, a prior π(.) and history H(0) = ∅
for t = 1, . . . ,+∞ do

µ̃(t) ∼ π(· | H(t−1))
a(t) = Ψ1(µ̃(t))
r(t) ← Pull arm a(t)

H(t) ← H(t−1) ∪ {a(t), r(t)}
end

Algorithm 3: Thompson sampling

a posterior with infinite support, there will always be a low probability to play the arms
that are believed to be sub-optimal, and we will never stop exploring entirely.
Thomson sampling will consider any available intuition that can be provided to quantify

the uncertainty of the arm’s means, ranging from an uninformative prior that only spe-
cifies the family of the reward distribution (see Chapter 4), to a prior that specifies the
family of the reward distribution and its variance (see Chapter 5), to a prior that specifies
dependencies between arms [Gopalan et al., 2014]. Such prior knowledge can result in a
significant learning advantage.
From a Bayesian perspective, Thompson sampling thus is a remarkably intuitive al-

gorithm, that balances the exploitation-exploration trade-off by sampling from its belief
over the bandit. Furthermore, as this belief is formalized as a posterior distribution, we can
reason over the uncertainty of the decision problem at hand. To demonstrate this process,
we will use Thompson sampling to solve the Bernoulli bandit setting that we introduced at
the start of this section, and investigate how the posterior evolves for one particular run.
To use Thompson sampling, we first need to choose an appropriate prior. In this example,

we will use an uninformative prior, i.e., the Jeffreys prior, that is conjugate with respect to
the Bernoulli likelihood. For the Bernoulli likelihood, the Jeffreys prior is a Beta distribution
with α0 = β0 = 0.5 [Lunn et al., 2012].
From Figure 2.6, it is clear that Thompson sampling significantly outperforms both ε-

greedy and UCB. To gain some more insight in Thompson sampling’s operation, we will
now examine how the posterior evolves for one particular run. To this end, we will show the
bandit’s posterior distribution at different time steps, as depicted in Figure 2.7, for one run.
We show the evolution of the posterior distributions in Figure 2.7. We start with the

Jeffreys prior (Figure 2.7, panel a), and after 10 observations, we observe that the posterior
associated with the best arm (green curve) tends towards the right i.e., a higher mean value
(Figure 2.7, panel b). After 50 observations, the green posterior turns into a bell shaped
distribution (Figure 2.7, panel c), which is further tightened (Figure 2.7, panel d and e),
until a distribution shape that is close to a delta-peak is observed (Figure 2.7, panel f).
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Figure 2.6: Results of running Thompson sampling on the 3-armed Bernoulli bandit, as
reference, also the UCB results are included. We show the average cumulative regret with
a 95% confidence interval for 100 runs.

In this dissertation we will not consider cumulative regret in a bandit setting, as we
aim to solve pure exploration problems, i.e. best-arm identification (Chapter 4) and m-
top exploration (Chapter 5). For these settings we will investigate different Thompson
sampling variants that all operate by sampling from the posterior distribution, i.e., Top-two
Thompson sampling for the best-arm identification setting and a new algorithm Boundary
Focused Thompson sampling for the m-top exploration setting. For clarity and brevity,
we will refer to the basic Thompson sampling algorithm that aims to optimize cumulative
regret, as described in this section, as vanilla Thompson sampling.

3 The reinforcement learning problem

As stated earlier, reinforcement learning4 concerns the process of an agent (i.e., an entity
that perceives and acts [Russell and Norvig, 2016]) that learns to behave optimally by
interacting with an environment. Each time the agent executes an action, it receives
a reward from the environment. The environment, in which the agent acts, changes
due to actions performed by the agent and external factors. While interacting with the

4For this introduction on the reinforcement learning problem, we took inspiration from the Sutton book
[Sutton and Barto, 1998], a Phd thesis [Brys, 2016], and the video series on reinforcement learning by
David Silver.
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Figure 2.7: Posteriors (probability density function) of a Bernoulli bandit while running
Thompson sampling. Each Figure represents the probability density function of the Beta
posterior after a specific number of trials, as specified in the Figure’s title.
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environment, the agent perceives the state of the environment, and needs to decide which
action to choose, such that the agent maximizes the reward it accumulates. This process
can be formalized as a Markov Decision Process (Definition 7).

Definition 7: Markov Decision Process

A Markov Decision Process corresponds to a tuple 〈S,A, T, d , R〉, where

• S is the set of possible states the environment can take upon
• A is the set of possible actions an agent can take
• T (s′ | s,a) signifies the transition probability to go from state s to state s′ by
taking an action a

• d is the discount factor that modulates the importance of future rewards
• R (s,a, s′) is the reward function that specifies which reward the agents receives
upon choosing an action a in state s

Transitioning from one state s to another state s′ is assumed to adhere to the Markov
property, i.e., the transition only depends on the previous state s. Note that S and
A can be infinite sets.

An agent acts in a Markov Decision Process environment (Definition 7), by following
a policy (Definition 8).

Definition 8: Policy

Given a Markov Decision Process 〈S,A, T, d , R〉, an agent follows a policy p, that
expresses the probability to take action a when in state s:

p : S ×A → [0, 1] (2.18)

The goal is to learn a policy (Definition 8) that maximizes the return, i.e., the discounted
sum of rewards (Definition 9).

Definition 9: Return

The return, or the discounted sum of rewards, starting from time step t, is defined
as:

∞∑
i=0

d iR (st+i,at+i, st+i+1) , (2.19)

where d is the discount factor.
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Based on the return (Definition 9), we define the value function (Definition 10), i.e., the
value of being in state s when following policy p.

Definition 10: Value function

We define the value of being in state s, following a policy p, as:

V p (s) = E
p,T

[ ∞∑
i=0

d iR (st+i,at+i, st+i+1) | st = s
]

(2.20)

Analogously, we can define the state-action quality function (Definition 11), i.e., the
quality of taking action a when in state s and subsequently following policy p.

Definition 11: State-action quality function (Q-function)

We define the value of being in state s, when taking action a, while following a policy
p, as:

Qp(s,a) = E
p,T

[ ∞∑
i=0

d iR (st+i,at+i, st+i+1) | st = s,at = a
]

(2.21)

Based on Definition 11, we have the optimal policy:

p∗(s,a) = arg max
p

Qp (s,a) (2.22)

When the MDP’s transition and reward function are fully known, dynamic programming
techniques can be used to solve a reinforcement learning problem [Sutton and Barto,
1998]. However, when this is not the case, reinforcement learning algorithms are neces-
sary to solve this decision problem. In the next two sections, we consider two types of
reinforcement learning algorithms: temporal difference learning (see Section 4) and policy
gradient algorithms (see Section 7) .

4 Temporal difference learning
In temporal difference learning algorithms, an estimate of the quality function (Defini-
tion 11) is maintained, and this function is updated based on the observed rewards. A
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well-known temporal difference algorithm is Q-learning [Watkins, 1989]. Q-learning keeps
an estimate Q̂ of the optimal Q-function Q∗ (Definition 11), which is updated each time
the agent interacts with the environment and observes a tuple 〈s,a, r, s′〉:

Q̂ (s,a)← Q̂ (s,a) + α
[
r + d max

a′
Q̂ (s′,a′)− Q̂ (s,a)

]
, (2.23)

where 0 ≤ α ≤ 1 is the learning rate. In Algorithm 4, we show the complete Q-learning
algorithm, as presented by Sutton and Barto [1998]. Watkins [1989] has shown that
Q-learning converges to the optimal Q-values.

Given: a learning rate α
∀s ∈ S,a ∈ A : initialize Q̂ (s,a)
for each episode e do

Initialize s0
for each step in e: i = 0, 1, . . . do

Choose ai from si using a policy derived from Q̂ (s,a)
Take action ai and observe reward ri+1 and state si+1

Q̂ (si,ai)← Q̂ (si,ai) + α
[
ri+1 + d maxa′ Q̂ (si+1,a′)− Q̂ (si,ai)

]
si ← si+1

end
end

Algorithm 4: Q-learning [Sutton and Barto, 1998]

From an estimated Q-function Q̂, we can derive a policy:

p (s) = arg max
a

Q̂ (s,a) . (2.24)

When the Q̂ estimate, used to construct this policy, converged to the optimal Q-function
Q∗ this policy will also be optimal.
Note that traditional Q-learning maintains a tabular estimate of the value function, i.e.,

a Q-value for each combination of state-action pairs. It is clear that this approach will not
scale towards large or continuous state or action spaces. To make this feasible, we need
to approximate the Q-function. In this dissertation, we use a variant of Q-learning called
Deep Q-networks (see Section 6) that approximates the Q-function using an artificial
neural network (see Section 5).
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5 Artificial neural networks
An artificial neural network is a function approximator that consists out of a set of inter-
connected units (i.e., neurons), where each connection has a strength (i.e., weight). These
units are part of different layers: an input and output layer that correspond to the interface
of the function we approximate, and a set of hidden layers, that connect this input and out-
put layer. To evaluate an artificial neural network, the values of each layer are propagated
to the next layer. This propagation depends on the weights of the connections between the
layers, and the activation function that is associated with each unit. We show an example
of an artificial neural network in Figure 2.8 with an input layer, a hidden layer and an
output layer. Both the input and output layer are fully connected5 with the hidden layer.

Inputs

Hidden

Outputs
wih

who

Figure 2.8: An artificial neural network with an input (blue), output (orange) and hidden
(green) layer. The input and hidden layer are fully connected with connection strengths
wih and the hidden and output layer are fully connected with connection strengths who.

As the activation functions are typically chosen a priori, the weights comprise the model
parameters in an artificial neural network, and can be fitted to data, through a method
called back-propagation. Back-propagation uses a variant of gradient descent [Rumelhart
et al., 1986], an optimization algorithm that can be used to find a local minimum of a
function, by using the function’s gradient with respect to its parameters [Bertsekas, 1997].
Formally [Mitchell et al., 1997], we can compute the output oj computed by unit j,

oj = φj

(∑
i

wijxij

)
, (2.25)

where wji is the weight associated with the i-th input to unit j, xji is i-th input to unit
j, and φj is the activation function associated with unit j.

5Two layers l1 and l2 are fully connected when each unit in layer l1 is connected to each unit in l2.
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Well known activation functions are the perceptron function [Rosenblatt, 1958] and the
sigmoid function [Mitchell et al., 1997]. The perceptron function,

φ (z) =
{

+1, if z > 0
−1, if z ≤ 0,

(2.26)

gives a binary output (+1 or−1), depending on the value of z, as shown in the top left panel
of Figure 2.9. The perceptron function is not differentiable in the whole domain, which
complicates its use in combination with gradient descent. To overcome this complication,
the sigmoid function was introduced in the context of artificial neural networks [Rumelhart
et al., 1986],

φ (z) = 1
1− exp (−z) . (2.27)

The sigmoid function is a differentiable function that is monotonically increasing and
constrained by a pair of horizontal asymptotes. We show the sigmoid activation function
in the top right panel of Figure 2.9.
Another popular activation function is the hyperbolic tangent function,

φ (z) = exp(z)− exp(−z)
exp(z) + exp(−z) , (2.28)

where the output of this function is bounded by the same values (i.e., -1 and 1) as the
perceptron function. We show the hyperbolic tangent activation function in the bottom
left panel of Figure 2.9. Finally, we introduce the more recently proposed rectified linear
activation function [Nair and Hinton, 2010],

φ (z) =
{
z, if z ≥ 0
0, if z < 0,

, (2.29)

which we show in the bottom right panel of Figure 2.9. Both the hyperbolic tangent
activation function and rectified linear activation function are used in the context of deep
artificial neural networks, a recent learning methodology that obtained remarkable results
in a wide range of machine learning tasks [LeCun et al., 2015], including reinforcement
learning [Arulkumaran et al., 2017].
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Figure 2.9: We show four activation functions: the perceptron function (top left), the sig-
moid function (top right), the hyperbolic tangent function (bottom left), and the rectified
linear activation function (bottom right).

6 Deep Q-networks
The deep Q-networks algorithm (DQN) is a Q-learning variant that approximates the Q-
function6, rather than representing the Q-values for each state-action pair explicitly [Mnih
et al., 2015]. To do this, a parametrized representation of the Q-function,

Q (st,at | θ) , (2.30)

is maintained in the form of a neural network7. This neural network accepts the envir-
onment’s state as an input an has an output neuron for each action, and this Q-network
is thus analogous to the Q-table in tabular Q-learning. Similar to tabular Q-learning, we
select actions by applying an operator on the set of the output neurons, e.g., a greedy or an
ε-greedy selection operator. We show an example of a DQN neural network in Figure 2.10.

6For this introduction on deep Q-networks, we took inspiration from the DQN paper by DeepMind
[Mnih et al., 2015] and the video by Olivier Sigaud.

7DQN typically uses a rectified linear activation function for the hidden units.
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Figure 2.10: We show an example deep Q-network, where the input layer accepts the
states of the environment (blue), and the output layer represents a Q-value for each of the
different actions (orange).

To learn this Q-network, we need to minimize the temporal difference error, given a
batch of samples, i.e., a mini-batch:

{si,ai, ri, si+1}Ni=0. (2.31)

From a supervised learning perspective, we could use the mean-squared error objective
function:

L (s,a) = 1
N

∑
i

(yi −Q (si,ai | θ))2
, (2.32)

where,

yi = ri + d max
a

Q (si+1,a | θ) . (2.33)

However, optimizing this objective function is not stable, as the target yi is also a function
of Q, and having a moving target breaks supervised learning methods. To solve this
problem, DQN maintains an additional target networkQ′, next to theQ-network. Equation
2.32 will be used to update the Q-network, however, the target yi will be computed using
the target network. As Q′ is only updated periodically, the target values will be fixed most
of the time, thereby stabilizing the learning procedure. Furthermore, supervised learning
methods assume that samples will be identically and independently distributed, which will
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not be the case for samples collected by a reinforcement learning agent, as these samples
will be correlated. To this end, a replay buffer is used, in which the collected samples
are stored, using a sliding window approach. From this buffer, DQN randomly samples
mini-batches (Equation 2.31) to be used to train the network, such that the samples in
the mini-batch will be independently distributed.
DQN has led to an important breakthrough, as it was used to learn to play simple video

games (Atari 2600) from screen playback, thereby reaching human level performance [Mnih
et al., 2015]. In this dissertation, we will evaluate the use of DQN, to search for optimal
school closure policies, in Chapter 7.

7 Policy gradient

Policy gradient methods8 parametrize a policy directly, instead of learning the Q-function,
which is beneficial for decision problems with a state or action space that is large or
continuous. We consider a stochastic parametrized policy pθ, and we aim to optimize the
expectation of the policy gradient,

E
pθ,T

[ ∞∑
t=0
∇θ log pθ (at | st) Ât

]
, (2.34)

where Ât is the advantage estimate:

Ât =
[ ∞∑
i=0

d iR (st+i,at+i, st+i+1)
]
− V p (st) , (2.35)

i.e., the difference between the return (Definition 9) and the value (Definition 10). Both
pθ and V p (st) are modelled using distinct artificial neural networks, and we can estimate
the expectation in Equation 2.34, by collecting a set of trajectories Y and computing a
sample mean ĝ from it:

ĝ = 1
|Y |

∑
y∈Y

∑
t

∇θ log pθ (at | st) Ât (2.36)

We present a sketch of the vanilla policy gradient algorithm, as presented by Williams
[1992], in Algorithm 5.

8For this introduction on policy gradient reinforcement learning, we took inspiration from different
sources: the Sutton book Sutton and Barto [1998], the papers by Williams [1992], Schulman et al. [2015],
Schulman et al. [2017] and the video on Proximal Policy Optimization by Arxiv Insights.
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Given: a learning rate α (.)
Initialize policy parameter θ and value function V
for i = 1, 2 . . . do

Collect a set of trajectories Y using the current policy pθi

for each time step t and each trajectory y ∈ Y do
Compute the advantage Ât (Equation 2.35)

end
Re-fit V p (st)
Compute the policy gradient estimate ĝi (Equation 2.36)
Update the policy: θi+1 = θi + α (i) ĝi

end
Algorithm 5: Vanilla policy gradient [Williams, 1992]

While vanilla policy gradient is an elegant reinforcement learning technique, its use in
real-world applications remains challenging, as these methods are quite sensitive to the
choice of the learning rate. When the learning rate is too big, this may result in a sig-
nificant performance drop, and when the learning rate is too small, the learning agent
will progress slowly.
One successful approach to address this problem, is the trust region policy optimization

(TRPO) algorithm [Schulman et al., 2015], where the idea is not to move too far from
the old policy when updating the new policy. This is done by maximizing this object-
ive function,

LTRPO(θ) = E
[

pθ

pθold

Ât

]
, (2.37)

with a Kullback-Leibler (KL) divergence constraint [Kullback and Leibler, 1951],

DKL
(
pθ | pθold

)
≤ δ, (2.38)

that avoids that the updated policy pθ will move too far from the current policy pθold .
This additional constraint complicates the optimization procedure, and Proximal Policy

Optimization (PPO) attempts to approximate this hard constraint with a penalty in the
objective function [Schulman et al., 2017]. The main idea is to clip the policy probab-
ility ratio:

rt (θ) =
pθ

pθold

, (2.39)

resulting in an objective function:

LCLIP(θ) = E
[
min (rt (θ) , clip (rt (θ) , 1− ε, 1 + ε)) Ât

]
. (2.40)

69



CHAPTER 2. MULTI-ARMED BANDITS AND REINFORCEMENT LEARNING

PPO approximates the policy network and value network with two distinct neural networks.
In this dissertation, we will use the Proximal Policy Optimization (PPO) algorithm, to

search for optimal school closure policies (Chapter 7).
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3 | Epidemiological models

A smart model is a good model.
Tyra Banks

In order to study the impact of mitigation policies a pertinent epidemiological model
structure needs to be defined, which depends on the pathogen, the social contact network,
ecological aspects (e.g., vector ecology) and the character of the investigated mitiga-
tion policy. Furthermore, an important decision with respect to model structure is its
granularity. Compartment models, on the one hand, divide the population into discrete
homogeneous states (i.e., compartments) and describe the transition rates from one state
to another [Diekmann et al., 2012]. Individual-based models, on the other hand, expli-
citly represent all individuals and their connections, and simulate the spread of a pathogen
among this network [Willem et al., 2017]. In between these extremes in model space, all
kinds of meta-population models can be constructed, as shown in Figure 3.1. These dis-
tinct model structures are important to address different aspects of public health inquiries.
In this chapter, we enumerate three important model structures that we will use in this
dissertation: compartment models, individual-based models and meta-population models.

1 Compartment models
In Section 1.1, we will present the SIR model, one of the most fundamental epidemiological
models, that was introduced by Kermack and McKendrick [1927]. We will extend the
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Figure 3.1: Two extremes in model space: (a) an SIR compartment model, (c) and
individual-based model. We show a meta-population model (b), that is situated between
the models in (a) and (c), in terms of complexity.

SIR model, firstly, by adding a compartment (Section 1.2), and secondly, by adding age
heterogeneity (Section 1.3). We will start by describing the models in term of ordinary
differential equations which implies a deterministic evaluation. In Section 1.4, we will
discuss how these models can be evaluated stochastically.

1.1 SIR model
Compartment models partition the population into a finite set of states (i.e., compart-
ments) between which communication is possible. For a pathogen, to which a patient
can obtain immunity after being infected (e.g., pandemic influenza), we can partition the
population in three groups: individuals that are susceptible to infection (i.e., susceptibles),
individuals that are infected (i.e., infected), and individuals that recovered and obtained
immunity (i.e., recovered) (see Figure 3.2). This model, referred to as the SIR model
(i.e., abbreviation of Susceptibles-Infected-Recovered), was introduced by Kermack and
McKendrick [1927]. Communication between the different compartments occurs when
susceptibles become infected, as modulated by a transmission rate βχ (with β the prob-
ability of infection and χ the contact rate), and when infected individuals recover, as
modulated by a recovery rate γ (see Figure 3.2).
The SIR model applies to epidemics that suddenly cause an outbreak and have a relatively

short duration, such that the births and deaths of the hosts can be ignored. Examples
of such epidemics are seasonal influenza (within one season), pandemic influenza and the
Ebola virus.
The SIR model can be formalized as a system of ordinary differential equations, as shown

in Definition 12.
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S I R𝛾β𝜒

Figure 3.2: An SIR model with three compartments, i.e., susceptibles (S), infected (I) and
recovered (R) between which communication is modulated with transmission rate βχ and
a recovery rate γ.

Definition 12: SIR model

Ṡ(t) = −βχS(t) I(t)
N(t)

İ(t) = βχS(t) I(t)
N(t) − γI(t)

Ṙ(t) = γI(t),

(3.1)

where, β is the probability of infection when a contact takes place, χ is the contact
rate and γ is the recovery rate, with,

S(0) > 0, I(0) > 0, R(0) = 0, (3.2)

and the total population N is constant:

N(t) = S(t) + I(t) +R(t). (3.3)

Definition 12 shows that each susceptible person comes into contact with χ people per
day (i.e., the contact rate), of which a fraction I(t)

N(t) is infectious. Each contact has a
probability to transmit the infection β that depends on the pathogen and the route of
transmission. Thus, βχS I(t)

N(t) is the amount of susceptibles, per unit time, that move out
of the susceptible into the infected compartment. After being infected for a certain period,
individuals will recover at a rate γ. Thus, γI(t) is the amount of infected individuals, per
unit time, that move out of the infected compartment into the recovered compartment.
Furthermore, Definition 12 reveals three main assumptions that underlie this model.

Firstly, the population is closed, i.e., no births, deaths or migrations are modelled. Secondly,
we assume that the entire population mixes homogeneously (e.g., spatial homogeneity
and age homogeneity). Thirdly, during the initial phase of the epidemic, the number of
infected individuals will grow exponentially.
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A key epidemic parameter is the basic reproductive number (Definition 13), which we
can intuitively derive from the SIR model.

Definition 13: Basic reproductive number

The basic reproductive number, R0, is the number of infections that is, on aver-
age, generated by one single infected individual that is placed in an otherwise fully
susceptible population.

The basic reproductive number is an important parameter, as it signifies the initial rate
of spread of the epidemic [Keeling and Rohani, 2011]. This means that R0 is, on average,
the threshold for the epidemic to succeed (R0 > 1) or die out (R0 ≤ 1). For the SIR
model, we can derive R0 by considering that there will be an epidemic if and only if,

İ(t) > 0. (3.4)

When we substitute İ(t) with its definition (Definition 12), we have:

0 < İ(t)

= βχS(t) I(t)
N(t) − γI(t)

≤ βχN(t) I(t)
N(t) − γI(t)

= I(t)(βχ− γ).

(3.5)

From Equation 3.5, we derive that the relative removal rate,
γ

βχ
, (3.6)

should be less than 1 to allow for the disease to spread [Keeling and Rohani, 2011]. As
R0 is the inverse of the relative removal rate [Keeling and Rohani, 2011], we have:

R0 = βχ

γ
. (3.7)

To demonstrate the SIR model, we show an example with a transmission rate βχ = 0.2
and recovery rate γ = 0.1 in Figure 3.3.
While the SIR model is a basic model that assumes homogeneity in the population, it can

be easily be extended in various ways to accommodate more complex modelling inquiries.
There are two common ways to do this. On the one hand (i), we can add compartments
to include additional features or complexity. On the other hand (ii), we can repeat a
basic model to represent heterogeneity in the population. We will now provide examples
for both approaches.
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Figure 3.3: The output of a SIR model with transmission rate βχ = 0.2, recovery rate
γ = 0.1, population count N = 1000 and I(0) = 1, for each of the three state variables.

i For example, the SIR model makes the assumption that when a susceptible individual
is infected, this individual becomes infectious instantaneously. However, for many
pathogens, infected individuals experience a latent period prior to becoming infectious,
e.g., pandemic influenza [Mills et al., 2004], Ebola virus [Lekone and Finkenstädt, 2006]
and Dengue virus [Marini et al., 2019]. This can be mitigated by adding an exposed
compartment in between the susceptible and infected compartment, which extend the
SIR into a SEIR model (see Section 1.2). Other extensions are possible, such as adding
an additional infected compartment to account for super-spreading events, e.g., to the
2013-2014 Ebola epidemic [Volz and Siveroni, 2018]. Another example, where the aim
is to model an arbovirus epidemic, is to use the S(E)IR model, to model the epidemic
in the human host, in conjunction with a SEI model, to model infection in the mosquito
vector [Huber et al., 2018].

ii For example, to add age heterogeneity, we can consider a set of discrete age groups,
and repeat the S(E)IR model for each of the age groups (see Section 1.3). A similar
approach can also be used to incorporate heterogeneity with respect to transmission
intensity, where a discrete set of transmission intensities is considered (e.g., hotspot vs
non-hotspot), and the S(E)IR model is repeated for each of these traits [Azman and
Lessler, 2015].
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We defined the SIR model in terms of a system of ordinary differential equations (see
Definition 12), which implies a deterministic evaluation of the system. However, for pre-
dictions, stochastic models are preferred, as they to account for stochastic variation and
allow us to quantify uncertainty [King et al., 2015]. Furthermore, it is necessary to take
the stochasticity of the epidemic process into account to evaluate preventive strategies
[Germann et al., 2006]. To this end, in Section 1.4, we will discuss how the SIR model
and other compartment models can be evaluated stochastically.

1.2 SEIR model
For many pathogens, infected individuals experience a latent phase prior to becoming
infectious. To address this, the SEIR model adds an exposed (E) compartment to the
SIR model and a new transition to move from the exposed to the infected compartment,
which we will refer to as ζ, i.e., the latency rate.
The SEIR model can again be formalized as a system of ordinary differential equations,

as shown in Definition 14.

Definition 14: SEIR model

Ṡ(t) = −βχS(t) I(t)
N(t)

Ė(t) = βχS(t) I(t)
N(t) − ζE(t)

İ(t) = ζE(t)− γI(t)
Ṙ(t) = γI(t).

(3.8)

where β is the probability of infection when a contact takes place, χ the contact rate,
γ is the recovery rate and ζ is the latency rate, with,

S(0) > 0, E(0) > 0, I(0) ≥ 0, andR(0) = 0, (3.9)

and the total population N is constant:

N(t) = S(t) + E(t) + I(t) +R(t). (3.10)

To demonstrate the SEIR model, we show an example with a transmission and recovery
rate as in Figure 3.3 (i.e., βχ = 0.2, γ = 0.1) and a latency rate ζ = 1 in Figure 3.4.
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Figure 3.4: The output of a SEIR model with transmission rate βχ = 0.2, recovery rate
γ = 0.1, latency rate ζ = 1, population count N = 1000 and E(0) = 1, I(0) = 0, for
each of the four state variables.

1.3 Age-heterogeneous SIR model
The SIR model assumes that all individuals in the population mix homogeneously. This is
a strong assumption that is untenable when school closure or vaccine allocation policies
need to be evaluated, as such allocation schemes need to take into account age-dependent
mixing. To incorporate age-dependent mixing in the SIR model, we can consider a set of
n disjoint age groups and maintain a SIR model SIRi for each age group i. The different
age-specific SIR models are then connected to model age-dependent mixing between the
different age groups.
We formalize this age-heterogeneous SIR model as a system of ordinary differential equa-

tions, as shown in Definition 15.
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Definition 15: Age-heterogeneous SIR model

For each age group i, out of a set of n disjoint age groups, we have:

Ṡi(t) = −βSi(t)
n∑
j=0

Mij
Ij(t)
Nj(t)

İi(t) = βSi(t)
n∑
j=0

Mij
Ij(t)
Nj(t)

− γIi(t)

Ṙi(t) = γIi(t),

(3.11)

where β is the probability of infection when a contact takes place, γ is the recovery
rate and Mij is the average frequency of contacts that an individual in age group i
has with an individual in age group j, with,

Si(0) > 0, Ei(0) > 0, Ii(0) ≥ 0, and Ri(0) = 0, (3.12)

and the total population Ni is constant:

Ni(t) = Si(t) + Ei(t) + Ii(t) +Ri(t). (3.13)

Compared to Definition 12, we have a separate SIR model for each of the age groups.
Furthermore, for each SIRi, we have a term that consists of the fraction of infected in
each of the age groups j,

Ij(t)
Nj(t)

, (3.14)

weighed by the average mixing frequency between age group i and j,

Mij . (3.15)

From this definition it is clear that we need information on the mixing between the
different age groups, and this is typically recorded in a contact matrix M , which can be
established by conducting surveys [Mossong et al., 2008].
To demonstrate the age-heterogeneous SIR model, we will use a model that considers

two age groups (i.e., children and adults). This model structure is schematically depicted
in Figure 3.5.
We use the population census and contact matrix presented in Sherry Tower’s lectures1.
1http://sherrytowers.com/2012/12/11/sir-model-with-age-classes/
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Figure 3.5: We depict an age-heterogeneous SIR model that considers two age groups
(i.e., adults and children). This model consists out of two SIR models, one for each age
group, that are connected to represent mixing between the age groups (yellow arrows).

The population census data, indexed with C for children and A for adults:

NC = 1500000
NA = 3500000

SC(0) = NC − 1
SA(0) = NA − 1
IC(0) = IA(0) = 1,

(3.16)

and the contact matrix:

M =
[ C A

C 18 9
A 3 12

]
.

(3.17)

Note that the contact matrix M should be reciprocal, such that we have:

NiMij = NjMji, (3.18)

which is the case for our example matrix in Equation 3.17.
We demonstrate this age-heterogeneous SIR model with the above contact matrix and

population census in Figure 3.6.
In Chapter 6, we will create a new meta-population multi-patch model where each patch

consists out of an age-heterogeneous SEIR model with four different age classes: children,
adolescents, adults and elderly.

1.4 Stochastic SIR model
Different approaches exist to sample trajectories from a compartment model.
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Figure 3.6: The output of a SIR model with transmission rate β = 0.033, recovery rate
γ = 1

3 , census data as specified in Equation 3.16 and contact matrix as specified in
Equation 3.17. We show the infection curve for the children (IC) and adults (IA).

An important method is the Gillespie algorithm [Gillespie, 1977], which considers the
epidemic environment as a chemical process. As such, individuals are considered to be
the reactants of the type of their respective compartment and the transition between
compartments (e.g., infection or recovery) is considered a chemical reaction. The Gillespie
algorithm allows us to generate an exact stochastic trajectory of this chemical equation.
The algorithm uses Monte Carlo sampling to determine which reaction should take place
next and at which time, where the probability to choose a reaction is proportional to
the number of substrate molecules (i.e., available individuals), and the time interval is an
exponential random variable parametrized with the total reaction time. While the original
algorithm [Gillespie, 1977] assumes constant rates, the algorithm was extended towards
time-dependent propensities and reaction delays [Cai, 2007; Anderson, 2007]. The ability
to sample exact trajectories comes with a computational cost, and thus several adaptations
of the Gillespie algorithm exist: adaptations that allow to sample exact trajectories [Gibson
and Bruck, 2000; Anderson, 2007; Cai, 2007; Slepoy et al., 2008] and adaptations that
generate approximative trajectories [Cao et al., 2006; Anderson, 2008].
Another major method is the use of stochastic differential equations. In order to obtain

stochastic trajectories from a compartment model, we transform the system of ordinary
differential equations (ODEs) to a system of stochastic differential equations (SDEs), using
the transformation procedure presented by Allen et al. [2008]. This procedure considers
the compartments and transitions of the original ODE and adds noise terms for each
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transition in the ODE. For a transition (X → Y ) between compartment X and Y with
rate ξX(t), we have a noise term√

ξX(t)X(t)Ẇ(X→Y )(t), (3.19)

where,

W(X→Y )(t), (3.20)

is a Wiener process. This term is subtracted in the differential equation of the outgoing
compartment and added in the differential equation of the receiving compartment.
As an example, we will apply this procedure to the SIR model specified in Section 1.1,

which results in this system of SDEs:

Ṡ = −βχS I

N
−
√
βχS

I

N
· Ẇ(S→I)

İ = βχS
I

N
+
√
βχS

I

N
· Ẇ(S→I) − γI −

√
γI · Ẇ(I→R)

Ṙ = γI +
√
γI · Ẇ(I→R)

. (3.21)

This system of SDEs can be simulated to obtain stochastic trajectories, for instance by
use of the Euler-Maruyama approximation method [Allen et al., 2008; Rasmussen et al.,
2011]. Using Euler’s method, for each compartment we consider each deterministic term
and multiply it by ∆t and each stochastic term and multiply it by

√
∆t. For the SDE

system in Equation 3.21, this renders this system of simulation equations:

∆S = −∆t · βχS I

N
−
√

∆t
√
βχS

I

N
· N (0, 1)

∆I = ∆t · βχS I

N
+
√

∆t
√
βχS

I

N
· N (0, 1)−∆t · γI −

√
∆t
√
γI · N (0, 1)

∆R = ∆t · γI +
√

∆t
√
γI · N (0, 1)

. (3.22)

To demonstrate this process, in Figure 3.7, we show a number of stochastic trajectories
for the SIR model example that was introduced in Section 1.1 and the age-heterogeneous
SIR model that was introduced in Section 1.3.
In the meta-population multi-patch model that we will introduce in Chapter 6, each

patch is represented by a compartment model. We will evaluate these compartment mod-
els stochastically, by using stochastic differential equations, that consider time-dependent
rates.
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Figure 3.7: We evaluate the SIR model (Section 1.1, left panel) and the age-heterogeneous
SIR model (Section 1.3, right panel) stochastically and show 100 stochastic trajectories
for each of the models.

2 Individual-based models
While compartment models group individuals together based on common properties (e.g.,
infection or age group), an individual-based model will explicitly represent all individuals
and their properties. In this model individuals are connected, either in a static or a dynamic
fashion, and the spread of the epidemic is simulated among this network.
The most fundamental individual-based model will thus represent each of the individuals

and maintain their infection status, i.e., susceptible (S), infected (I), recovered (R). Given
this fundamental example, these individuals can be connected using a static network, e.g.,
an Erdős–Rényi random graph, which has a binomial degree distribution. This set-up is
depicted schematically in Figure 3.8.
While this simple example only models one property of the individual, many properties

of the individual and its environment can be represented. Individual properties include
properties related to the infection progress (e.g., the level of infectiousness for influenza
[Chao et al., 2010], or the viral load for HIV [Herbeck et al., 2014]), properties related
to prevention (e.g., vaccination status [Chao et al., 2012], or condom use status [Kasaie
et al., 2018]), and properties related to network formation (e.g., location of the work
place [Chao et al., 2010], or the individual’s capacity to have simultaneous sexual rela-
tionships [Schmid and Kretzschmar, 2012]). Environmental properties include ecological
properties (e.g., other animals to model the complex life-cycle of the Trypanosoma brucei
parasite2 [Alderton et al., 2016]), and properties with respect to human settlement (e.g.,

2The Trypanosoma brucei parasite causes Human African trypanosomiasis, i.e., sleeping sickness
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Figure 3.8: We depict a simple individual-based model where we model each individual
and their infection state (i.e., S, I, R). The individuals are connected by a static network,
over which the epidemic can be simulated.

urban versus rural agglomeration [Singh et al., 2019], or human mobility (e.g., Yan et al.
[2017]). Furthermore, the network structure that connects the individuals can be static or
dynamic. For static networks, the choice of the network structure depends on the route of
transmission (e.g., sexual contact networks are scale-free [Liljeros et al., 2001]). Moreover,
networks can overlap, e.g., on the one hand, in the daytime, adults are connected with
co-workers and children go to school, on the other hand, in the evening, adults meet with
their family [Glass et al., 2006]. For truly dynamic networks, there needs to be a mechan-
ism in place to break and form ties between individuals. An example of this is the method
presented by Schmid and Kretzschmar [2012] that forms sexual networks by breaking and
forming ties based on the individual’s capacity to form simultaneous sexual relationships.
From this description it is clear that individual-based models allow us to model epidemics

on a fine-grained level. However, there are three important caveats. Firstly, the amount
of detail that is incorporated in the model is directly proportional to the model’s compu-
tational burden [Chao et al., 2010]. Secondly, to inform such a model, it is necessary to
have knowledge on the statistical distribution of the different properties. For some proper-
ties, such as for example population density, this information is readily available thanks to
geographical information systems (GIS). For other properties, such as to model zoonosis,
it remains difficult to find the appropriate data to parametrize such models. Thirdly, due
to the extensive model output, it can be difficult to obtain insight in the key determinants
of this output [Ball et al., 2015].
In this dissertation, we will use an individual-based model for pandemic influenza, FluTE.

We will introduce this model in Chapter 4.
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Figure 3.9: We depict the age-dependent SIR model from Section 1.3 (a), and use it in a
meta-population model that has patches for the three countries in Great Britain: England,
Scotland, Wales.

3 Meta-population models
On the one hand, compartment models are computationally efficient to evaluate, yet they
need to divide the population in coarse compartments. On the other hand, individual-based
models allow for fine-grained modelling, yet require a lot of computation. To balance
between these trade-offs meta-population models are frequently used, especially to en-
able the modelling of epidemic processes in a spatially explicit context. Meta-population
models were first introduced in the context of ecology [Hanski et al., 1999], to model
sub-populations that can be separated geographically. In Figure 3.9, we show an example
of a simple meta-population model with a patch for each of the countries in Great Britain.
In this dissertation (Chapter 6) we will create a new meta-population multi-patch model,

where each patch corresponds to an administrative region in Great Britain. Each patch is
internally represented by an age-dependent stochastic SEIR model.
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4 | Bayesian bandits for
decision making in an

influenza pandemic

If there is not folly in the world, then the world itself is
folly. You must understand that mistakes are not always
regrets.

Paul Tobin Bandette, Volume 1: Presto!

Pandemic influenza has the epidemic potential to kill millions of people. While various
preventive measures exist (i.a., vaccination and school closures), deciding on strategies that
lead to their most effective and efficient use remains challenging. To this end, individual-
based epidemiological models are essential to assist decision makers in determining the best
strategy to curb epidemic spread. However, individual-based models are computationally
intensive and it is therefore pivotal to identify the optimal strategy using a minimal amount
of model evaluations. Additionally, as epidemiological modelling experiments need to be
planned, a computational budget needs to be specified a priori. Consequently, we present
a new sampling technique to optimize the evaluation of preventive strategies using fixed
budget best-arm identification algorithms. We use epidemiological modelling theory to de-
rive knowledge about the reward distribution which we exploit by using Bayesian best-arm
identification algorithms that can incorporate this prior knowledge (i.e., Top-two Thompson
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sampling and BayesGap). We evaluate these algorithms in a realistic experimental setting
and demonstrate that it is possible to identify the optimal strategy using only a limited
number of model evaluations, i.e., 2-to-3 times faster compared to the uniform sampling
method, the predominant technique used for epidemiological decision making in the liter-
ature. Finally, we contribute and evaluate a statistic for Top-two Thompson sampling to
inform the decision makers about the confidence of an arm recommendation.
The work presented in this chapter was published in the ECML and AAMAS proceedings.
Libin, P., Verstraeten, T., Roijers, D. M., Grujic, J., Theys, K., Lemey, P., and Nowé,

A. (2018, September). Bayesian best-arm identification for selecting influenza mitigation
strategies. In Joint European Conference on Machine Learning and Knowledge Discovery
in Databases (pp. 456-471). Springer, Cham.
Libin, P., Verstraeten, T., Theys, K., Roijers, D. M., Vrancx, P., and Nowé, A. (2017,

May). Efficient evaluation of influenza mitigation strategies using preventive bandits. In
International Conference on Autonomous Agents and Multiagent Systems (pp. 67-85).
Springer, Cham.

1 Rationale and objectives
The influenza virus is responsible for the deaths of half of a million people each year. In
addition, seasonal influenza epidemics cause a significant economic burden. While trans-
mission is primarily local, a newly emerging variant may spread to pandemic proportions in
a fully susceptible host population [Paules and Subbarao, 2017]. Pandemic influenza oc-
curs less frequently than seasonal influenza but the outcome with respect to morbidity and
mortality can be much more severe, potentially killing millions of people worldwide [Paules
and Subbarao, 2017]. Therefore, it is essential to study mitigation strategies to control
influenza pandemics (more details on pandemic influenza in Section 2 in Chapter 1).
For influenza, different preventive measures exist: i.a., vaccination, social measures (e.g.,

school closures and travel restrictions) and antiviral drugs. However, the efficiency of
strategies greatly depends on the availability of preventive compounds, as well as on the
characteristics of the targeted epidemic. Furthermore, governments typically have limited
resources to implement such measures. Therefore, it remains challenging to formulate
public health strategies that make effective and efficient use of these preventive measures
within the existing resource constraints.
Epidemiological models (i.e., compartment models and individual-based models) are es-

sential to study the effects of preventive measures in silico [Basta et al., 2009; Germann
et al., 2006]. While individual-based models are usually associated with a greater model
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complexity and computational cost than compartment models, they allow for a more ac-
curate evaluation of preventive strategies [Eubank et al., 2006]. To capitalize on these
advantages and make it feasible to employ individual-based models, it is essential to use
the available computational resources as efficiently as possible.
In the literature, a set of possible preventive strategies is typically evaluated by simu-

lating each of the strategies an equal number of times [Fumanelli et al., 2016; Ferguson
et al., 2005; Chao et al., 2012]. However, this approach is inefficient to identify the op-
timal preventive strategy, as a large proportion of computational resources will be used
to explore sub-optimal strategies. Furthermore, a consensus on the required number of
model evaluations per strategy is currently lacking [Willem et al., 2014] and we show
that this number depends on the hardness of the evaluation problem. For this reason,
we propose to combine individual-based epidemiological models with multi-armed bandits.
Additionally, we recognize that epidemiological modelling experiments need to be planned
and that a computational budget needs to be specified a priori. Therefore, we present a
novel approach where we formulate the evaluation of preventive strategies as a best-arm
identification problem using a fixed budget of model evaluations.
As running an individual-based model is computationally intensive (i.e., minutes to hours,

depending on the complexity of the model), minimizing the number of required model eval-
uations reduces the total time required to evaluate a given set of preventive strategies. This
renders the use of individual-based models attainable in studies where it would otherwise
not be computationally feasible. Additionally, reducing the number of model evaluations
will free up computational resources in studies that already use individual-based models,
capacitating researchers to explore a larger set of model scenarios. This is important, as
considering a wider range of scenarios increases the confidence about the overall utility of
preventive strategies [Wu et al., 2006].
In this chapter, we contribute a novel technique to evaluate preventive strategies as a fixed

budget best-arm identification problem, i.e., epidemic bandits. We employ epidemiological
modelling theory to derive assumptions about the reward distribution and exploit this
knowledge using Bayesian algorithms. This new technique enables decision makers to
obtain recommendations in a reduced number of model evaluations. We evaluate the
technique in an experimental setting, where we aim to find the best vaccine allocation
strategy in a realistic simulation environment that models an influenza pandemic on a
large social network. Finally, we contribute and evaluate a statistic to inform the decision
makers about the confidence of a particular recommendation.
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2 Background

2.1 Pandemic influenza and vaccine production

The primary preventive strategy to mitigate seasonal influenza1 is to produce vaccine prior
to the epidemic, anticipating the virus strains that are expected to circulate. This vaccine
pool is used to inoculate the population before the start of the epidemic. While seasonal
influenza may have a restricted susceptible population due to vaccination and pre-existing
immunity, a newly emerging strain can become pandemic by spreading rapidly among naive
human hosts worldwide [Paules and Subbarao, 2017].
While it is possible to stockpile vaccines to prepare for seasonal influenza, this is not the

case for influenza pandemics, as the vaccine should be specifically tailored to the virus that
is the source of the pandemic. Therefore, before an appropriate vaccine can be produced,
the responsible virus needs to be identified. Hence, vaccines will be available only in limited
supply at the beginning of the pandemic [WHO, 2004]. In addition, production problems
can result in vaccine shortages [Enserink, 2004]. When the number of vaccine doses is
limited, it is imperative to identify an optimal vaccine allocation strategy [Medlock and
Galvani, 2009].

2.2 Modelling influenza
There is a long tradition of using individual-based models to study influenza epidemics
[Basta et al., 2009; Germann et al., 2006; Fumanelli et al., 2016], as they allow for a
more fine-grained evaluation of preventive strategies. A state-of-the-art individual-based
model that has been the driver for many high impact research efforts [Basta et al., 2009;
Germann et al., 2006; Halloran et al., 2002], is FluTE [Chao et al., 2010].
FluTE implements a contact model where the population is divided into communities of

households [Chao et al., 2010]. The population is organized in a hierarchy of social mixing
groups where the contact intensity is inversely proportional with the size of the group (e.g.,
closer contact between members of a household than between colleagues). Additionally,
FluTE implements an individual disease progression model that associates different disease
stages with different levels of infectiousness. FluTE supports the evaluation of preventive
strategies through the simulation of therapeutic interventions (i.e., vaccines, antiviral com-
pounds) and non-therapeutic interventions (i.e., school closure, case isolation, household
quarantine).

1More background on seasonal and pandemic influenza in Section 2 of Chapter 1.
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2.3 Bandits and best-arm identification
We define the multi-armed bandit in Section 1 of Chapter 2 (Definition 1). To remind
the reader, a multi-armed bandit has K arms, where each arm ak returns a reward rk
when it is pulled.
Our objective is to recommend the best arm a∗ (i.e., the arm with the highest average

reward µ∗, as specified in Definition 2), after a fixed number of arm pulls. This is referred
to as the fixed budget best-arm identification problem [Audibert and Bubeck, 2010], an
instance of the pure-exploration problem [Bubeck et al., 2009]. For a given budget T ,
the objective is to minimize the simple regret (Definition 4), To remind the reader, the
simple regret considers the average reward of the best arm a∗ and the recommended arm
J (T ) , i.e.,

µ∗ − µJ(T ) (4.1)

Simple regret is inversely proportional to the probability of recommending the correct
arm a∗ [Kaufmann et al., 2016].

3 Related work
As we established that a computational budget needs to be specified a priori, our prob-
lem setting matches the fixed budget best-arm identification setting. This differs from
settings that attempt to identify the best arm with a predefined confidence: i.e., racing
strategies [Even-Dar et al., 2006], strategies that exploit the confidence bound of the
arms’ means [Kaufmann and Kalyanakrishnan, 2013] and more recently fixed confidence
best-arm identification algorithms [Garivier and Kaufmann, 2016].
We selected Bayesian fixed budget best-arm identification algorithms, as we aim to incor-

porate prior knowledge about the arms’ reward distributions and use the arms’ posteriors
to define a statistic to support policy makers with their decisions. We refer to [Kaufmann
et al., 2016; Hoffman et al., 2014], for a broader overview of the state-of-the-art with
respect to (Bayesian) best-arm identification algorithms.
Best-arm identification algorithms have been used in a large set of application domains:

i.a., evaluation of response surfaces, the initialization of hyper-parameters and traffic con-
gestion.
While other algorithms exist to rank or select bandit arms, e.g. [Powell and Ryzhov,

2012], best-arm identification is best approached using adaptive sampling methods [Jen-
nison et al., 1982], as the ones we study in this paper. Moreover, the use of best-arm
identification methods clears the way for interesting future work with respect to evaluating
preventive strategies while considering multiple objectives.
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4 Epidemic bandits
We formulate the evaluation of preventive strategies as a multi-armed bandit problem
with the aim of identifying the best arm using a fixed budget of model evaluations. The
presented method is generic with respect to the type of epidemic that is modelled (i.e.,
pathogen, contact network, preventive strategies). The method is evaluated in the context
of pandemic influenza in the next section.

4.1 Evaluating preventive strategies with bandits
First, we provide a formal definition of the epidemic model we consider.

Definition 16: Stochastic epidemiological model

A stochastic epidemiological model E is defined in terms of a model configuration
c ∈ C and can be used to evaluate a preventive strategy p.
The result of a model evaluation is referred to as the model outcome. Evaluating

the model E thus results in a sample of the model’s outcome distribution:

outcome ∼ E(c, p) (4.2)

The model outcome can be any statistic relevant to the decision maker, e.g., prevalence,
proportion of symptomatic individuals, morbidity, mortality, societal cost.
Note that a model configuration c ∈ C describes the complete model environment, i.e.,

both aspects inherent to the model (e.g., FluTE’s mixing model) and options that the
modeller can provide (e.g., population statistics, vaccine properties).
Our objective is to find the optimal preventive strategy (i.e., the strategy that minimizes

the expected outcome) from a set of alternative strategies

{p1, ..., pK}, (4.3)

for a particular configuration

c0 ∈ C, (4.4)

of a stochastic epidemiological model, where c0 corresponds to the context of the studied
epidemic. To this end, we consider a multi-armed bandit with

|{p1, ..., pK}| (4.5)

arms. Pulling arm pk corresponds to evaluating pk by running a simulation in the epi-
demiological model E(c0, pk). The bandit thus has preventive strategies as arms with
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reward distributions corresponding to the outcome distribution of a stochastic epidemiolo-
gical model E(c0, pk). While the parameters of the reward distribution are known (i.e.,
the parameters of the epidemiological model), it is intractable to determine the optimal
reward analytically. Hence, we must learn about the outcome distribution via interaction
with the epidemiological model. In this work, we consider prevention strategies of equal
financial cost, which is a realistic assumption, as governments typically operate within
budget constraints.

4.2 Outcome distribution
As previously defined, the reward distribution associated with a bandit’s arm corresponds
to the outcome distribution of the epidemiological model that is evaluated when pulling
that arm. Therefore, employing insights from epidemiological modelling theory allows us
to specify prior knowledge about the reward distribution.
It is well known that a disease outbreak has two possible outcomes: either it is able

to spread beyond a local context and becomes a fully established epidemic or it fades
out [Watts et al., 2005]. Most stochastic epidemiological models reflect this reality and
hence its epidemic size distribution is bimodal [Watts et al., 2005]. When evaluating
preventive strategies, the objective is to determine the preventive strategy that is most
suitable to mitigate an established epidemic. As in practice we can only observe and act
on established epidemics, epidemics that faded out in simulation would bias this evaluation.
Consequently, it is necessary to focus on the mode of the distribution that is associated
with the established epidemic. Therefore we censor (i.e., discard) the epidemic sizes that
correspond to the faded epidemic. The size distribution that remains (i.e., the one that
corresponds with the established epidemic) is approximately Gaussian [Britton, 2010].
In this study, we consider a scaled epidemic size distribution, i.e., the proportion of

symptomatic infections. Hence we can assume bimodality of the full size distribution
and an approximately Gaussian size distribution of the established epidemic. We verified
experimentally that these assumptions hold for all the reward distributions that we observed
in our experiments (see Section 5).
To censor the size distribution, we use a threshold that represents the number of infectious

individuals that are required to ensure an outbreak will only fade out with a low probability.

4.3 Epidemic fade-out threshold
For heterogeneous host populations (i.e., a population with a significant variance among
individual transmission rates, as is the case for influenza epidemics [Dorigatti et al., 2012;
Fraser et al., 2011]), the number of secondary infections can be accurately modelled using
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a negative binomial offspring distribution NB(R0, ι) [Lloyd-Smith et al., 2005], where R0
is the basic reproductive number (Definition 13) and ι is a dispersion parameter that
specifies the extent of heterogeneity.

Definition 17: Probability of epidemic extinction

The probability of epidemic extinction pext can be computed by solving g(s) = s,
where g(s) is the probability generating function of the offspring distribution [Lloyd-
Smith et al., 2005]. For an epidemic where individuals are targeted with preventive
measures (i.e., vaccination in our case), we obtain the following probability generating
function

g(s) = popc + (1− popc)
(
1 + R0

ι
(1− s)

)−ι (4.6)

where popc signifies the random proportion of controlled individuals [Lloyd-Smith
et al., 2005]. From pext we can compute a threshold T0 to limit the probability of
extinction to a cutoff ` [Hartfield and Alizon, 2013]:(

pext
)T0 = ` (4.7)

4.4 Best-arm identification with a fixed budget
Our objective is to identify the best preventive strategy (i.e., the strategy that minimizes
the expected outcome) out of a set of preventive strategies, for a particular configuration
c0 ∈ C using a fixed budget T of model evaluations. To find the best prevention strategy, it
suffices to focus on the mean of the outcome distribution, as it is approximately Gaussian
with an unknown yet small variance [Britton, 2010], as we confirm in our experiments
(see Figure 4.1).

Successive rejects

Successive Rejects was the first algorithm to solve the best-arm identification in a fixed
budget setting [Audibert and Bubeck, 2010]. For a K-armed bandit, Successive Rejects
operates in (K − 1) phases. At the end of each phase, the arm with the lowest average
reward is discarded. Thus, at the end of phase (K − 1) only one arm survives, and this
arm is recommended. At phase f ∈ {1, . . . ,K − 1}, each arm that is still available is
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played mf − mf−1 times, where:

m0 = 0

mf =
⌈

T −K
K + 1− f

1
log(K)

⌉
,

(4.8)

with,

log(K) = 1
2 +

K∑
k=2

1
k
. (4.9)

Bayesian best-arm identification

Successive Rejects serves as a useful baseline, however, it has no support to incorporate
any prior knowledge. Bayesian best-arm identification algorithms on the other hand, are
able to take into account such knowledge by defining an appropriate prior on the arms’
reward distribution. As we will show, such prior knowledge can increase the best-arm
identification accuracy. Additionally, at the time an arm is recommended, the posteriors
contain valuable information that can be used to formulate a variety of statistics helpful to
assist decision makers. We consider two state-of-the-art Bayesian algorithms: BayesGap
[Hoffman et al., 2014] and Top-two Thompson sampling [Russo, 2016]. For Top-two
Thompson sampling, we derive a statistic based on the posteriors to inform the decision
makers about the confidence of an arm recommendation: the probability of success.

Prior and posterior of the reward distribution

As we established in the previous section, each arm of our bandit has a reward distribution
that is approximately Gaussian with unknown mean and variance. For the purpose of
genericity, we assume an uninformative Jeffreys prior

(σk)−3, (4.10)

on

(µ(t)
k , σ2

k), (4.11)

which leads to the following posterior on µ(t)
k at the n(t)

k ’th pull [Honda and Takemura,
2014]:

π
(t)
T =

√√√√ (n(t)
k )2

S
(t)
k

(µ(t)
k − µ̂

(t)
k ) | µ̂(t)

k , S
(t)
k ∼ Tn(t)

k

(4.12)
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where µ̂(t)
k is the emperical reward mean, S(t)

k is the sum of squares

S
(t)
k =

n
(t)
k∑

m=1
(rk,m − µ̂(t)

k )2 (4.13)

and T
n

(t)
k

is the standard student t-distribution with n(t)
k degrees of freedom.

BayesGap

BayesGap is a gap-based Bayesian algorithm [Hoffman et al., 2014]. The algorithm requires
that for each arm ak, a high-probability upper bound U (t)

k and lower bound L(t)
k is defined

on the posterior of µ(t)
k at each time step t. Using these bounds, the gap quantity

B
(t)
k = max

l 6=k
U

(t)
l − L

(t)
k (4.14)

is defined for each arm ak. B
(t)
k represents an upper bound on the simple regret (as

defined in Section 2.3). At each step t of the algorithm, the arm G(t) that minimizes
the gap quantity B(t)

k is compared to the arm g (t) that maximizes the upper bound U (t)
k .

From G(t) and g (t), the arm with the highest confidence diameter

U
(t)
k − L

(t)
k , (4.15)

is pulled. The reward that results from this pull is observed and used to update ak’s
posterior. When the budget is consumed, the arm

J (T ) = G(argmin
t≤T

B
(t)
G(t)) (4.16)

is recommended. This is the arm that minimizes the simple regret bound over all times
t ≤ T .
In order to use BayesGap to evaluate preventive strategies, we contribute problem-specific

bounds. Given our posteriors (Equation 4.12), we define

U
(t)
k = E

[
π

(t)
T

]
k

+ κ

√
V
[
π

(t)
T

]
k

L
(t)
k = E

[
π

(t)
T

]
k
− κ
√
V
[
π

(t)
T

]
k

(4.17)

where E
[
π

(t)
T

]
k
is the mean, and V

[
π

(t)
T

]
k
is the variance of the posterior of arm ak at

time step t, and κ is the exploration coefficient.
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The amount of exploration that is feasible given a particular bandit, is proportional to
the available budget, and inversely proportional to the bandit’s complexity [Hoffman et al.,
2014]. This complexity can be modelled taking into account the game’s hardness [Audibert
and Bubeck, 2010] and the variance of the rewards. We use the hardness quantity defined
in [Hoffman et al., 2014] (Definition 18).

Definition 18: ε-hardness

Hε =
∑
k

H−2
k,ε , (4.18)

with arm-dependent hardness,

Hk,ε = max(1
2(∆k + ε), ε), (4.19)

where,
∆k = max

l 6=k
(µl − µk) (4.20)

Considering the budget T , hardness Hε and a generalized reward variance σ2
G over all

arms, we have exploration term:

κ =

√
T − 3K
4Hεσ2

G

(4.21)

In Appendix 1, we formally prove that using these bounds results in a probability of simple
regret that asymptotically reaches the exponential lower bound of [Hoffman et al., 2014].
As both Hε and σ2

G are unknown, in order to compute κ, these quantities need to be
estimated. Firstly, we estimate Hε’s upper bound Ĥε by estimating ∆k as follows

∆̂k = max
1≤l<K;l 6=k

δl − δk, (4.22)

where,

δm = E
[
π

(t)
T

]
m
− 3 ·

√
V
[
π

(t)
T

]
m
, (4.23)

as in [Hoffman et al., 2014], where E
[
π

(t)
T

]
k
is the mean, and V

[
π

(t)
T

]
k
is the variance of

the posterior of arm ak at time step t. Secondly, for σ2
G we need a measure of variance
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that is representative for the reward distribution of all arms. To this end, when the arms
are initialized, we observe their sample variance s2

k, and compute their average s̄2
G.

As our bounds depend on the variance V
[
π

(t)
T

]
k
of the t-distributed posterior, each arm’s

posterior needs to be initialized 3 times (i.e., by pulling the arm) to ensure that V
[
π

(t)
T

]
k

is defined, this initialization also ensures proper posteriors [Honda and Takemura, 2014].

Top-two Thompson sampling

Top-two Thompson sampling is a reformulation of the (vanilla) Thompson sampling al-
gorithm, such that it can be used in a pure-exploration context [Russo, 2016]. Vanilla
Thompson sampling2 operates directly on the arms’ posterior of the reward distribution’s
mean µ(t)

k . At each time step, vanilla Thompson sampling obtains one sample for each
arm’s posterior. The arm with the highest sample is pulled, and its reward is subsequently
used to update that arm’s posterior. While this approach has been proven highly successful
to minimize cumulative regret [Chapelle and Li, 2011; Honda and Takemura, 2014], as it
balances the exploration-exploitation trade-off, it is sub-optimal to identify the best arm
[Bubeck et al., 2009]. To adapt Thompson sampling to minimize simple regret, Top-two
Thompson sampling increases the amount of exploration. To this end, an exploration prob-
ability w needs to be specified. At each time step, one sample is obtained for each arm’s
posterior. The arm atop with the highest sample is only pulled with probability w . With
probability 1−w we repeat sampling from the posteriors until we find an arm atop-2 that has
the highest posterior sample and where atop 6= atop-2. When the arm atop-2 is found, it is
pulled and the observed reward is used to update the posterior of the pulled arm. When the
available budget is consumed, the arm with the highest average reward is recommended.
As Top-two Thompson sampling only requires samples from the arms’ posteriors, we can

use the t-distributed posteriors from Equation 4.12 as is. To avoid improper posteriors,
each arm needs to be initialized 2 times [Honda and Takemura, 2014].

Reward censoring

As specified in the previous subsection, the reward distribution is censored. We observe
each reward, but only consider it to update the arm’s value when it exceeds the threshold
T0 (i.e., when we receive a sample from the mode of the epidemic that represents the
established epidemic).

2More details on Thompson sampling in Section 2.4 of Chapter 2.
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4.5 Probability of success
The probability that an arm recommendation is correct presents a useful confidence statistic
to support policy makers with their decisions.
As Top-two Thompson sampling recommends the arm with the highest average reward,

and we assume that the arm’s reward distributions are independent, the probability of
success is:

P (µJ = max
1≤k≤K

µk) = P (∩Kk 6=J(µk ≤ µJ))

=
∫
x∈R

P (∩Kk 6=J(µk ≤ x))P (µJ = x)dx

=
∫
x∈R

[ K∏
k 6=J

P (µk ≤ x)
]
P (µJ = x)dx

=
∫
x∈R

[ K∏
k 6=J

Fµk(x)
]
fµJ (x)dx

where µJ is the random variable that represents the mean of the recommended arm’s re-
ward distribution, fµJ is the recommended arm’s posterior probability density function and
Fµk is the other arms’ cumulative density function. As this integral cannot be computed
analytically, we estimate it using Gaussian quadrature.
It is important to note that, while aiming for generality, we made some conservative

assumptions: the reward distributions are approximated as Gaussian and the uninformative
Jeffreys prior is used. These assumptions imply that the derived probability of success will
be an under-estimator for the actual recommendation success, which is confirmed in our
experiments.

5 Experiments
We composed and performed an experiment in the context of pandemic influenza, where
we analyse the mitigation strategy to vaccinate a population when only a limited number of
vaccine doses is available (details about the rationale behind this scenario in Section 2.1).
In our experiment, we accommodate a realistic setting to evaluate vaccine allocation,
where we consider a large and realistic social network and a wide range of R0 values.
We consider the scenario when a pandemic is emerging in a particular geographical region

and vaccines becomes available, albeit in a limited number of doses. When the number of
vaccine doses is limited, it is imperative to identify an optimal vaccine allocation strategy
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[Medlock and Galvani, 2009]. In our experiment, we explore the allocation of vaccines
over five different age groups, that can be easily approached by health policy officials:
pre-school children, school-age children, young adults, older adults and the elderly, as
proposed in [Chao et al., 2010].

5.1 Influenza model and configuration
The epidemiological model used in the experiments is the FluTE stochastic individual-
based model. In our experiment we consider the population of Seattle (United States)
that includes 560,000 individuals [Chao et al., 2010]. This population is realistic both
with respect to the number of individuals and its community structure, and provides an
adequate setting for the validation of vaccine strategies [Willem et al., 2014].
At the first day of the simulated epidemic, 10 random individuals are seeded with an

infection. The epidemic is simulated for 180 days, during which time no more infections
are seeded. Thus, all new infections established during the run time of the simulation, result
from the mixing between infectious and susceptible individuals. We assume no pre-existing
immunity towards the circulating virus variant. We choose the number of vaccine doses
to allocate to be approximately 4.5% of the population size [Medlock and Galvani, 2009].
We perform our experiment for a set of R0 values within the range of 1.4 to 2.4, in steps

of 0.2. This range is considered representative for the epidemic potential of influenza
pandemics [Basta et al., 2009; Medlock and Galvani, 2009]. We refer to this set of R0
values as R0, i.e., R0 = {1.4, 1.6, 1.8, 2.0, 2.2, 2.4}.
Note that the setting described in this subsection, in conjunction with a particular R0

value, corresponds to a model configuration (i.e., c0 ∈ C).
The computational complexity of FluTE simulations depends both on the size of the

susceptible population and the proportion of the population that becomes infected. For
the population of Seattle, the simulation run time was up to 11 1

2 minutes (median of
10 1

2 minutes, standard deviation of 6 seconds), on state-of-the-art hardware (details Ap-
pendix 2.4). We present further details on the computational processes that underlie our
experiments in Appendix 2.

5.2 Formulating vaccine allocation strategies
We consider 5 age groups to which vaccine doses can be allocated: pre-school children
(i.e., 0-4 years old), school-age children (i.e., 5-18 years old), young adults (i.e., 19-29
years old), older adults (i.e., 30-64 years old) and the elderly (i.e., > 65 years old) [Chao
et al., 2010]. An allocation scheme can be encoded as a Boolean 5-tuple, where each
position in the tuple corresponds to the respective age group. The Boolean value at
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a particular position in the tuple denotes whether vaccines should be allocated to the
respective age group. When vaccines are to be allocated to a particular age group, this
is done proportional to the size of the population that is part of this age group [Medlock
and Galvani, 2009]. To decide on the best vaccine allocation strategy, we enumerate all
possible combinations of this tuple.

5.3 An influenza preventive bandit
We define the bandit that we use in our experiments. The influenza preventive bandit
has exactly 32 arms. Each arm ak is associated with the allocation strategy for which
the integer encoding is k.
In this bandit settings, we aim to find the prevention strategy that minimizes the symp-

tomatic attack rate (Definition 19).

Definition 19: Attack rate

The attack rate quantifies the proportion of the population that was infected, and
is determined at the end of an outbreak. When only symptomatic infections are
considered, this quantity is referred to as symptomatic attack rate.

Given a model configuration c0 ∈ C (Definition 16), when an arm ak is pulled, FluTE is
invoked with model context c0 and the vaccine allocation strategy pk (Definition 16) asso-
ciated with the arm ak. When FluTE finishes, it outputs the proportion of the population
that experienced a symptomatic infection pI , from which the reward (i.e., symptomatic
attack rate, see Definition 19),

rk = 1− pI , (4.24)

is computed.

5.4 Outcome distributions
To establish a proxy for the ground truth concerning the outcome distributions of the 32
considered preventive strategies, all strategies were evaluated 1000 times, for each of the
R0 values in R0. We will use this ground truth as a reference to validate the correctness
of the recommendations obtained throughout our experiments.
R0 presents us with an interesting evaluation problem. To demonstrate this, we visualize

the outcome distribution for R0 = 1.4 and for R0 = 2.4 in Figure 4.1 (the outcome
distributions for the other R0 values are shown in Appendix 3). Firstly, we observe that for
different values of R0, the distances between top arms’ means differ. Additionally, outcome
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Figure 4.1: Violin plot that depicts the density of the outcome distribution (i.e., epidemic
size) for 32 vaccine allocation strategies (left panel Ro = 1.4, right panel Ro = 2.4).

distribution variances vary over the set of R0 values in R0. These differences produce
distinct levels of evaluation hardness (see Section 4.4), and demonstrate the setting’s
usefulness as benchmark to evaluate preventive strategies. While we discuss the hardness
of the experimental settings under consideration, it is important to state that our best-arm
identification framework requires no prior knowledge on the problem’s hardness. Secondly,
we expect the outcome distribution to be bimodal. However, the probability to sample
from the mode of the outcome distribution that represents the non-established epidemic
decreases as R0 increases [Lloyd-Smith et al., 2005]. This expectation is confirmed when
we inspect Figure 4.1, the left panel shows a bimodal distribution for R0 = 1.4, while the
right panel shows a unimodal outcome distribution for R0 = 2.4, as only samples from
the established epidemic were obtained.
Our analysis identified that the best vaccine allocation strategy was 〈0, 1, 0, 0, 0〉 (i.e.,

allocate vaccine to school children, strategy 8) for all R0 values in R0.

5.5 Best-arm identification experiment
To assess the performance of the different best-arm identification algorithms (i.e., Suc-
cessive Rejects, BayesGap and Top-two Thompson sampling) we run each algorithm for
all budgets in the range of 32 to 500. This evaluation is performed on the influenza bandit
that we defined earlier. For each budget, we run the algorithms 100 times, and report
the recommendation success rate. In the previous section, the optimal vaccine allocation

100
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strategy was identified to be 〈0, 1, 0, 0, 0〉 (i.e., vaccine allocation strategy 8) for all R0
in R0. We thus consider a recommendation to be correct when it equals this vaccine
allocation strategy.
We evaluate the algorithm’s performance with respect to each other and with respect

to uniform sampling, the current state-of-the art to evaluate preventive strategies. The
uniform sampling method pulls arm au for each step t of the given budget T , where au’s
index u is sampled from the uniform distribution U(1,K). To consider different levels of
hardness, we perform this analysis for each R0 value in R0.
For the Bayesian best-arm identification algorithms, the prior specifications are detailed

in Section 4.4. BayesGap requires an upper and lower bound that is defined in terms of
the used posteriors. In our experiments, we use upper bound U (t)

k and lower bound L(t)
k

that were established in Section 4.4. Top-two Thompson sampling requires a parameter
that modulates the amount of exploration w . As it is important for best-arm identification
algorithms to differentiate between the top two arms, we choose w = 0.5, such that, in
the limit, Top-two Thompson sampling will explore the top two arms uniformly.
We censor the reward distribution based on the epidemic extinction threshold T0 (Defin-

ition 17). This threshold depends on basic reproductive number R0 and dispersion para-
meter ι. R0 is chosen explicitly for each of our experimental settings. For the dispersion
parameter we choose ι = 0.5, which is a conservative choice according to the literature
[Dorigatti et al., 2012; Fraser et al., 2011]. We choose the probability cutoff parameter
to be ` = 10−10.
Figure 4.2 shows recommendation success rates for each of the best-arm identification

algorithms for R0 = 1.4 (left panel) and R0 = 2.4 (right panel). The results for the
other R0 values are visualized in Appendix 4. The results for different values of R0 clearly
indicate that our selection of best-arm identification algorithms significantly outperforms
the uniform sampling method. Overall, the uniform sampling method requires more than
double the amount of evaluations to achieve a similar recommendation performance. For
the harder problems (e.g., setting with R0 = 2.4), recommendation uncertainty remains
considerable even after consuming 3 times the budget required by Top-two Thompson
sampling.
All best-arm identification algorithms require an initialization phase in order to output

a well-defined recommendation. Successive Rejects needs to pull each arm at least once,
while Top-two Thompson sampling and BayesGap need to pull each arm respectively 2 and
3 times (details in Section 4.4). For this reason, these algorithms’ performance can only be
evaluated after this initialization phase. BayesGap’s performance is on par with Successive
Rejects, except for the hardest setting we studied (i.e., R0 = 2.4). In comparison, Top-
two Thompson sampling consistently outperforms Successive Rejects 30 pulls after the
initialization phase.
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Figure 4.2: In this figure, we present the results for the experiment with R0 = 1.4 (left
panel) and R0 = 2.4 (right panel). Each curve represents the rate of successful arm
recommendations (y-axis) for a range of budgets (x-axis). A curve is shown for each of the
considered algorithms: BayesGap (legend: BG), Successive Rejects (legend: SR), Top-two
Thompson sampling (legend: TtTs) and Uniform sampling (legend: Uni).

Top-two Thompson sampling needs to initialize each arm’s posterior with 2 pulls, i.e.,
double the amount of uniform sampling and Successive Rejects. However, our experiments
clearly show that none of the other algorithms reach any acceptable recommendation rate
using less than 64 pulls.
In Section 4 we derived a statistic to express the probability of success (Ps) concerning a

recommendation made by Top-two Thompson sampling. We analyse this probability for all
the Top-two Thompson sampling recommendations that were obtained in the experiment
described above.
To provide some insights on how this statistic can be used to support policy makers, we

show the Ps values of all Top-two Thompson sampling recommendations in Figure 4.3 for
R0 = 1.4 (left panel) and R0 = 2.4 (right panel). This figure indicates that Ps closely
follows recommendation correctness and that the uncertainty of Ps is inversely proportional
to the size of the available budget. Figures for the other R0 values are shown in Appendix 5.
Additionally, in Figure 4.4 we confirm that Ps underestimates recommendation correct-

ness. Figures for the other R0 values are shown in Appendix 6.
These observations show that Ps has the potential to serve as a conservative statistic

to inform policy makers about the confidence of a particular recommendation, and thus
can be used to define meaningful cutoffs to guide policy makers in their interpretation of
the recommendation of preventive strategies.
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Figure 4.3: Top-two Thompson sampling was run 100 times for each budget for the
experiment with R0 = 1.4 (left panel) and R0 = 2.4 (right panel). For each of the
recommendations, Ps was computed. The Ps values are shown as a scatter plot, where
each point’s color reflects the correctness of the recommendation (see legend).
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Figure 4.4: Top-two Thompson sampling was run 100 times for each budget for the
experiment with R0 = 1.4 (left panel) and R0 = 2.4 (right panel). For each of the
recommendations, Ps was computed. The Ps values were binned (i.e., 0.5 to 1 in steps
of 0.05). Per bin, we thus have a set of Bernoulli trials, for which we show the empirical
success rate (blue scatter) and the Clopper-Pearson confidence interval (blue confidence
bounds). The orange reference line denotes perfect correlation between the empirical
success rate and the estimated probability of success.
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6 Future work
We identify four particular directions for future work.
Firstly, while our method is evaluated in the context of pandemic influenza, it is important

to stress that it can be used to evaluate preventive strategies for other infectious diseases.
Since recently, a Dengue vaccine is available [Hadinegoro et al., 2015], and the optimal
allocation of this vaccine remains an important research topic [Aguiar and Stollenwerk,
2017], we recognize that Dengue epidemics are an interesting use case.
Secondly, in this paper, our preventive bandits only learn with respect to a single model

outcome (i.e., the proportion of symptomatic infections). However, for many pathogens
it is interesting to incorporate multiple objectives (e.g., morbidity, mortality, cost). We
believe the use of multi-objective multi-armed bandits to be an interesting direction for
future work [Roijers et al., 2013], which we explored in a bachelor project 3, to which I was
advisor. In this bachelor project, we did a preliminary investigation to use the Interactive
Thompson sampling algorithm [Roijers et al., 2017] in a pure-exploration setting, such that
we can learn about the environment (i.e., the decision problem) and the user’s preferences
simultaneously.
Thirdly, we believe that bandits that can take into account delayed feedback would be

of great interest. This could result in an algorithm that can evaluate different preventive
strategies in parallel, alleviating the wait time between arm pulls. Recently, a delayed
feedback algorithm was introduced in the best-arm identification setting [Grover et al.,
2018]. An interesting direction for future work, would be to investigate a Bayesian variant
of this new algorithm, and evaluate it in the context of epidemiological policy evaluation.
Fourthly, we believe it would be interesting to investigate generalized reward distributions

to support a wider range of model outcomes. In this work, we focus on finding the
prevention strategy that optimizes the attack rate, a normally distributed model outcome.
To generalize this approach, consider that in an individual-based model we can model each
individual’s state transition as a Bernoulli experiment. We thus have a set of Bernoulli
experiments (one for each individual) with dependent probabilities. To obtain summary
statistics, we can compute the sum of this set of Bernoulli experiments, which will be
distributed according to a Conway-Maxwell-binomial distribution [Kadane et al., 2016].

3Interactive Top Two Thompson Sampling for Multi-Objective Multi-Armed Bandits, Oktay Kavi, Vrije
Universiteit Amsterdam (Defended, July 2019)
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7 Discussion
We formulate the objective to select the best preventive strategy in an individual-based
model as a fixed budget best-arm identification problem. We set up an experiment to
evaluate this setting in the context of a realistic influenza pandemic. To assess the best
arm recommendation performance of the preventive bandit, we report a success rate over
100 independent bandit runs.
We demonstrate that it is possible to efficiently identify the optimal preventive strategy

using only a limited number of model evaluations, even if there is a large number of
preventive strategies to consider. Compared to uniform sampling, our technique is able to
recommend the best preventive strategy reducing the number of required model evaluations
2-to-3 times, when using Top-two Thompson sampling. Additionally, we defined a statistic
to support policy makers with their decisions, based on the posterior information obtained
during Top-two Thompson sampling. As such, we present a decision support tool to assist
policy makers to mitigate epidemics. Our framework will enable the use of individual-based
models in studies where it would otherwise be computationally too prohibitive, and allow
researchers to explore a wider variety of model scenarios.
However, there are several limitations associated with the technique we presented in

this chapter.
Firstly, simply returning the single best prevention strategy can be an impediment for

public health scientists. On the one hand, this implies that public health scientists can
only offer a take-it-or-leave-it option to government officials, rather than a set of options
that can be evaluated within the government’s political and legal framework. On the
other hand, it can be beneficial to have a set of policy options available that optimize a
particular basic requirement (e.g., attack rate), enabling experts to inspect this small set
of alternatives in greater detail. As an example, a set of policies might all have a similar
effect reducing the attack rate, but might differ with respect to logistic efforts. While
such scenarios can be approached from a multi-objective perspective, this complicates the
analysis, as the different objectives need to be weighed, and determining a fitting a weight
vector can be challenging. Therefore, it is more practical to find the top set of prevention
strategies, and investigate this set with respect to additional constraints. Moreover, from
a health economics perspective, a set of optimal policies can be used to negotiate a fair
cost with the producers of pharmaceutical supplies4.
Secondly, in this chapter, we opt for an approach that assumes a fixed computational

budget, that needs to be specified a priori. We motivate this choice by the fact that
computational experiments need to be planned. We do however recognize that deciding

4Personal communication with Prof. Dr Philippe Beutels, Centre for Health Economics Research &
Modelling Infectious Diseases, University of Antwerp
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the budget upfront can be challenging. This is especially the case when computationally
expensive models are used, for which it is difficult to make a trade-off between the available
budget and desired confidence. We argue that an anytime bandit setting can overcome
these limitations, as an initial budget can still be provided, but the budget can be extended
when necessary.
In the next chapter, we will therefore study the recently introduced anytime m-top ex-

ploration problem [Jun and Nowak, 2016]. We will evaluate the state-of-the-art AT-LUCB
algorithm [Jun and Nowak, 2016] in the context of decision making, including a generalized
benchmark based on the experiments introduced in this chapter.
As a UCB-variant, AT-LUCB is not equipped to incorporate prior knowledge with respect

to the reward distribution. Having shown throughout this chapter that incorporating
such knowledge can greatly improve the learning performance, we present a new algorithm
inspired by Thompson sampling to solve the anytimem-top exploration problem: Boundary
Focused Thompson sampling (BFTS).
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Tuurlijk! Tuurlijk! It’s lonely, it’s lonely at the top.
Hans Teeuwen, Dat dan weer wel

We introduce Boundary Focused Thompson sampling (BFTS), a new Bayesian algorithm
to solve the anytime m-top exploration problem, where the objective is to identify the m
best arms in a multi-armed bandit. We consider a set of existing benchmark problems
and introduce two new environments, inspired by real world decision problems. The first
new environment extends the pandemic influenza control problem from Chapter 4. To
demonstrate that our method can be used in other complex decision domains, we intro-
duce a second environment that considers an insect control decision problem for organic
agriculture. This environment considers a Poisson bandit reward distribution, which is
particularly hard to learn. For both the existing and newly introduced benchmarks, we
experimentally show that BFTS consistently outperforms AT-LUCB, the current state-of-
the-art algorithm. Finally, we analyse BFTS using Bayesian principles, to provide more
insights in our algorithm’s exploration strategy.
The work presented in this chapter was accepted at the ICTAI-2019 conference and is

currently in press.
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Libin, P., Verstraeten, T., Roijers, D. M., Wang, W., Theys, K., and Nowé, A., "Thompson
sampling for m-top Exploration", International Conference on Tools with Artificial Intel-
ligence, p. 1414-1420, 2019.

1 Rationale and objectives
The multi-armed bandit has K arms, as specified in Definition 1 (Chapter 2). To remind
the reader, when an arm ak is pulled, a reward rk is drawn from that arm’s reward
distribution. For each arm ak, we have the expected reward µk = E [rk]. Our aim is
to solve the m-top exploration problem (m < K), where the objective is to identify the
m best arms, with respect to the expected reward µk of the arms [Bechhofer, 1958].
Formally, we have µ1 ≥ . . . ≥ µm ≥ µm+1 ≥ . . . ≥ µK , and the objective is to identify
the set {µ1, . . . , µm}.
Most commonly, the m-top exploration problem is studied in a fixed confidence or fixed

budget setting. On the one hand, fixed confidence algorithms attempt to recommend the
m best arms with probability 1−δ using a minimal number of arm pulls, where δ is a failure
probability that needs to be chosen up front [Gabillon et al., 2012; Even-Dar et al., 2002;
Kalyanakrishnan et al., 2012; Karnin et al., 2013; Jamieson et al., 2014]. On the other
hand, the goal for fixed budget algorithms is to recommend the top m arms, within a given
budget of arm pulls [Gabillon et al., 2012; Audibert and Bubeck, 2010; Karnin et al., 2013;
Bubeck et al., 2013; Hoffman et al., 2014]. Recently, a third setting was introduced, where
the top m arms are to be recommended after every time step [Jun and Nowak, 2016]. This
setting, referred to as anytime explore-m, is more challenging than the fixed confidence
and fixed budget setting, but offers a more realistic framework [Jun and Nowak, 2016].
An example of an m-top exploration problem presented in [Jun and Nowak, 2016] is a

crowd-sourcing task, i.e., the New Yorker cartoon caption contest [Jamieson et al., 2015].
In this application, the aim is to collect ratings for the captions submitted for each week’s
cartoon, and to identify the top-m captions at a requested time. In a crowd sourcing
application, the sampling budget corresponds to the number of ratings that are obtained.
Therefore, as this budget is unknown a priori, the fixed-budget setting cannot be used.
Moreover, the fixed-confidence setting is not applicable either, as this setting requires that
an unlimited stream of samples is available until a certain confidence threshold has been
reached. The crowd sourcing application is thus a natural fit for the anytime explore-
m problem.
Apart from this example, there is a great potential for the anytime m-top exploration

bandit to support decision makers with complex societal challenges, such as epidemics of
infectious diseases, as presented in the previous chapter. These decisions making processes
are often guided by intricate simulation models, to evaluate a set of alternative policies
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that can be modelled as bandit arms. By formulating the decision problem as an m-
top exploration bandit problem, a learning agent can select the m policies for which it
expects the highest utility, enabling the experts to inspect this small set of alternatives.
The anytime component provides the decision makers with flexibility regarding the time
at which a decision is made. This is especially important when computationally intensive
models are used, for which it is difficult to make a trade-off between the available budget
and desired confidence.
In addition to introducing the m-top exploration problem, a new algorithm is presented

in [Jun and Nowak, 2016]: AnyTime Lower and Upper Confidence Bound (AT-LUCB).
This algorithm remains the state-of-the-art up until today. We discuss the algorithmic
details of AT-LUCB in Section 2.
While UCB algorithms, such as AT-LUCB, permit specifying tight theoretical bounds,

algorithms based on Thompson Sampling (TS) typically perform better in practice (see
Section 2.4 in Chapter 2). Furthermore, TS works for any type of reward distribution, and
permits the inclusion of any form of prior knowledge. This is important, as prior knowledge
can be specified for many practical settings, even if it is only in the form of basic common
knowledge or even intuitions, and can greatly help to improve sample-efficiency. Therefore,
we investigate the potential of TS for the m-top exploration problem, and propose the
first Bayesian algorithm for this setting: Boundary Focused Thompson Sampling (BFTS).
BFTS is a non-parametric algorithm that focuses its exploration on the problem’s decision
boundary, i.e., the mth and m + 1th arm.
We empirically compare the performance of BFTS to AT-LUCB. First, we evaluate the

set of benchmarks settings introduced in [Jun and Nowak, 2016], which consists out of
an artificial environment (i.e., a bandit with fixed-variance Gaussian reward distributions)
and a bandit that models the New York cartoon crowd sourcing task introduced earlier.
Next, motivated by the experiments introduced in Chapter 4, we introduce the pandemic
bandit, where the objective is to select the most promising prevention strategies in the
context of pandemic influenza, using scaled Gaussian reward distributions. Furthermore,
to demonstrate that BFTS has potential to be used in other complex decision domains,
we introduce the organic bandit, where we aim to maximize the prevalence of certain
insect species on farmland to support organic agriculture [Soulsby and Thomas, 2012].
We model this setting using Poisson reward distributions [Soulsby and Thomas, 2012].
This is a particularly hard problem, as for Poisson distributions the variance is equal to
the mean and subsequently there is a large variance among the top arms, complicating
the m-top exploration. We show that BFTS consistently outperforms AT-LUCB for all of
the investigated environments, with a particularly large improvement in performance on
the pandemic and organic bandit.
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In Section 6, we perform a Bayesian analysis of BFTS. While this analysis does not result
in a bound on the simple regret, it does provide additional insight in BFTS’ exploration
strategy and confirms that this strategy is well-grounded.

2 Background: AT-LUCB
AT-LUCB repeatedly invokes the fixed-confidence LUCB algorithm [Kalyanakrishnan et al.,
2012], with a decaying failure parameter, δs = δ1α

s−1, for each LUCB stage s, where δ1
and α are parameters of the AT-LUCB algorithm. At each time step t, AT-LUCB returns
the empirical m-top arms.
To provide more insight in AT-LUCB’s exploration strategy, we discuss details on AT-

LUCB’s exploration bound [Jun and Nowak, 2016]. Note that this bound was constructed
following the assumption that reward distributions are sub-Gaussian with means in the
interval [0, 1].
At each stage, LUCB depends on upper confidence bound U

(t)
k and lower confidence

bound L
(t)
k , where:

U
(t)
k (δs) = µ̂

(t)
k + κ(n(t)

k , t, δs)

L
(t)
k (δs) = µ̂

(t)
k − κ(n(t)

k , t, δs),
(5.1)

with,

κ(n(t)
k , t, δs) :=

√
1

2n(t)
k

ln
(

5
4
K · t4
δs

)
, (5.2)

where µ̂(t)
k is the empirical mean for arm ak at time t, K is the number of arms, n(t)

k is the
amount of times arm ak was pulled at time t and δs is the confidence parameter at stage s.
From this confidence bound definition, it is clear that the empirical mean is the only re-

ward distribution statistic used by AT-LUCB. We expect that such a confidence bound will
be sub-optimal with respect to reward distributions with complex higher-order statistics,
such as skewness or high variance. In Section 5, we demonstrate that this is the case in
our experiments with the organic bandit, with Poisson distributed rewards.

3 Related work
The anytime explore-m setting is a generalization of the anytime best-arm identification
setting [Bubeck et al., 2009]. As introduced earlier, this setting is related to the fixed
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confidence [Gabillon et al., 2012; Even-Dar et al., 2002; Kalyanakrishnan et al., 2012;
Karnin et al., 2013; Jamieson et al., 2014] and fixed budget [Gabillon et al., 2012; Audibert
and Bubeck, 2010; Karnin et al., 2013; Bubeck et al., 2013; Hoffman et al., 2014] explore-
m algorithms.
As we stated in Section 1, the anytime explore-m setting was only recently introduced.

To our best knowledge, the AT-LUCB algorithm remains the state-of-the-art algorithm.
In [Jun and Nowak, 2016], another algorithm called DSAR is presented in addition to AT-
LUCB. DSAR repeatedly invokes the fixed budget m-top algorithm Successive Accept and
Reject (SAR) [Bubeck et al., 2013] where the budget is doubled upon each invocation. It
is experimentally shown in [Jun and Nowak, 2016] that AT-LUCB consistently outperforms
DSAR, and DSAR is deemed unsuitable for anytime purposes due to fluctuations in its
performance (i.e., stagnation or even decrease) when the algorithm changes from one stage
to the next. We therefore did not consider the DSAR algorithm in our experiments.
Bayesian exploration methods have been used in the context of best-arm identification,

i.a., BayesGap, Top-Two Thompson sampling, Ordered statistic Thompson sampling, and
the Top-Two Expected Improvement algorithm. BayesGap is a gap-based Bayesian al-
gorithm [Hoffman et al., 2014] and requires that for each arm, a high-probability upper
and lower bound is defined on the posterior of the arms’ means at each time step t. These
bounds are used to establish a gap quantity that the algorithm attempts to minimize.
Top-Two Thompson sampling [Russo, 2016] uses a variant of TS that adds a re-sampling
step in order to increase exploration. Ordered statistic Thompson sampling [Mellor, 2014]
ranks the samples from TS and pulls any arm randomly according to a rank distribution
to add extra exploration. The Top-Two Expected Improvement algorithm enhances the
Expected Improvement algorithm, by randomizing which of the two top arms to sample
[Qin et al., 2017].

4 Boundary Focused TS
In this section, we propose our anytime m-top algorithm Boundary Focused Thompson
sampling (BFTS). The purpose of the algorithm is to recommend the top m arms at each
time step. In other words, the algorithm would perform perfectly if it recommends the
true top m arms at each time step.
Consider a stochastic multi-armed bandit for which our prior belief over the means is

given by a distribution π(.). Inspired by TS, at each time step t we sample an estimate
µ̃(t) for the means µ1..K from π(· | H(t−1)), i.e., the posterior over the means, given by
π(.) conditioned on the history of arm pulls and observed rewards H(t−1) (Definition 5).
Consequently, we order the samples that comprise µ̃(t), and use the ranking operator
(Definition 6), Ψρ(µ̃(t)), to denote the ρ ordered arm. In the case of vanilla TS [Thompson,
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1933], where the objective is to minimize cumulative regret, we would always play top arm
Ψ1(µ̃(t)). However, for the anytime m-top bandit problem, where the objective is to
return the top m arms at any time1, we need to focus the exploration on the decision
boundary, to decrease the uncertainty about arm a

(t)
m and a(t)

m+1. We focus on both sides
of the decision boundary, as in a pure exploration setting, it is equally important to gain
information about the arms with the potential to be optimal and sub-optimal.
To implement the intuition of focussing on the decision boundary, at each time step t we

play the arm ordered Ψm(µ̃(t)) or Ψm+1(µ̃(t)) with equal probability. To do this, we use a
Bernoulli experiment, as formalized in Algorithm 6. The reward r(t) of the played arm a(t)

is observed and used to update the history H(t−1). At the end of each step, we recommend
the m-top arms based on the current belief over the bandit posterior π(· | H(t−1)).

Given: π(.) and H(0) = ∅
for t = 1, . . . ,+∞ do

µ̃(t) ∼ π(· | H(t−1))
b ∼ Ber(0.5)
a(t) = Ψm+b(µ̃(t))
r(t) ← Pull arm a(t)

H(t) ← H(t−1) ∪ {a(t), r(t)}
Recommend top arms based on π(· | H(t))

end
Algorithm 6: Boundary Focused TS

An important observation with respect to BFTS is that the exploration is guided by
sampling from the posterior, while balancing between Ψm(µ̃(t)) and Ψm+1(µ̃(t)), i.e.,
our belief of the decision boundary at time t. As the posterior reflects the uncertainty
with respect to the bandit problem, sampling the mth or m+ 1th ordered arm will initially
explore all arms, when an uninformative prior is chosen. However, as the uncertainty of the
outer extreme arms is reduced, BFTS will increase its focus on the arms near the decision
boundary. In Figure 5.1, we visualize this process for a simple bandit setting (K = 6 and
m = 3) with Gaussian posteriors.
BFTS is thus convenient for real-world applications, as its belief-based exploration can be

intuitively understood and informed by its users, without the need to specify any exploration
parameters that are typically hard to choose in advance. Moreover, the anytime aspect
of BFTS removes the need to decide on the computational budget or desired confidence
before starting the analysis.

1The top m arms should be recommended, but they are not expected to be ranked.
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Figure 5.1: Posteriors for an artificial bandit (K = 6,m = 3) (gray) and BFTS’ decision
boundary with confidence bounds to demonstrate its uncertainty (red).

Furthermore, as the algorithm description shows, the exploration process only depends
on the balancing between the mth or m+ 1th ordered arm and the choice of the prior. In
Section 6 we show via a formal analysis that this exploration strategy is well-grounded.

5 Experiments
We compare the performance of BFTS to the current state-of-the-art algorithm, i.e., AT-
LUCB, and uniform sampling as a baseline. AT-LUCB operates as described in Section 2,
and we choose the same parameters as in [Jun and Nowak, 2016]. Uniform sampling
pulls at each time step t the arm that was least sampled in the previous time steps and
recommends the empirical m-top arms.
For BFTS, we recommend the m-top arms with the posterior expectation of the arms:

µk ∼ π(· | H(t))k
E [µk] .

(5.3)

The use of the posterior expectation is well-grounded in our experiments, as all priors we use
tend to a bell-shaped posterior, for which the expectation is a natural summary statistic.
To perform a fair and unbiased evaluation we commence with the experimental environ-

ments introduced in [Jun and Nowak, 2016]. Then, we propose two new environments,
i.e., the pandemic bandit and the organic bandit. Both settings consider interesting re-
ward distributions: the first setting has scaled Gaussian reward distributions for which the
variances are not known and the second setting has Poisson reward distributions.
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AT-LUCB expects sub-Gaussian reward distributions with means in the interval [0, 1].
We demonstrate experimentally, using the organic bandit environment with Poisson reward
distributions, that AT-LUCB indeed performs poorly when this assumption is not met.
The probability of success, i.e., the probability that all of the true best arms are re-

commended, does not yield a useful comparison in our experiments as the considered
environments are hard and it takes a large amount of samples to find the true m top arms
[Jun and Nowak, 2016]. Therefore, we evaluate the algorithms’ performance using two
proxy statistics instead: the sum of the means of the m top arms at time t, as introduced
in [Jun and Nowak, 2016], ∑

a∈J (t)

µa, (5.4)

and the proportion of correctly recommended arms at time t,

|J (t) ∩ J True|
m

, (5.5)

where J (t) is the set of recommended arms at time t and J True is the true set of op-
timal arms.
All of the algorithms were run 100 times for each of the stochastic bandit environments,

as such, the average of the statistics over these runs is reported. In order to justify this
number of replicates, all figures include the variance of the reported statistic, which is
visualized using a lighter bound around the mean curve. In every run, each algorithm was
allowed to consume 15×104 samples (i.e., arm pulls), a sufficient amount to discern a clear
learning curve. Note that for BFTS and uniform sampling only one sample per time step
is obtained, while for AT-LUCB two samples per time step are used. Therefore, all figures
report their results in terms of the number of samples, to allow for a fair comparison.
For all BFTS experiments we consistently use Jeffreys’ priors. Such priors are considered

non-informative and objective, such that when data is observed, the posteriors are not
influenced by the prior’s hyper-parameters [Jaynes, 1968].

5.1 Gaussian bandit with fixed variance
The first set of benchmark environments introduced in [Jun and Nowak, 2016] concerns
Gaussian reward distributions with fixed variance σ2 = 0.25 and means in the interval
[0, 1]. The environment defines a bandit with 1000 arms.
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The benchmark includes two instances, one where the gap between means is increased
linearly (Equation 5.6) and one where the gap is increased polynomially (Equation 5.7).

∀k : µk = .9
( n− i
n− 1

)
(5.6)

µ1 = .9,∀k ≥ 2 : µk = .9(1−
√
i/n) (5.7)

In this environment, as each arm ak has a reward distribution N (µ, σ2) with known
variance, we have a conjugate prior for the mean that is Gaussian with hyper-parameters
µ0 and σ2

0 . As the means are in [0, 1], we choose this Gaussian prior to be truncated on
said interval. We consider σ2

0 → ∞, which results in a uniform prior over µ:

lim
σ0→+∞

N[0,1](µ | µ0, σ
2
0). (5.8)

To evaluate this limit, we consider that a truncated normal distribution can be expressed
in terms of its probability density function g(µ):

N[0,1](µ | µ0, σ
2
0) = g(µ)∫ 1

−∞ g(µ′)dµ′ −
∫ 0
−∞ g(µ′)dµ′

= g(µ)∫ 1
0 g(µ′)dµ′

(1)=
exp

(
− (µ−µ0)2

2σ02

)
∫ 1

0 exp
(
− (µ′−µ0)2

2σ02

)
dµ′

(2)= 1
exp

(
(µ−µ0)2

2σ2
0

) ∫ 1
0 exp

(
− (µ′−µ0)2

2σ02

)
dµ′

(3)= 1∫ 1
0 exp

(
(µ−µ0)2

2σ2
0

)
exp

(
− (µ′−µ0)2

2σ02

)
dµ′

= 1∫ 1
0 exp

(
(µ−µ0)2

2σ2
0
− (µ′−µ0)2

2σ2
0

)
dµ′

(5.9)

First (1), we fill in the probability density function for g(x) and resolve the constant
1√

2πσ2
0
in the nominator and denominator. Next (2), we move the exponential in the

nominator to the denominator. Finally, (3) we move the constant inside of the integral.
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Based on this derivation, we can solve the limit:

lim
σ0→+∞

N[0,1](µ | µ0, σ
2
0) = lim

σ0→+∞

1∫ 1
0 exp

(
(µ−µ0)2−(µ′−µ0)2

2σ2
0

)
dµ′

= 1
(5.10)

This uniform prior corresponds to the Jeffreys prior [Robert, 2007].
Considering the non-truncated Gaussian posterior:

µ ∼ N
(
σ2

n

(
µ0

σ2
0

+
∑n
i=1 ri
σ2

)
,

(
1
σ2

0
+ n

σ2

))
, (5.11)

and the rewards r = 〈r1, ..., rn〉 we have the truncated Gaussian posterior:

µ ∼ N[0,1](µn, σ2
n), (5.12)

with,

µn = lim
σ0→+∞

σ2

n

(
µ0

σ2
0

+
∑n
i=1 ri
σ2

)
=
∑n
i=1 ri
n

σ2
n = lim

σ0→+∞

(
1
σ2

0
+ n

σ2

)
= σ2

n
,

. (5.13)

The expectation of the posterior over µ, that is required for recommending the m top
arms, is the mean of the truncated Gaussian in Equation 5.12.
As in [Jun and Nowak, 2016], we perform the experiment with m = 10 and m = 50, for

both the linear and polynomial environment. We present the results for the linear bandit
in Figure 2 (m = 10) and Figure 4 (m = 50). We present the results for the polynomial
bandit in Figure 3 (m = 10) and Figure 5 (m = 50). In general, BFTS needs a short
burn-in period to meet AT-LUCB’s performance for both statistics, but then consistently
outperforms AT-LUCB, most apparently with respect to the proportion of success’ learning
curve. On the one hand, for the linear Gaussian environment with m = 10, it takes BFTS
the most time to meet AT-LUCB’s performance. On the other hand, for the linear bandit
with m = 50, BFTS takes the least iterations to meet the performance of AT-LUCB.

5.2 Cartoon caption bandit
The second benchmark environment introduced in [Jun and Nowak, 2016] concerns the
New York cartoon caption contest we described in Section 1. This benchmark simulates
the caption contest by setting up a bandit with 496 arms, where each arm follows a
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Figure 5.2: Results for the linear Gaussian benchmark with fixed variance (m = 10).

Figure 5.3: Results for the polynomial Gaussian benchmark with fixed variance (m = 10).

Figure 5.4: Results for the linear Gaussian benchmark with fixed variance (m = 50).
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Figure 5.5: Results for the polynomial Gaussian benchmark with fixed variance (m = 50).

categorical distribution Catc(p) on three categories c = [0, 0.5, 1]. The distribution is
parametrized with an event probability vector p. For each arm, p is determined using
maximum likelihood estimation on the dataset used in [Jun and Nowak, 2016].
For a categorical distribution Catc(p), the conjugate prior is a Dirichlet distribution
Dirc(α0) with prior parameter α0. Given rewards r = 〈r1, ..., rn〉, we have posterior

µ ∼ c · Dirc(α0 + f) (5.14)

where f is a vector of frequencies at which the categories occur in r. Note that this is a
proper posterior if all elements in α0 are greater than zero. For the experiment we use
an uninformative Jeffreys prior α0 = 〈.5, .5, .5〉 [Tuyl, 2017]. We report the expectation
over µ with respect to the Dirichlet posterior:

E
[
c · Dirc(α0 + f)

]
. (5.15)

As in [Jun and Nowak, 2016], we run the caption contest bandit experiment for m = 50.
We present the results for this experiment in Figure 5.6. BFTS needs a short burn-in
to meet AT-LUCB’s performance for both statistics, but then consistently outperforms
AT-LUCB, most significantly with respect to the proportion of success’ learning curve.

5.3 Pandemic bandit
In Chapter 4, we used best-arm identification to perform the evaluation of preventive
strategies with the objective to curb epidemics (e.g., school closures, vaccine allocation).
As a reminder to the reader, in this setting, we have a bandit where each arm corresponds
to a prevention strategy, and when the arm is pulled, this policy is evaluated using a
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Figure 5.6: Results for the cartoon caption benchmark

stochastic simulator. When the arm is pulled, the outcome of the simulator is returned
as reward. This implies that the arm’s reward distribution corresponds to the outcome
distribution of the policy that is associated with that arm. As we established in Chapter 4,
this outcome distribution is Gaussian and the means are distributed in a sub-interval of
[0, 1]. The range of this sub-interval is unknown, as it depends on the simulated scenario.
Additionally, we know that the variance of the outcome distribution differs per prevention
strategy and is unknown.
Generalizing the experiments that we introduced in Chapter 4, i.e., we set up a new

benchmark, which we denote the pandemic bandit environment, where the means and
variances are uniformly sampled from respectively U(0.3, 0.4) and U(1.06·10−6, 3.6·10−2).
The environment defines a bandit with 1000 arms.
As each arm has a Gaussian reward distribution with unknown variance, we assume

an uninformative Jeffreys prior (σ)−3 on (µ, σ2) [Honda and Takemura, 2014]. Given
rewards r = 〈r1, ..., rn〉, this prior leads to the non-standardized t-distributed posterior. We
truncate this prior on [0, 1], given that we know that the arms’ means are in this interval:

µ ∼ Tn,[0,1]

(
µn = µ̂, σ2

n =
∑n
i=1(ri − µ̂)2

n2

)
. (5.16)

This posterior needs to be initialized two times for it to be proper. The expectation of
the posterior over µ is derived in the Appendix 7.
We present the results for the pandemic bandit for m = 10, in Figure 5.7. The BFTS

algorithm needs two rounds of initialization per arm, but after this initialization phase, its
performance surpasses AT-LUCB quickly.
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Figure 5.7: Results for the pandemic bandit benchmark

5.4 Organic bandit
Finally, we present a benchmark environment motivated by a research question that stems
from organic agriculture, i.e., to investigate strategies that maximize the prevalence of
certain insect species on farmland [Soulsby and Thomas, 2012],
As this prevalence distribution follows a Poisson distribution [Soulsby and Thomas, 2012],

we construct a benchmark environment with Poisson reward distributions. We increase
the means linearly:

µk = µmin + k · (µmax − µmin)
K − 1 , (5.17)

for µmin = 0.5 and µmax = 5. The environment defines a bandit with 1000 arms.
As mentioned in the Section 1, this is a particularly challenging benchmark, as for a

Poisson distribution, the variance equals the mean, which complicates the m-top explor-
ation process.
For a Poisson distribution, the conjugate Jeffreys prior is a gamma distribution [Lunn

et al., 2012]:

Gamma(α0 = 0.5, β0 = 0). (5.18)

Given rewards r = 〈r1, ..., rn〉, this leads to posterior

µ ∼ Gamma(α0 +
n∑
i=1

ri, β0 + n). (5.19)

As β0 = 0, this posterior needs to be initialized one time for it be proper.
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Figure 5.8: Results for the organic bandit benchmark

We present the results for the organic bandit for m = 10, in Figure 5.8. It is clear that
AT-LUCB’s performance grows very slowly and is similar to random sampling, while BFTS
exhibits a much steeper learning curve. We further discuss these results in Section 11.

5.5 Overall performance of BFTS
In our experiments, BFTS consistently outperforms AT-LUCB, for all reported statistics.
We do identify that BFTS needs an initialization period to meet AT-LUCB’s performance,
but we do not deem the lower performance during the first iterations of the algorithm prob-
lematic, as at these times both algorithms perform poorly and a fair amount of exploration
is required to improve this.
Interestingly, BFTS also exhibits a significant performance improvement compared to

AT-LUCB for the new settings we introduce. These additional experiments show that
AT-LUCB struggles with the organic bandit, while BFTS performs much better. This
demonstrates that BFTS has a great potential to be used with reward distributions that
are not sub-Gaussian and non-symmetric. This is an important result, as we are unaware
of any algorithms able to solve such problems efficiently.
BFTS outperforms AT-LUCB for both of the reported statistics. For the sum of means,

a proxy for the simple regret, the difference is most evident during the earlier time steps
of the experiments, as the difference in performance becomes less clear when the sum
of means for both BFTS and AT-LUCB converge to a similar value. Supported by this
observation, we argue that the number of correctly recommend arms (i.e., proportion of
success) is a better proxy for the probability of success, i.e., the quantity that we actually
attempt to optimize. Given this statistic, it is immediately clear how many mistakes an
algorithm makes at a certain time, and BFTS’ superior performance is even more evident.
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6 Bayesian analysis of BFTS
In this section, we perform a Bayesian analysis of BFTS. We identify two heuristics that
underlie BFTS’s exploration strategy and relate these heuristics to the probability of error.
We then experimentally demonstrate that these heuristics hold for all of the environments
we consider in Section 5. While this analysis does not result in a bound on the probability
of error, it provides a motivation for BFTS’s exploration strategy.
In this Bayesian framework, we reason about the full distribution over bandits.

Consequently, the actual means µ are unknown, and we assert our belief over µ, given
a posterior (Definition 5):

π(· | H(t−1)), (5.20)

i.e., the prior belief over the means π(.) conditioned on the observed history

H(t−1) =
{
a(i), r(i)

}t−1

i=1
(5.21)

at time t.
We remind the reader that we defined Ψρ(.) to be the ρ ordered arm (Definition 6). We

introduce the random variables Aπρ as the ρ-ranked arms according to the prior belief, and
ATSρ as the ρ-ranked arm according to TS:

Aπρ = Ψρ(µ)
ATSρ = Ψρ(µ̃(t))

(5.22)

TS is a probability matching algorithm (Definition 5.23) [Agrawal and Goyal, 2012; Russo
and Van Roy, 2016] and therefore it samples directly from the belief asserted in Equa-
tion 5.20.

Definition 20: Probability matching

Thompson sampling is a probability matching algorithm:

P (ATSρ = · | H(t−1)) = P (Aπρ = · | H(t−1)) (5.23)

We introduce ρ+ ∈ [1..m] and ρ− ∈ [m + 1..K]. Using this notation, we can express
the true optimal arm set J ∗ and recommended arm set J TS as:

J ∗ = {Aπρ+ | ∀ρ+}
J TS = {ATSρ+ | ∀ρ+},

(5.24)
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we refer to J ∗ as the complement of J ∗, i.e., the set of all arms excluding J ∗. Note
that, both J ∗ and J TS are random variables, as they are expressed as a union of ran-
dom variables. Given this framework, we identify two heuristics that underlie BFTS’
sampling strategy.
For the remainder of this Section, we use Pt(.) to denote a probability that is conditioned

on the observed history H(t−1) at time t:

Pt(.) = P (. | H(t−1)) (5.25)

Heuristic 1

The expectation that BFTS wrongly ranks an arm that is believed to be optimal,
is bounded by the probability that BFTS wrongly ranks the arm on the sub-optimal
side of the decision boundary:

E
ρ−

[Pt(ATSρ− ∈ J
∗)] ≤ Pt(ATSm+1 ∈ J ∗) (5.26)

Given this inequality, we expect that sampling the m+1-th arm will reduce

E
ρ−

[Pt(ATSρ− ∈ J
∗)]. (5.27)

Heuristic 2

The expectation that BFTS wrongly ranks an arm that is believed to be sub-optimal,
is bounded by the probability that BFTS wrongly ranks the arm on the optimal side
of the decision boundary.

E
ρ+

[Pt(ATSρ+ ∈ J ∗)] ≤ Pt(ATSm ∈ J ∗) (5.28)

Given this inequality, we expect that sampling the m-th arm will reduce

E
ρ+

[Pt(ATSρ+ ∈ J ∗)]. (5.29)

These heuristics stem from the fact that it is counter-intuitive for TS to often order an
arm as optimal when it is believed to be sub-optimal. However, due to the stochastic
nature of both the bandit and TS, it is possible to end up with a posterior for which
the heuristics do not hold. Notwithstanding, we argue that, given the intuition behind
probability matching, such events become unlikely when reasonable priors are chosen and
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BFTS’ exploration strategy is followed. We show this empirically in Section 6.1 for a
diverse set of environments and their corresponding posteriors.
Given these heuristics, we expect that sampling ATSm+1 decreases Pt(ATSm+1 ∈ J ∗) and,

as a consequence, the expectation Eρ− [Pt(ATSρ− ∈ J
∗)]. Equivalently, the second heuristic

expresses that sampling ATSm decreases Pt(ATSm ∈ J ∗) and, as a consequence, the expect-
ation Eρ+ [Pt(ATSρ+ ∈ J ∗)]. We now show how the expectations in the heuristics relate to
the probability of error. As such, given the heuristics, we can bound the probability of error
with respect to both sides of the decision boundary (i.e., ATSm+1 and ATSm ), demonstrating
that BFTS’ exploration strategy is well-grounded.
First, we derive the bound in terms of ATSm+1:

Pt
(
J ∗ 6= J TS

)
= Pt

∨
ρ−

ATSρ− ∈ J
∗


≤
∑
ρ−

Pt

(
ATSρ− ∈ J

∗
)

=

∑
ρ− Pt

(
ATSρ− ∈ J

∗
)
· (K −m)

(K −m)

= E
ρ−

[
Pt

(
ATSρ− ∈ J

∗
) ]
· (K −m)

(H1)
≤ Pt

(
ATSm+1 ∈ J ∗

)
· (K −m)

(5.30)

In the first step, we express the probability of error in terms of the arms that are ranked
as sub-optimal by TS. In the second step, we apply a union bound. In the third and
fourth step, we transform the sum to an expected value. In the final step, we apply
Heuristic 1 (H1).
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Following analogous arguments, we derive the bound in terms of ATSm :

Pt
(
J ∗ 6= J TS

)
= Pt

∨
ρ+

ATSρ+ ∈ J ∗


≤
∑
ρ+

Pt
(
ATSρ+ ∈ J ∗

)

=

∑
ρ+ Pt

(
ATSρ+ ∈ J ∗

)
·m

m

= E
ρ+

[
Pt
(
ATSρ+ ∈ J ∗

) ]
·m

(H2)
≤ Pt

(
ATSm ∈ J ∗

)
·m

(5.31)

In the first step, we express the probability of error in terms of the arms that are ranked as
optimal by TS. In the second step, we apply a union bound. In the third and fourth step,
we transform the sum to an expected value. In the final step, we apply Heuristic 2 (H2).
These insights motivate a uniform selection of the two arms on both sides of the decision

boundary, as is reflected in BFTS (see Algorithm 6).
The BFTS algorithm is constructed such that its sampling strategy is completely inde-

pendent of its recommendation strategy. Likewise, in this analysis, we consider the belief
that BFTS maintains over the problem, in terms of the random variable J TS (Equa-
tion 5.24), rather than the statistic that is used to make recommendations (e.g., the
mean of the posterior in our experiments). This observation shows that our analysis is
independent from the statistic used to make recommendations with BFTS.
When inspecting other algorithms for the m-top setting, we observe that the decision

boundary between the mth and m+ 1th arms also plays an important role. For example,
the frequentist algorithm AT-LUCB samples two arms each step; the one with the smallest
lower-bound among the top m arms, and the one with the greatest upper-bound among
the rest. This is analogous to choosing the optimal and sub-optimal arms that are closest
to the decision boundary.

6.1 Empirical validation of the heuristics
To experimentally validate Heuristic 1 and Heuristic 2 we express the inequalities in terms
of sums over all arms.
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For Heuristic 1, we have on the left-hand side:

Pt(ATSρ− ∈ J
∗) (I)=

K∑
a

Pt(ATSρ− = a)Pt(a ∈ J ∗)

(PM)=
K∑
a

Pt(Aπρ− = a)Pt(a ∈ J ∗),

(5.32)

and on the right-hand side:

Pt(ATSm+1 ∈ J ∗)
(I)=

K∑
a

Pt(ATSm+1 = a)Pt(a ∈ J ∗)

(PM)=
K∑
a

Pt(Aπm+1 = a)Pt(a ∈ J ∗),

(5.33)

where we rely on the independence of BFTS rankings with respect to the optimal set (I),
and probability matching (PM, Equation 5.23).
For Heuristic 2, following analogous arguments, we have:

Pt(ATSρ+ ∈ J ∗) =
K∑
a

Pt(Aπρ+ = a)Pt(a ∈ J ∗)

Pt(ATSm ∈ J ∗) =
K∑
a

Pt(Aπm = a)Pt(a ∈ J ∗)

(5.34)

All ranking probabilities in Equations 5.32 to 5.34 are in terms of the belief over the
means. Therefore, these ranking probabilities can be estimated at each step of BFTS by
obtaining a set of samples from the posterior. Each element in this set represents a sample
from our belief over the means, and by ordering the entries in this sample, we obtain a
ranking. By doing this over all samples in the set, we obtain a frequency distribution
over rankings.
Given that both heuristics consider an expected value in terms of K on the left-hand

side and that the equations above denote a sum over all arms, estimating the heuristics
experimentally has a computational complexity that is quadratic in K. Therefore, in our
experiments, we use bandit environments with K = 100 and m = 5, instead of the 1000-
armed bandit environments that were covered in Section 5. We evaluate the heuristics for
the same environments as in Section 5. For each environment, we run 100 BFTS replicates
for 3 · 104 time steps. As we show in the Appendix 8, these experiments also demonstrate
a clear learning curve. While running BFTS, we compute the probabilities that make up
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the heuristics at every 100-th time step. Consequently, for each heuristic a total of 3 · 104

samples were collected per environment.
Our experiments show that for the two Gaussian environments with fixed variance (i.e.,

linear and polynomial) both heuristics hold for all measurements. For the epidemic bandit,
Heuristic 1 holds for all measurements. For Heuristic 2, we recorded 9 failures (= 0.03%),
of which most (8 out of 9) occurred during the initial time steps (t ≤ 2000) of BFTS. For
the organic bandit, Heuristic 1 holds for all measurements. For Heuristic 2, we recorded
46 failures (< 0.154%), of which most (40 out of 46) occurred during the initial time
steps (t ≤ 2000) of BFTS. For the cartoon caption bandit, Heuristic 1 holds for all
measurements. For Heuristic 2, we recorded 139 failures (< 0.467%), of which most (111
out of 139) occurred during the initial time steps (t ≤ 2000) of BFTS.
These results show that failures are rare. We also observe that failures mostly occur

during the earlier time steps of BFTS’ execution. This can be explained by the fact that
the posteriors have not yet converged to a symmetric bell shape at this time. We would
indeed expect to see less failures when the posteriors are bell-shaped, and this intuition is
supported by the experiments with Gaussian posteriors.
Furthermore, as Heuristic 2 is to be interpreted as a zero-bounded difference in prob-

abilities:

E
ρ+

[Pt(ATSρ+ ∈ J ∗)]− Pt(ATSm ∈ J ∗) ≤ 0, (5.35)

we note that all failures are caused by differences that are close to zero. Moreover, we
observe that the general trend (i.e., the mean over the trajectories) is well below the
zero-bound, as shown in Figure 5.9. These results indicate that the heuristics hold in
expectation.

7 Discussion
In this chapter we introduce BFTS, a new algorithm for the anytime explore-m problem.
We show that BFTS’ exploration strategy is well-grounded using a formal Bayesian ana-
lysis. We empirically show that BFTS consistently outperforms the current state-of-the-art
algorithm AT-LUCB, in a variety of experimental settings, even when uninformative priors
are used (i.e., Gaussian with fixed and unknown variance, Categorical and Poisson reward
distributions).
BFTS is a Bayesian algorithm, which means that prior knowledge with respect to the

problem can be easily incorporated. This is important, as for many real world problems
such information is available, e.g., the cartoon caption contest [Jamieson et al., 2015],
epidemic decision problems and settings with correlated arms [Hoffman et al., 2014].
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Figure 5.9: Trajectories of probability differences (Equation 5.35) over time for Heuristic 2
(traces: light blue lines, mean: thick blue line) for three environments: Categorical (top
panel), scaled Gaussian (bottom left) and Poisson (bottom right).
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7. DISCUSSION

As expected from its assumptions imposed on the reward distribution, AT-LUCB performs
poorly in non sub-Gaussian settings, as we experimentally confirm in Section 5. This can
be explained by the symmetric bound used by AT-LUCB (see Section 2), which will make
bandit problems with a highly skewed reward distribution (e.g., Poisson) hard to solve.
From our Bayesian analysis, it is clear that BFTS is not bound by such restrictions, and
only relies on two heuristics, for which we argue that they are sensible in the context of
probability matching when reasonable priors are chosen. This is an interesting observation
that moves the assumption away from the reward distribution, which is inherently problem-
specific. Instead, the assumption is placed on the posterior distribution, which represents
the belief over the bandit’s arms’ means. While reward distributions are static, posteriors
evolve when rewards are observed, and due to the central limit theorem, we expect that any
specified prior over means will eventually tend towards a Gaussian [Billingsley, 2008]. This
is important, as we expect both of the heuristics to hold well for bell-shaped posteriors,
which was empirically supported through our experiments in Section 6.
While we performed a Bayesian analysis that provides important insights in BFTS’

sampling strategy, a bound on the probability of error still needs to be established. We want
to assert that, to our best knowledge, no such proofs have been established with respect to
TS in the context of pure exploration. Even for vanilla TS, it took almost 80 years to come
up with a tight bound on cumulative regret [Thompson, 1933; Agrawal and Goyal, 2012].
For future work, we acknowledge that additional efforts on theoretical guarantees are

warranted, and we believe the heuristics proposed in Section 6 could provide a potential
starting point, when additional constraints are imposed.
Moreover, we are in progress of evaluating a variant of BFTS, which we call δ-BFTS.
δ-BFTS is a relaxed version of BFTS, where the mth or m+ 1th ordered arm are still
played with high probability, but with probability δ we uniformly choose a different arm.
Our initial experimental analysis indicates that for small δ, the performance of δ-BFTS is
similar to the performance of BFTS. Yet, by adding this additional exploration, we believe
it to be possible to prove that the probability of error decays exponentially, and we are in
the progress of pursuing this direction.
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6 | Spatial model for
pandemic influenza

The purpose of models is not to fit the data but to
sharpen the questions.

Samuel Karlin

We introduce a new spatial epidemiological model in the context of pandemic influenza,
that we aim to use in combination with reinforcement learning, to investigate preventive
strategies. We construct a meta-population model, with a set of connected patches, where
each patch corresponds to one of the administrative regions in Great Britain. To define
the model, we describe the model internals of the patches and express the mobility model
that connects the different patches. Finally, we conduct experiments to validate our new
model, and discuss the model’s computational complexity and performance.
The work presented in this chapter was conducted in collaboration with Prof. Dr. Niel

Hens (UHasselt), Prof. Dr. Ann Nowé (Vrije Universiteit Brussel), Prof. Dr. Philippe
Lemey (KU Leuven), Arno Moonens (Vrije Universiteit Brussel), Timothy Verstraeten
(Vrije Universiteit Brussel). A manuscript to report the results presented in this and
the next chapter was accepted at the 2020 Adaptive and Learning Agents Workshop
at AAMAS.
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CHAPTER 6. SPATIAL MODEL FOR PANDEMIC INFLUENZA

1 Rationale and objectives
In this chapter, we set out the goal to build a realistic spatial epidemiological model with
a focus on pandemic pathogens (e.g., pandemic influenza). We aim to use this model to
learn adaptive preventive strategies using reinforcement learning, where our epidemiolo-
gical model will act as the reinforcement learning environment. As the state-of-the-art of
reinforcement learning techniques require many interactions with the environment in order
to converge, an important objective is to construct a realistic model that still has a favour-
able computational performance [Yu, 2018]. To this end, we construct a meta-population
model that consists out of a set of interconnected patches. Each patch corresponds to an
administrative region in Great Britain and is internally represented by an age-dependent
stochastic SEIR model. Great Britain consists out of three countries with the following
administrative regions: 325 districts in England1, 22 unitary authorities in Wales2 and 32
council areas in Scotland3 (see Figure 6.1).
Our choice for the age-dependent SEIR model is well grounded, as many preventive

strategies are impacted by the age structure of the population, e.g., school closure and
vaccine allocation [Eames et al., 2012; Medlock and Galvani, 2009]. The simulation is
initialized by seeding a set of patches. In an uninfected patch, the infection process starts
when the cumulative infectious potential of the surrounding infected patches reaches a
stochastic threshold. Once a patch becomes infected, the infection process within this
patch evolves independently of the rest of the system. In turn, this newly infected patch
will contribute to the cumulative infectious potential of the other patches in the model.
The model’s patches, that correspond to administrative regions in Great Britain, represent

important urban and rural geographic areas and therefore present a realistic scale to model
the mixing of children and adults within a compartment model. On the one hand, the
size of these regions enables us to learn fine-grained preventive strategies. On the other
hand, these regions are on an appropriate level that the outcome will still be interpretable
to policy makers.
To validate that our model meets the predetermined goals, we conduct two experiments.

Firstly, we compare the model to a SEIR compartment model that uses the same contact
matrix and age structure. Secondly, we show that our model is able to reproduce the
trends that were observed during the 2009 influenza pandemic.

1https://en.wikipedia.org/wiki/Districts_of_England
2https://en.wikipedia.org/wiki/Districts_of_Wales
3https://en.wikipedia.org/wiki/Subdivisions_of_Scotland
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1. RATIONALE AND OBJECTIVES

Figure 6.1: Great Britain and its three countries: England (mint-green), Wales (grey) and
Scotland (lime-green). The thin black lines depict the border of the countries’ adminis-
trative regions.
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2 Related work
Meta-population models are used to investigate epidemics in a spatially structured host
population. As detailed in Chapter 3, these models make it possible to balance the tradeoff
of model resolution and the amount of computation that is required. Meta-population
models are used to study many different pathogens, e.g., Ebola virus [D’Silva and Eisen-
berg, 2017], arboviruses such as Dengue virus [Marini et al., 2019], HIV [Coffee et al.,
2007], and influenza [Klepac et al., 2018; De Luca et al., 2018].
For influenza, transmission models have been used to investigate the effect of school

closures on an emerging pandemic [Merler et al., 2011; Apolloni et al., 2013; Fumanelli
et al., 2016; Ciavarella et al., 2016; Eames et al., 2012].
Several model-assisted studies were performed to assess the quality of school closure

policies [Fumanelli et al., 2016; Germann et al., 2019]. In this and the next chapter, it is
our objective to study school closure policies using reinforcement learning, to investigate
whether there are dynamic policies that can improve state-of-the-art policies with respect
to their performance and flexibility. To our best knowledge, both this research question
and the methodology that we use to address it is novel.
As recent work has shown that school closure decisions are best taken on a city or county

level [Germann et al., 2019], we investigate school closure on the level of Great Britain’s
administrative regions. Therefore, in this chapter, we present a new model with two major
objectives: the model should be able to realistically model school closures in a geospatial
context and the model should be computationally efficient such that it can be used in
combination with reinforcement learning algorithms. To allow for an efficient model we
construct a patch-based meta-population model, which is inspired by the patch-based
metapopulation model introduced by Klepac et al. [2018], where we use Poison processes
and stochastic differential equations to introduce stochasticity. To model school closures
realistically, for each patch, we use the age-dependent SEIR model Eames et al. [2012],
that uses calibrated contact matrices based on a contact survey conducted in Great Britain.

3 Intra-patch age-dependent SEIR model
We consider a stochastic SEIR compartment model [Anderson and May, 1992], from which
we sample trajectories. A SEIR model divides the population in a susceptible, exposed,
infected and recovered compartment (see Section 1.2 in Chapter 3). More specifically, we
consider an age-dependent SEIR model with a set of n disjoint age groups [Eames et al.,
2012; Fumanelli et al., 2012]. This model is formally described by this system of ordinary
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3. INTRA-PATCH AGE-DEPENDENT SEIR MODEL

differential equations (ODEs), defined for each age group i:

Ṡi(t) = −φi(t)Si(t)
Ėi(t) = φi(t)Si(t)− ζEi(t)
İi(t) = ζEi(t)− γIi(t)
Ṙi(t) = γIi(t).

(6.1)

Every susceptible individual in age group i is subject to an age-specific and time-dependent
force of infection:

φi(t) =
n∑
j=0

βMij(t)
Ij(t)
Nj(t)

, (6.2)

which depends on:

• The probability of transmission β when a contact occurs.
• The average frequency Mij(t) of contacts that an individual in age group i has with
an individual in age group j [Fung et al., 2015]. Note that the matrix Mij(t) is
time-dependent, in order to enable the modelling of school closures. We discuss
how this contact matrix M is established in Section 3.1. Following [Eames et al.,
2012], we consider conversational contacts, i.e., contacts for which physical touch
is not required.

• The frequency that contacts with infected individuals (in age group j) occur: Ij(t)/Nj(t)

Once exposed, individuals move to the infected state according to the latency rate ζ.
Individuals recover from infection (i.e., get better or die) at a recovery rate γ.
We omit vital dynamics (i.e., births and deaths that are not caused by the epidemic)

in this SEIR model, as the epidemic’s time scale is short and we therefore assume that
births and deaths will have a limited influence on the epidemic process [Towers and Feng,
2012]. Therefore, at any time:

Ni(t) = Si(t) + Ei(t) + Ii(t) +Ri(t), (6.3)

where Ni is initialized based on age-specific census data (see section 3.2).

3.1 Contact matrix
Our objective is to evaluate the effectiveness of social distancing interventions, more spe-
cifically school closures. For this reason, we use the United Kingdom contact matrices
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presented in [Eames et al., 2012]. This study reports contact matrices for both conversa-
tional contacts and physical contacts. For each of these contact types a contact matrix,
representative for school term and school holiday, is available. These contact matrices are
the result of an internet-based social contact survey completed by a cohort of participants
[Eames et al., 2012].
The contact matrices encode four age groups: children (0-4 years), adolescents (5-18

years), adults (19-64 years) and elderly (65 years and older).
The original contact matrices, as obtained from the survey report, i.e., Cij , denote the

average number of people in age group j met each day by a person in age group i. While
in theory, we would expect this matrix to be reciprocal, in practice this will not necessarily
be the case due to differences in reporting between the different age groups. We correct
the contact matrices to compensate for this effect and explain this process in the next
sub-section.

Contact matrix reciprocity

A contact matrix is reciprocal when for each tuple of age groups (i, j), the total number of
contacts between individuals of age group i with individuals of age group j is equal to the
total number of contacts between individuals of age group j with individuals of age group
i [Wallinga et al., 2006]. Therefore, for any reciprocal contact matrix M we must have:

NiMij = NjMji (6.4)

When we have a contact matrix Cij that was obtained from a survey, it typically will
not be fully reciprocal. In order to use the contact matrix in an epidemiological model,
we therefore need to transform it into a reciprocal matrix [Eames et al., 2012; Fung
et al., 2015].
Our aim is thus to find a reciprocal approximation M of the survey contact matrix C.

For each entry Mij , we have two error terms we want to minimize:

NiMij −NiCij
NiMij −NjCji

(6.5)

When formulating this as a least squares problem, our objective is to minimize the following
sum of squared residuals with respect to Mij :

∆ij = (NiMij −NiCij)2 + (NiMij −NjCji)2, (6.6)
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3. INTRA-PATCH AGE-DEPENDENT SEIR MODEL

of which the derivative is:
d∆ij

dMij
= 2Ni(NiMij −NiCij) + 2Ni(NiMij −NjCji)

= 2Ni (2NiMij −NiCij −NjCji) ,
(6.7)

The optimum has a derivative that is equal to 0:

0 = 2NiMij −NiCij −NjCji, (6.8)

from which we obtain this transformation expression that minimizes the error terms spe-
cified in Equation 6.5:

Mij = NiCij +NjCji
2Ni

. (6.9)

Note that Mij is reciprocal:

NiMij = NjMji = NiCij +NjCji
2 (6.10)

The expression in Equation 6.10 is also used in [Eames et al., 2012; Fung et al., 2015],
although in these works no source or derivation of the expression was given.

3.2 Census data
Each compartment model is representative of one of the districts defined in Section 1, and
as such the compartment model is parametrised with the census data of the respective
district, i.e., population counts stratified by age groups. We use the 2011 United Kingdom
census data made available by NOMIS4. This dataset contains census data for all of the
considered districts for the following age groups: 0-4, 5-7, 8-9, 10-14, 15, 16-17, 18-19,
20-24, 25-29, 30-44, 45-59,60-64,65-74,75-84,85-89, 90-90+.
To be compatible with our model, we need to map this census data to the age structure

imposed by the Eames contact matrix (see Section 3.1): i.e., 0-4 years (children), 5-18
years (adolescents), 19-64 years (adults), 65-90+ years (elderly). To define this mapping,
we will refer to the number of individuals with the symbol N , subscripted with the dataset
type (i.e., NOMIS or Eames) and the age group.
For the age group 0-4 and 65-90+ we have a direct mapping:

NEames,Children = NNOMIS,0-4

NEames,Elderly = NNOMIS,65-90+
(6.11)

4https://www.nomisweb.co.uk

137

https://www.nomisweb.co.uk
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However, as for the contact matrix the adolescents and adults are split between age 18
and 19, and for the census data these 2 age groups are aggregated, we need to make a
custom mapping. We will aggregate all shared age groups and divide the common age
group in two:

NEames,Adolescents = NNOMIS,5-17 +
⌈
NNOMIS,18-19

2

⌉
NEames,Adults =

⌈
NNOMIS,18-19

2

⌉
+NNOMIS,20-64

(6.12)

When restructuring the census data according to the Eames age groups, we observe clear
trends over the districts with respect to the proportion of children, adolescents, adults
and elderly, as shown in Figure 6.2. However, the histograms in Figure 6.2 only show
the marginalized distribution per age group. To reason about the distribution over all age
groups, consider that we have a proportion of each of the age groups, and we thus can
represent this data as a positive simplex [Aitchison, 1983], as defined in Equation 21.

Definition 21: Unit simplex

A unit simplex [Aitchison and Pawlowsky-Glahn, 1997], with D components, corres-
ponds to the set:

SD = {〈x1, ..., xD〉 | ∀xi : xi > 0,
D∑
i=1

xi = 1}. (6.13)

This representation enables us to reason about this data in a statistical framework, as we
will do in the next chapter, and to visualize the four-dimensional data in a three-dimensional
space by using the Barycentric coordinate system, as shown in Figure 6.3. Figure 6.3 shows
that the census distribution exhibits a dense region with a limited number of outliers.
Note that we use the 2011 census dataset, rather than the more recent 2018 census

dataset, to be fully compatible with the mobility dataset used to inform our between-
patch transition model (see Section 4).
For each district, the base contact matrix is corrected to make it reciprocal (see Sec-

tion 3.1), using that district’s census data.
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Figure 6.2: Histograms of the census proportions in the districts of Great Britain, according
to Eames’ age structure.
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Figure 6.3: Barycentric projection of the census proportions in the districts of Great Britain,
according to Eames’ age structure. Each scatter point corresponds to one district, and
each axis corresponds to the proportion of the age groups it connects. The left panel
shows the original census pyramid, and the right panel zooms in on the point cloud.
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3.3 Parametrising the model with R0

In influenza modelling literature, it is common to parametrise the model in terms of a
specific R0 value. We will now introduce an equation that enables us to compute the
transmission probability β for a given R0 value.
To this end, we need to determine the next-generation matrix, which summarizes the

number of secondary infections between age groups [Vynnycky and White, 2010], and
determine the spectral radius of this matrix (see Definition 22).
Following Diekmann et al. [2009] and Eames et al. [2012], we construct the next-

generation matrix for our SEIR model:

K = βM

γ
(6.14)

Definition 22: Spectral radius

The spectral radius of a matrix L, Υ(L), is the dominant eigenvalue of that matrix
L.

Given K, we can compute R0 as:

R0 = β

γ
Υ(M). (6.15)

As the contact matrix is a square matrix with positive real entries, according to the
Perron-Frobenius theorem, the dominant eigenvalue exists and is unique. Note that, in a
graph, the spectral radius is a measure of the graph’s connectivity [Lewis, 2011]. As our
contact matrix M can be seen as a graph that represents how strongly the different age
groups are connected, this notion of connectivity applies here as well.
Using equation 6.15, we can now compute the transmission risk β for a given R0, γ

and contact matrix M .
Note that for each district, we have a contact matrix that is corrected for reciprocity by

using that district’s census data (see Section 3.1). Therefore, we have a distribution over
Υ(Md), whereMd is a contact matrix for district d. We would expect that this distribution
is centred around Υ(MGB), whereMGB the contact matrix that is corrected for reciprocity
using the census data representative for Great-Britain in its entirety (i.e., an aggregation
of all the districts). This is confirmed in Figure 6.4, which shows that the median of the
distribution over Υ(Md) coincides with Υ(MGB). Furthermore, note that the contact
matrix denotes the average frequency of contacts that an individual in age group i has
with an individual in age group j. Figure 6.4 thus shows a limited variance (σ2 = 0.001).
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Figure 6.4: Both figures display the distribution of the contact matrix’ spectral radius for
the different districts. To demonstrate the shape of this distribution, the left panel shows a
histogram, annotated with a dotted green line that represents the median. To demonstrate
the distribution with respect to its quartiles and outliers, the right panel shows a box plot
of the distribution, annotated with an orange line that represents the median and a yellow
star that shows the spectral radius for Great Britain.

3.4 Stochastic trajectories
In order to obtain stochastic trajectories from the SEIR model, we transform the ODEs to
stochastic differential equations (SDEs), using the transformation procedure presented by
Allen et al. [2008]. We remind the reader that this procedure considers the compartments
and transitions of the original ODE and adds white noise terms for each transition in the
ODE, as specified in Section 1.4 in Chapter 3.
For our SEIR model, we have this set of SDEs for each age group i:

Ṡi = −φiSi −
√
φiSiẆ(Si→Ei)

Ėi = φiSi − ζEi +
√
φiSiẆ(Si→Ei) −

√
ζEiẆ(Ei→Ii)

İi = ζEi − γIi +
√
ζEiẆ(Ei→Ii) −

√
γIiẆ(Ii→Ri)

Ṙi = γIi +
√
γIiẆ(Ii→Ri),

(6.16)

where W is a Wiener process.
From this system, we can sample trajectories using the Euler-Maruyama approximation

method [Allen et al., 2008], using r random numbers per time step, where r has a linear
complexity with respect to the number of model transitions (details on the Euler-Maruyama
approximation in Section 1.4 in Chapter 3).
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3.5 Compartment model parameters
To summarize, the compartment model is parametrised by:

• a contact matrix (see Section 3.1)
• the census data for the administrative regions (see Section 3.2)
• an R0 value (see Section 3.3)
• a latency rate ζ
• a recovery rate γ

4 Between-patch model
Our model, that is comprised of a set of connected SEIR patches, is inspired by the recent
BBC pandemic model [Klepac et al., 2018]. The BBC pandemic model was in its turn
motivated by the model presented in [Gog et al., 2014].
At each time step, our model decides whether a patch p becomes infected. This is

modulated by the patch’s force of infection, which combines the potential of the infected
patches in the system, weighted by a mobility model:

φ̊p(t) =
∑
p′∈P

Mp′p · β ·
(
SA
p (t)

)µ · Ip′(t), (6.17)

where P is the set of patches in the model, Mp′p is the mobility flux between patch p′
and p, β is the probability of transmission on a contact (see Section 3.5), SA

p (t) is the
susceptible population of adults in patch p at time t and its contribution is modulated
by parameter µ, and Ip′(t) is the infectious potential of patch p′ at time t. We define
this infectious potential as,

Ip′(t) = IAp′(t) ·MAA, (6.18)

where IAp′(t) is the size at time t of the infectious adult population andMAA is the average
number of contacts between adults (see Section 3.1).
M is a matrix based on the mobility dataset provided by NOMIS5. This dataset describes

the amount of commuting between the districts in Great-Britain.
In general, this between-patch model is constructed from first principles i.e., census data,

a mobility model, the number of infected individuals and the transmission potential of the
virus. However, for the parameter µ that modulates the contribution of the susceptibles in
the receptive patch, while it is commonly used in literature [Gog et al., 2014; Eggo et al.,

5We use the NOMIS WU03UK dataset that was released in 2011.
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2010; Kissler et al., 2019], no such intuition is readily available. Therefore, this parameter
is fitted to match the properties of the epidemic that is under investigation [Gog et al.,
2014; Eggo et al., 2010; Kissler et al., 2019].
To validate our model (see Section 5), we conduct two experiments. Firstly, we compare

our model to the original compartment model and perform a sensitivity analysis with
respect to parameter µ. Secondly, we show that our model fits the recent influenza
pandemic of 2009, by choosing an appropriate value for all model parameters.
Given this time-dependent force of infection, we model the event that a patch becomes

infected with a non-homogeneous Poisson process [Wang and Wu, 2018; Tomba and
Wallinga, 2008; Barthélemy et al., 2010]. A Poisson process can be used to model the
occurrence of events with a given intensity (see Definition 24), and non-homogeneous
Poisson processes generalize this concept to time-dependent intensities (see Definition 25).
As the process’ intensity depends on how the model (i.e., the set of all patches) evolves,
we cannot sample the time at which a patch becomes infected a priori. Therefore, we
determine this time of infection using the time scale transformation algorithm [Cinlar,
2013]. Firstly, we explain the generic time scale transformation algorithm (Section 4.1).
Secondly, we adjust the algorithm to our setting (Section 4.2).

4.1 Time scale transformation algorithm
The time scale transformation algorithm (TSTA) enables us to determine the time at which
an event, modelled by a non-homogeneous Poisson process, will take place [Cinlar, 2013].
We will start by formally defining the homogeneous and non-homogeneous Poisson pro-

cess. A Poisson process is a counting arrival process, defined on a sample space Ω with
probability measure P .

Definition 23: Arrival process

An arrival process is a stochastic process [Cinlar, 2013],

N = {Nt; t ≥ 0}, (6.19)

such that for any ω ∈ Ω, the mapping t → Nt(ω), has N0 = 0, is non-decreasing,
increases only by integer jumps and is right continuous.
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Definition 24: Homogeneous Poisson process

A homogeneous Poisson process is an arrival process [Cinlar, 2013; Bertsekas and
Tsitsiklis, 2002],

P = {Pt; t ≥ 0}, (6.20)

for which these axioms hold:

1. for almost all ω ∈ Ω, t→ Pt(ω) jumps in steps of size 1

2. the number of arrivals within any interval [t..t+s], is independent of the history
of arrivals prior to t (i.e., ∀t, s ≥ 0 : Pt+s − Pt ⊥⊥ {Pu;u ≤ t})

3. the process is time-homogeneous (i.e., ∀t, s ≥ 0 : Pt+s − Pt ⊥⊥ t)

From this definition, we can show that for each homogeneous Poisson process P:

∀t ≥ 0 : P (Pt = k) = e−λt(λt)k

k! , (6.21)

for some constant λ ≥ 0, where λ signifies the intensity (i.e., rate) of the process.
The concept of a Poisson process can be generalized to a non-homogeneous Poisson

process by removing the time-homogeneity requirement:

Definition 25: Non-homogeneous Poisson process

A non-homogeneous Poisson process is an arrival process [Cinlar, 2013],

Pλ(t) = {Pλ(t)
t ; t ≥ 0}, (6.22)

for which these axioms hold:

1. for almost all ω ∈ Ω, t→ Pt(ω) jumps in steps of size 1

2. the number of arrivals within any interval [t, t+s], is independent of the history
of arrivals prior to t (i.e., ∀t, s ≥ 0 : Pλ(t)

t+s − P
λ(t)
t ⊥⊥ {Pλ(t)

u ;u ≤ t})

P
λ(t)
t has a time-dependent rate that is specified by the intensity function λ(t), where

λ(t) ≥ 0.

We define the process’ cumulative intensity function:
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Definition 26: Cumulative intensity function

A non-homogeneous Poisson process Pλ(t) with intensity function λ(t) has a cumu-
lative intensity function:

Λ(t) =
∫ t

0
λ(s)ds (6.23)

Furthermore, we can show that [Osaki, 2012]:

E[Pλ(t)
t+h − P

λ(t)
t ] =

∫ t+h

t

λ(s)ds, (6.24)

and thus we have that Λ(t) is the expectation function of Pλ(t)
t :

Λ(t) = E[Pλ(t)
t ] (6.25)

From Definition 26, it is clear that Λ(t) will be a non-decreasing function and at least
right-continuous.
The crucial theorem that underlies the time scale transformation algorithm denotes that

the arrival times in a non-homogeneous Poisson process can be mapped to a homogeneous
Poisson process with rate 1 (Theorem 1). We present an example that demonstrates this
theorem in Figure 6.5.

Theorem 1: Mapping non-homogeneous Poisson processes

Let Λ be a continuous non-decreasing cumulative intensity function. Then,

T1, T2, ... (6.26)

are the arrival times in a non-homogeneous Poisson process if and only if

Λ(T1),Λ(T2), ... (6.27)

are the arrival times in a homogeneous Poisson process with rate 1 [Cinlar, 2013].

The time scale transformation algorithm uses the relation in Theorem 1 to transform
a homogeneous Poisson process with λ = 1 into a non-homogeneous Poisson process
with expectation function Λ. The homogeneous process is formed by sampling from an
exponential probability distribution with λ = 1. To make this transformation possible, a
time inverse function of Λ is required:
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T1 T2 T3 T4
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S4

Figure 6.5: A visual example of Theorem 1: T1, T2, ... form a non-homogeneous Poisson
process with expectation function Λ if and only if S1, S2, ... form a homogeneous Poisson
process with rate 1.

Definition 27: Time inverse of Λ(t)

The time inverse τ of an expectation function Λ(t) for a non-homogeneous Poisson
process Pλ(t)

t :
τ(s) = inf{t : Λ(t) > s} (6.28)

In Algorithm 7, we formalize this procedure. At each step i, we obtain a sample Xi

from an exponential probability distribution with rate λ = 1, which is added to the set of
samples Xi. The sum of the elements in Xi represents the ith arrival in the homogeneous
Poisson process, and is transformed into the ith arrival in the non-homogeneous Poisson
process using the inverse time function τ(.).

X0 = ∅
for i = 1, . . . do

Xi ∼ Exp(λ = 1)
Xi = Xi−1 ∪ {Xi}

ti = τ

( ∑
x∈Xi

x

)
end

Algorithm 7: Time scale transformation algorithm
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Figure 6.6: An example of a piecewise linear intensity function for a patch in our model (see
Equation 6.29). The blue scatter points represent the evaluation of φ(t) (Equation 6.17)
at discrete time steps (i.e., the end of each day). The orange connecting lines represent
the linear interpolation between φ(i− 1) and φ(i).

4.2 TSTA to model the infection of patches
In order to use the time scale transformation algorithm (Algorithm 7) in our epidemiological
model, note that the patches’ internal state is updated in a discrete number of time steps.
We determine a patch’s intensity φp(t) (Equation 6.17) at the end of each day. This results
in a sequence of intensities between which we linearly interpolate to obtain a piecewise
linear intensity function:

λ(t) = line(t, dte − 1, dte, φp(t)), (6.29)

where

line(x, x1, x2, f) = f(x1) + f(x2)− f(x1)
x2 − x1

(x− x1) (6.30)

interpolates linearly between (x1, f(x1)) and (x2, f(x2)).
This piecewise linear intensity function λ(t) is continuous and thus its cumulative coun-

terpart Λ(t) is continuous as well. Furthermore, as φp(t) ≥ 0 for all t ≥ 0, Λ(t) is
non-decreasing.
As φp(t) depends on the simulation state at time t, it is clear that we cannot evaluate

this function beyond the current simulator time step. However, the definition of the time
inverse τ (Definition 27) shows that we can use the arrival time in the homogeneous Poisson
process as a threshold for the arrival time in the non-homogeneous Poisson process. We
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formalize this threshold-based time scale transformation algorithm in Algorithm 8. Note
that this algorithm approximates the original algorithm as we check whether the threshold
is surpassed at discrete time steps.

X ∼ Exp(λ = 1)
for t = 1, . . . do

if Λ(t) ≥ X then
Trigger event
X(t) ∼ Exp(λ = 1)
X = X +X(t)

end
end
Algorithm 8: Time scale transformation algorithm using discrete time steps

Following Klepac et al. [2018], we assume that a patch will become infected only once.

5 Model validation
Our objective is to construct a model that is representative for contemporary Great Britain
with respect to population census and mobility trends. This model is to be used to study
school closure intervention strategies for future influenza pandemics. While in many studies
[Kissler et al., 2019; Gog et al., 2014; Eggo et al., 2010], a model is created specifically to
fit one epidemic case, we aim for a model that is robust with respect to different epidemic
parameters, most importantly R0, the basic reproduction number (Definition 13).
To validate our model according to these goals, we conduct two experiments. In the first

experiment, we compare our patch model to a SEIR compartment model that uses the same
contact matrix and age structure. While we do not expect our model to behave exactly
like the compartment model, as the patches and the mobility network that connects them
induces a different dynamic, we do expect to see similar trends with respect to the epidemic
curve and peak day. In the second experiment we show that our model is able to reproduce
the trends that were observed during the 2009 influenza pandemic, commonly known as the
swine-origin influenza pandemic, that originated in Mexico. The 2009 influenza pandemic
in Great Britain is an interesting case to validate our model for three main reasons. Firstly,
the pandemic occurred quite recently and thus our model’s census and mobility scheme
should be a good fit, as both the datasets on which we base our census and mobility model
were released in 2011. Secondly, due to the time when the virus entered Great Britain, the
summer holiday started 11 weeks after the emergence of the epidemic. The timing of the
holidays had a severe impact on the progress of the epidemic and resulted in a epidemic
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curve with two peaks. This characteristic epidemic curve enables us to demonstrate the
predictive power of our age-dependent contact model with support for school closures.
Thirdly, the number of symptomatic cases that occurred in Great Britain during the 2009
pandemic was recorded meticulously and is publicly available [Kubiak and McLean, 2012].

5.1 Comparison to the Eames SEIR compartment model
In this experiment, we compare our patch model to a simple SEIR model that encompasses
the same age structure and contact matrix (details in Section 3) [Eames et al., 2012], to
which we will refer as Eames-SEIR from this point onwards. We consider a stochastic imple-
mentation of the Eames-SEIR, using the same principles that we introduced in Section 3.4.
This experimental setting will be central to the reinforcement learning experiments, related
to finding optimal school closure policies, that we will present in the next chapter.
Following Eames et al. [2012] and Baguelin et al. [2010], we use a latent period of one

day (ζ = 1
1 ) and an infectious period of 1.8 days (γ = 1

1.8 ). As in Chapter 4, we perform
our experiment for a set of R0 values within the range of 1.4 to 2.4, in steps of 0.2.
This range is considered representative for the epidemic potential of influenza pandemics
[Basta et al., 2009; Medlock and Galvani, 2009].
Furthermore, we need to choose a value for the parameter in the between-patch model,

i.e., µ, that modulates the contribution of susceptible adults in the receiving patch (see
Section 4). This parameter is typically fitted towards data, however, in this experiment
and in the reinforcement learning experiments in the next chapter, we consider a model
to investigate future epidemics. Our goal is to calibrate our model such that it produces
peak days that are similar to the peak days in Eames-SEIR [Eames et al., 2012], which
is a prominent model for pandemic influenza that moreover generates peak days that are
in agreement with earlier work [Ferguson et al., 2006]. Therefore, we investigate the
effect of µ in this setting, through a sensitivity analysis. We consider µ in the interval
[0, 1], where the left end of the interval (i.e., µ = 0) signifies that the contribution of
susceptible adults is ignored and the right end of the interval (i.e., µ = 1) signifies that
the contribution of adults is not modulated. In Figure 6.7, we show the results for the
sensitivity analysis for µ ∈ {0, 0.1, 0.2, 0.3, 0.4, 0.5, 1}, together with the peak days for the
Eames-SEIR model. From these results, it is clear that the different values for µ form a
gradient within the interval [0, 1].
However, no value of µ provides a good fit for all of the considered R0’s, when comparing

the peak days to the Eames-SEIR model. Rather, we can discern a log-relationship between
µ and the best fit for the different R0’s. Based on this observation, we propose to define:

µ = log(R0) · s , (6.31)
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Figure 6.7: Time of peak day (y-axis) for R0 ∈ {1.4, 1.6, 1.8, 2.0, 2.2, 2.4} (x-axis). A
curve is shown for different values of µ (plain curve) and the peak days as produced by
the Eames-SEIR model (curve with diamond scatter points). For each R0, 100 stochastic
trajectories were sampled and the bound signifies the 95% confidence interval of the sample.

where s is a scaling factor. For this experimental setting, we find that s = .6 provides a
good fit for all of the considered R0’s, which we show in Figure 6.8.
Provided this choice of µ, when we compare the epidemic trajectories of our spatial

model with the Eames-SEIR model in Figure 6.9, we observe similar trends with respect to
the shape of the trajectory distributions. The main difference is that the epidemic curves
grow slower in our spatial model than in the Eames-SEIR model and also achieve a lower
peak incidence. This is expected, as we constrain mixing in our spatial model within the
districts, and thus increase the resolution of our model, which has been shown to more
accurately predict peak incidence [Mills and Riley, 2014].
Furthermore, in Figure 6.10, we show the number of districts that get infected over time

for different R0 values. This shows that all districts get infected, and the time it takes for all
districts to reach this point depends mainly on the transmission-ability of the virus strain.
We expect the attack rate to be similar for the Eames-SEIR and spatial model. When all

districts get infected, the attack rate in the spatial model is the sum of the attack rates of
a set of Eames-SEIR models (i.e., one Eames-SEIR model per district). We verified that
the attack rates are indeed nearly identical, as shown in Figure 6.11, with little variance
for either of the models.
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Figure 6.8: Number of peak days (y-axis) for R0 ∈ {1.4, 1.6, 1.8, 2.0, 2.2, 2.4} (x-axis).
A curve is shown for µ = log(R0) · 0.6 (orange curve) and the peak days as produced
by the Eames-SEIR model (blue curve with diamond scatter points). For each R0, 100
stochastic trajectories were sampled and the bound signifies the 95% confidence interval
of the sample.
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Figure 6.9: Epidemic trajectories for the Eames-SEIR model (left panel) and the spatial
model (right panel). One epidemic trajectory encodes the number of infections per day.
Trajectory distributions are shown for R0 ∈ {1.4, 1.6, 1.8, 2.0, 2.2, 2.4}, with a different
colour per reproductive number. For each R0, the distribution consists out of 100 trajectory
samples.
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Figure 6.10: Number of infected districts (y-axis) per day (x-axis) for R0 ∈
{1.4, 1.6, 1.8, 2.0, 2.2, 2.4}. For each R0, 100 stochastic trajectories were were sampled,
of which the curve represents the mean, and the bound represents the standard deviation
of the samples.
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Figure 6.11: Attack rate (y-axis) for R0 ∈ {1.4, 1.6, 1.8, 2.0, 2.2, 2.4} (x-axis). Results are
shown for the Eames-SEIR model (blue scatter) and the spatial model (orange scatter).
For each model, we depict the standard deviation as bars on top of the scatter points. For
each R0, 100 stochastic trajectories were obtained.
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Figure 6.12: This figure shows the amount of cases that were recorded by the HPA on a
weekly basis (blue bars). The background in this figure signifies the time of the summer
holidays (dark green).

5.2 2009 influenza pandemic in Great Britain
The virus responsible for the 2009 influenza pandemic arrived in Great Britain during the
first week of May 2009 (week 19). Following this introduction, the epidemic grew for 11
weeks until the summer school holidays started, after which the epidemic showed its first
peak. After the school holidays, the epidemic was rekindled and grew to a second peak. In
Figure 6.12 we show the weekly case count, as recorded by the British Health Protection
Agency (HPA) and the time at which the school holidays take place.
To reproduce this distinctive epidemic curve, we use our original model as it was described

throughout this chapter. We consider two free parameters: the basic reproduction number
and the time of the infectious period. The general consensus is that the basic reproduction
number was moderate during the 2009 influenza pandemic, with estimates ranging from
1.16 to 2 [Kubiak and McLean, 2012; Tuite et al., 2010; De Silva et al., 2009; Fraser
et al., 2009; Yang et al., 2009; Nishiura et al., 2010; Balcan et al., 2009]. We present a
detailed overview of the reported basic reproduction number estimates in Table 6.1. For
the period of infectiousness we found estimates of 1.8, 2.5 and 3.38 days [Eames et al.,
2012; Balcan et al., 2009; Tuite et al., 2010]. We present a detailed overview of the
infectious period estimates in Table 6.2.
Given these prior estimates, we parametrize our model with a basic reproduction number

that is in the range of 1.2 to 2.0 and consider a duration of infectiousness of respectively
1.8, 2.5 and 3.38 days.
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R0 Source
1.22-1.58 Fraser et al. [2009]
1.3-1.7 Yang et al. [2009]
1.21-1.35 Nishiura et al. [2010]
1.75 Balcan et al. [2009]
1.87-2.07 De Silva et al. [2009]
1.31 Tuite et al. [2010]
1.16-1.59 Kubiak and McLean [2012]

Table 6.1: Overview of basic reproduction numbers from literature.

Infectious period Source
1.8 Eames et al. [2012]
2.5 Balcan et al. [2009]
3.38 Tuite et al. [2010]

Table 6.2: Overview of infectious periods from literature.

For this experiment, we found,

µ = log(R0) · 2.74, (6.32)

to be a good fit for the overall comparison. In Figure 6.13 we show the epidemic curve
for our model with respect to these parameters. In general, the epidemic curves that
result from using an infectious period of 1.8 days are insufficient to reproduce the trends
of the 2009 pandemic. For the other infectious periods (i.e., 2.5 and 3.38), we show that
for all but the highest reproductive numbers we observe an epidemic curve with 2 peaks.
Furthermore, we observe a deeper trough in the epidemic curve when an infectious period
of 2.5 days is chosen.
In Figure 6.14, we show a set of model realisations in conjunction with the symptomatic

case data, which shows that we were able to closely match the epidemic trends observed
during the British pandemic in 2009. This model was configured with a basic reproductive
number of 1.4 and infectious period of 2.6. The reproductive number is in good concord-
ance with the general consensus that the virus responsible for the 2009 pandemic exhibited
a moderate infectiousness. While the infectious period slightly differs from the value re-
ported by Balcan et al. [2009] (i.e., 2.5 days), it lies well within the confidence bounds
reported in this study (confidence interval: 1.1-4.0 days). Note that our model reports the
number of infections, while the HPA only recorded symptomatic cases. Therefore we scale
the epidemic curve with a factor of 1

4 . While atypical, this large number of asymptomatic
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Figure 6.13: We demonstrate our model for R0 ∈ {1.2, 1.4, 1.6, 1.8, 2.0} (enumerated
in the legend) and an infectious period of 1.8 days (top panel), 2.5 days (bottom left
panel) and 3.38 days (bottom right panel). For each parameter combination, we show
a set of stochastic trajectories (light coloured lines) and the mean of these trajectories
(dark coloured line). For clarity, we only show 10 stochastic trajectories in this Figure.
In Appendix 9, we show a Figure for the same model configuration, with 100 stochastic
trajectories.
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Figure 6.14: We show that our model, using a reproductive number of 1.4 and a an average
duration of infectiousness of 2.6 days is able to match the trends observed in the British
pandemic of 2009. For clarity, we only show 10 stochastic trajectories in this Figure. In
Appendix 9, we show a Figure for the same model configuration, with 100 stochastic
trajectories.

cases produced by our model is in line with earlier serological surveys [Miller et al., 2010]
and with previous modelling studies [Kubiak and McLean, 2012].

6 Computational complexity and performance
An analysis of the computational complexity of our model needs to consider that the model
incorporates two components. On the one hand, infection in the patches is triggered via
the time scale transformation algorithm (see Section 4.2). On the other hand, once
infected, each patch in the system evolves independently, and we use the Euler-Maruyama
approximation method to obtain samples from the stochastic differential equation that
is associated with the patch (see Section 3.4). The time scale transformation algorithm
samples a random threshold for each patch, which is compared to the force of infection of
the associated patch. This comparison occurs at each time step that the patch was not yet
infected. Computing the force of infection in Equation 6.17 considers all model patches,
and thus has a worst case complexity that is linear in the number of model patches, i.e.,

O(|P|). (6.33)

In worst case, at each time step t, if only one of the model patches is infected, and we
need to compute the force of infection for each patch, which has a quadratic complexity
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in the number of model patches, i.e.,

O(t · |P|2). (6.34)

However, when each patch only needs to be infected once, we observe that we have a
complexity in terms of infected Pi and uninfected patches P¬i. After all, at each time
step, we only need to consider the force of infection of the uninfected patches, and this
force of infection only takes into account the infected patches, i.e.,

O(t · |Pi · P¬i|). (6.35)

Since we have,

P = Pi + P¬i, (6.36)

we can see that while this expression has the same worst case complexity as in Equa-
tion 6.34, in practice less operations will be required.
For both the complexity in Equation 6.34 and Equation 6.35, it is clear that as long

as the number of patches is limited, as is the case in our model, this procedure will be
computationally efficient, as this can be implemented as a vector product, on vectors that
all fit in memory (RAM).
When a patch is infected, at each time step it will be advanced by using a number of

operations that is proportional to the number of compartments in the the age-dependent
SEIR model.
This model was implemented in Python, and the performance critical sections were either

implemented using NumPy when a vector representation was possible (e.g., to compute
the force of infection) [Oliphant, 2006], or JIT-compiled using Numba (e.g., to evolve the
age-dependent SEIR model in a patch) [Lam et al., 2015]. This implementation performs
well, resulting in ≈ 2 simulation runs per second on a MacBook Pro.

7 Discussion
George Box said: “All models are wrong, but some are useful.”
Indeed, in this chapter, we construct a model where we aim for realism, both with respect

to the research question that we attempt to model, as in terms of computational efficiency.
To this end, model decisions to balance this trade-off were made, which we motivated by
references from literature. In this section, we will discuss some of these choices and some
opportunities for future work.
Firstly, in this dissertation, we use conversational contact matrices (see Section 3), as

these were shown to provide a better fit for the 2009 influenza pandemic by Eames et al.
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[2012]. However, it would be interesting to quantify the difference between physical and
conversational contact matrices, and investigate how they affect the epidemiological out-
come of the model.
Secondly, we chose the contact matrices of Eames et al. [2012], to inform the social mixing

of our model, as this study established contact matrices for both school terms and school
holidays. These contact matrices were constructed based on a survey that was conducted
in Great Britain, and we should be prudent when using these contact matrices outside of
the British context. An interesting direction to use our models in different countries, is
the work presented by Prem et al. [2017]. Prem et al. [2017] developed a methodology to
project contact data surveys to different age-structured populations (i.e., home, work, and
school), and can thus be used to model school closures. In [Prem et al., 2017], projections
are performed on the well known contact survey of Mossong et al. [2008]. As Prem et al.
[2017] also generated contact matrices for the United Kingdom, we believe that for future
work, it would be interesting, to compare this to the work of Eames et al. [2012].
Thirdly, we chose to directly use the British mobility matrix provided by NOMIS (see

Section 4). This mobility matrix is publicly available and has the same resolution as our
patch structure. However, for many other countries, such a detailed and rich dataset may
not be (publicly) available. As many epidemiological models use some kind of variation
of the gravity model [Klepac et al., 2018; Gog et al., 2014], for future work, it would be
interesting to use this mobility matrix to calibrate different gravity models, to improve our
understanding on how different gravity models affect the epidemiological model. While a
similar study have been conducted in the context of the mobility in the United Kingdom
[Truscott and Ferguson, 2012], this study is limited to traditional gravity models, which
might be hard to parametrize when no data is available, due to the large number of model
parameters. To this end, it would be interesting to investigate how different intervening
opportunity mobility models [Stouffer, 1940] relate to this mobility dataset. Such models
rely on a stochastic process, and only require information on the population distribution as
input [Simini et al., 2012]. The most well known intervening opportunity mobility model
is the recent radiation model [Simini et al., 2012] that expresses the average flux between
two geographic areas i and j as:

Mij =Mi
minj

(mi + sij)(mi + nj + sij)
, (6.37)

where mi and nj are the population sizes of the respective areas i and j, sij is the circle
of radius rij centred at area i, rij is the distance between area i and j andMi is the total
number of commuters. The radiation model was recently evaluated in the context of an
Ebola model [Kraemer et al., 2019], and an evaluation in the context of the British mobility
network would be complementary to this work. While the radiation model is an interesting
model, and the model has been shown to work well when the scale of the mobility is
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large enough, it has problems to explain intra-city mobility mobility dynamics [Masucci
et al., 2013]. Therefore, it would be interesting to investigate new models that attempt
to reconcile between intra- and inter-city mobility, such as the recent work presented by
Liu and Yan [2019] and Mazzoli et al. [2019].
Finally, the techniques we used to construct this model could be applied in the context

of other pathogens, such as for example Ebola virus [D’Silva and Eisenberg, 2017] and
Dengue virus [Marini et al., 2019]. This could lead to interesting new research opportun-
ities when these models are combined with reinforcement learning, to investigate dynamic
mitigation policies.
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7 | Studying school closure
policies following a

reinforcement learning
approach

I believe in cooperating for the common good.
Erskine Bowles

We investigate the use of school closure policies to mitigate influenza pandemics in the
model we constructed in the previous chapter, following a reinforcement learning approach.
We formalize our learning environment and detail the epidemiological setting in which we
conduct our experiments. We start our experiments by comparing Proximal Policy Optim-
ization (PPO) and Deep Q-Networks (DQN). Next, we investigate the effect of population
census compositions (i.e., the proportion of the different age groups in a population) on
the outcome of school closure policies, using PPO. In this experimental setting, we es-
tablish the ground truth, that allows us to experimentally assess the performance of the
policies learned by PPO. These experiments demonstrate the potential of deep reinforce-
ment learning algorithms to learn policies in the context of more complex epidemiological
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models (i.e., larger state and/or action space), for which no ground truth can be estab-
lished. Finally, we investigate whether there is an advantage to consider multiple districts
simultaneously when devising school closure policies. To this end, we associate each dis-
trict with an agent that controls whether schools should be opened or closed, and we model
this research question as a multi-agent reinforcement learning problem, as this allows us
to investigate the joint behaviour of the agents. Through this analysis, we show that there
is a collaborative advantage when designing school closures policies.
The work presented in this chapter was conducted in collaboration with Prof. Dr. Ann

Nowé (Vrije Universiteit Brussel), Prof. Dr. Philippe Lemey (KU Leuven), Prof. Dr.
Niel Hens (UHasselt), Arno Moonens (Vrije Universiteit Brussel), Fabian Ramiro Perez
Sanjines (Vrije Universiteit Brussel), Timothy Verstraeten (Vrije Universiteit Brussel) and
Dr. Jelena Grujic (Vrije Universiteit Brussel). A manuscript to report the results presented
in this and the previous chapter was accepted at the 2020 Adaptive and Learning Agents
Workshop at AAMAS.

1 Rationale and objectives
In the previous chapter, we constructed a spatial age-dependent meta-population model,
to model school closure policies in the context of an influenza pandemic. Now, we will
study the effect of such school closure policies following a reinforcement learning approach.
School closures policies can be used to serve two distinct objectives, on the one hand,

to reduce the attack rate (Definition 19), and on the other hand, to delay the peak of the
epidemic. Shifting the peak of an influenza pandemic can be useful for two main reasons.
Firstly, to reduce the need for means of healthcare (e.g., hospital beds or antiviral drugs),
which is important at the start of a pandemic, as healthcare providers will not be prepared
for the sudden exponential rise in influenza cases [Cauchemez et al., 2009]. Secondly, to
delay the epidemic until a vaccine, that is tailored towards the strain associated with the
pandemic, is available [Markel et al., 2007]. In this chapter, we will conduct experiments
to investigate policies that aim to reduce the attack rate, and discuss how these methods
can be applied to investigate policies to delay the peak of the epidemic.
To investigate school closure policies, we study the use of deep reinforcement learn-

ing algorithms to learn directly on an epidemic model. Firstly, we consider two prominent
deep reinforcement learning algorithms to investigate the learning of optimal school closure
policies on the level of a single district, i.e., Deep Q-Networks (DQN), a Q-learning al-
gorithm, and Proximal Policy Optimization (PPO), a policy gradient algorithm. Secondly,
we investigate the effect of population census compositions (i.e., the proportion of the dif-
ferent age groups in a population) on the outcome of school closure policies, using PPO.
In this experimental setting, we establish a ground truth, that allows us to experimentally
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assess the performance of the policies learned by PPO. Through these experiments, we
demonstrate the potential of deep reinforcement learning algorithms to learn policies in
the context of complex epidemiological models, opening the prospect to learn in even more
complex stochastic models with large action spaces. Furthermore, we show insights on
the effect of population census compositions on school closures. Thirdly, we investigate
a multi-agent reinforcement learning approach, to examine whether there is an advantage
in collaborating between districts, when implementing school closure policies. On the one
hand, the current state-of-the-art of deep multi-agent reinforcement learning algorithms is
only able to deal with a limited number of agents (≈ 10 agents) [Hernandez-Leal et al.,
2019]. On the other hand, in our model, we have 379 agents, one for each district, as
agents represent a district for which they can control school closure. Therefore, we need
to partition these agents into smaller groups, such that the use of multi-agent reinforce-
ment learning algorithms becomes feasible. We do this by analysing the mobility graph
that connects the different districts. Through this analysis, we identify components of
tightly coupled districts. Finally, we discuss how these methods can be used to investigate
policies to delay the peak of the epidemic, by defining and evaluating a reward function
targeted towards this objective.
To conduct our experiments, we establish a learning environment, based on the epi-

demiological model that we introduced in the previous chapter. Therefore, we construct
a Markov Decision Process (MDP), with a state space that directly corresponds to our
epidemiological model, an action space that allows us to open and close schools on a
weekly basis, a transition function that follows the epidemiological model’s dynamics, and
a reward function that is targeted to the objective of reducing the attack rate.
In this work, we consider an epidemiological model for which the parameters are assumed

to be known (i.e., reproductive number, latency period and infectious period). We keep the
latency and infectious period fixed throughout our experiments and consider two distinct
values of the reproductive number: R0 = 1.8 (i.e., moderate transmission potential)
and R0 = 2.4 (i.e., high transmission potential). We conduct our experiments for three
distinct school closure budgets: 2, 4 and 6 weeks.

2 Related work
The closing of schools has been found an effective way to limit the spread of an influenza
pandemic [Earn et al., 2012; Copeland et al., 2013; Chowell et al., 2011; Heymann et al.,
2004; Markel et al., 2007; Germann et al., 2019]. For this reason, the use of school closures
as a mitigation strategy has been explored in variety of modelling studies [Halder et al.,
2010; Brown et al., 2011; Milne et al., 2013; De Luca et al., 2018; Ciavarella et al., 2016;
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Germann et al., 2019; Halloran et al., 2008; Haber et al., 2007; Eames et al., 2012], of
which the work by Germann et al. [2019] is the most recent and comprehensive study.
The concept to learn dynamic policies by formulating the decision problem as a Markov

decision process (MDP) (see Chapter 2) was first introduced in [Yaesoubi and Cohen,
2011]. This technique was used to investigate dynamic tuberculosis case-finding policies
in HIV/tuberculosis co-epidemics [Yaesoubi and Cohen, 2013]. Later, the technique was
extended towards a methodology to include cost-effectiveness in the analysis [Yaesoubi
and Cohen, 2016], and applied to investigate mitigation policies (i.e., school closures and
vaccines) in the context of pandemic influenza in a simplified epidemiological model. On
the one hand, the work presented in Yaesoubi and Cohen [2011, 2016] uses a policy iter-
ation algorithm to solve the MDP. On the other hand, the use of on-line reinforcement
learning techniques (e.g., TD-learning, policy gradient) has only been explored to a lim-
ited extent1, and motivated us to do the work presented in this chapter. Note that Deep
Q-networks (see Chapter 2) was recently used to investigate culling and vaccination in
farms in a simple individual-based model to delay the spread of viruses in a cattle pop-
ulation [Probert et al., 2019]. However, to our best knowledge, the work presented in
this chapter is the first attempt to use deep reinforcement learning algorithms directly
on a complex meta-population model. Furthermore, we experimentally validate the per-
formance of these algorithms using a ground truth, in a variety of model settings (i.e.,
different census compositions and different R0’s). This is the first validation of this kind
and it demonstrates the potential of on-line deep reinforcement learning techniques in the
context of epidemic decision making. Finally, we present a novel approach to investig-
ate how intervention policies can be improved by enabling collaboration between different
geographic districts, by formulating the setting as a multi-agent problem, and by solving
it using deep multi-agent reinforcement learning algorithms.

3 Learning environment
In order to apply reinforcement learning, we construct a Markov Decision Process (MDP,
Definition 7) based on the epidemiological model that we introduced in the previous
chapter. This epidemiological model consists out of patches that correspond to admin-
istrative regions.
We have an agent for each patch that we attempt to control, and for each agent we

have an action space A = {open, close} that allows us to open and close schools for
one week. Each agent has a predefined budget b of school closure actions it can execute

1The recent perspective report by Yanez et al. reached the same conclusion as we did.
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(Definition 28). Once this budget is depleted, executing a close action will default to
executing an open action.

Definition 28: School closure budget

Each agent has a budget b of school closure actions it can execute. This budget thus
corresponds to the number of weeks the agent can close schools during an influenza
pandemic. We refer to the remaining budget at time t as b(t).

For each patch, we consider a state space that combines the state of the SEIR model
and the remaining budget of school closures b(t)

p . For the SEIR model, we have 16 state
variables (i.e., R16), as we have a SEIR model (4 state variables) for each of the four
age groups. The remaining school closure budget is encoded as an integer, resulting in
a combined state space of 17 variables. We refer to the state space of one patch p,
that thus combines the epidemiological states and the budget, as Sp. The state space
of the MDP, S, corresponds to the aggregation of the state space of each patch that
we attempt to control:

×
p∈Pc

Sp, (7.1)

where Pc is the set of patches that we control.
The transition probability function T (s′ | s,a) evolves the epidemic state to the next

week in the epidemic, taking into account the school closure actions that were chosen,
using the epidemiological dynamics as defined in the previous chapter.
As stated in Section 1, school closures can serve two objectives, i.e., to reduce attack

rate and to shift the peak day of the epidemic. To reduce the attack rate (Definition 19),
we consider an immediate reward function that quantifies the negative loss in susceptibles
over one simulated week, as formalized in Definition 29. In Section 10, we will define and
evaluate a reward function targeted at shifting the peak day.

Definition 29: Reward function to reduce attack rate

The reward function to reduce the attack rate is:

RAR(s,a, s′) = −(S(s)− S(s′)), (7.2)

where S(.) is the function that determines the total number of susceptible individuals
given the state of the epidemiological model.
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4 Epidemiological setting
Throughout this chapter, we consider the model introduced in Chapter 6. We conduct two
kinds of experiments: in the context of a single district and in the context of the Great
Britain model that combines all 379 districts. Following Eames et al. [2012]; Baguelin et al.
[2010], we use a latent period of one day (ζ = 1

1 ) and an infectious period of 1.8 days (γ =
1

1.8 ). We consider two distinct values for the reproductive number, i.e., R0 = {1.8, 2.4},
where R0 = 1.8 represents an epidemic with moderate transmission potential [Ferguson
et al., 2006] and R0 = 2.4 represents an epidemic with high transmission potential [Longini
et al., 2005]. We investigate the effect of different school closure budgets (Definition 28),
i.e., b = {2, 4, 6} weeks. The epidemic is simulated for a fixed number of weeks, chosen
beforehand, to ensure that the epidemic finishes.

5 Proximal Policy Optimization and Deep Q-Networks
Throughout this chapter, we will mostly focus on the Proximal Policy Optimization al-
gorithm (PPO), as PPO is a policy gradient variant (see Section 7 in Chapter 2), and such
algorithms tend to be more suitable to deal with large action spaces, that are associated
with the multi-agent context that we will investigate later in Section 9. Nonetheless, in
this section we compare PPO to the Deep Q-Networks algorithm (DQN), which is a Q-
learning variant (see Section 4 in Chapter 2), to show that both algorithms exhibit similar
performance, once the algorithms’ hyper-parameters are tuned. This preliminary analysis
demonstrates that there is potential for both PPO and DQN to support the epidemiolo-
gical decision making process.
For DQN, we use a neural network that accepts the state of the epidemiological model

as input2 and outputs a value for each action. Every hidden layer in the DQN network
uses the rectified linear activation function. For PPO, the policy network also accepts
the state of the epidemiological model, and the output of the network contains 1 unit,
which is passed through a sigmoid activation function. This output thus represents the
probability of keeping the schools open in the district. Every hidden layer in the PPO
network uses the hyperbolic tangent activation function. The value network has the same
architecture as the policy network, with the exception that the output is not passed through
an activation function.
For this analysis, we operate in a single district (the Greenwich district in London, Eng-

land), that is seeded on the first day. We obtain five trials of both PPO and DQN on the
2As detailed in Section 3, the state of the epidemiological model is comprised of the SEIR values for

each age group, along with the remaining budget for closing schools in the district.
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epidemiological setting introduced in Section 4, for which we show the reward curves for
R0 = 2.4 in Figure 7.1. These results show that both DQN and PPO quickly converge to
a similar policy. For R0 = 1.8, we have similar results, that we show in Appendix 10.
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Figure 7.1: Learning results (i.e., learning curve that depicts the total reward per episode)
for the Greenwich environment with R0 = 2.4, for school closure budgets b = {2, 4, 6}.
Reward curves for PPO (orange) and DQN (blue), using a rolling window of 100 steps.
The shaded area shows the standard deviation of the reward signal.

Clearly, these results only demonstrate that both algorithms converge to a similar policy,
which is no guarantee that an appropriate policy was learned. To verify this, we will
establish a ground truth in the next section, and empirically validate that PPO converges
to this ground truth.

6 Studying the effect of the population composition
We now establish a ground truth that investigates the effect of population compositions
(i.e., the proportion of the different age groups in a population) on the outcome of school
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closure policies. We will use this ground truth to empirically validate that PPO converges
to the appropriate policy.

6.1 Establishing a ground truth

To establish a ground truth3, first consider that when we deal with a single district, we
can approach the average behaviour of the model by removing the stochastic terms from
the differential equations (see Section 6 in Chapter 6). Hence, for a particular parameter
configuration (i.e., district, R0, γ, ζ), the model will always produce the same epidemic
curve. This means that the state space of this deterministic epidemic model directly
corresponds to the time of the epidemic. For an epidemic that spans w weeks, we can
formulate a school closure policy as a binary number with w digits, where the digit at
position i signifies whether schools should be open (1) or closed (0) during the i-th week.
For short-lived epidemics, such as influenza pandemics4, we can enumerate these policies
and evaluate them in our model (i.e., using exhaustive policy search).

6.2 Selecting districts
To investigate the effect of population census compositions, we select 10 districts that are
representative of the population heterogeneity in Great Britain. To this end, we remind
the reader that in Section 3.2 of Chapter 6, we analysed the population heterogeneity by
representing the population structure as a positive simplex. We select 10 districts: one
district that is representative for the average of this distribution and a set of nine districts
that is representative for the diversity in this distribution. To determine the average district,
we consider the population heterogeneity distribution over all districts, and determine the
Aitchison’s mean (Definition 30) of this distribution [Aitchison, 1994]. We then select the
district that is closest to the Aitchison’s mean (Definition 30) according to the Aitchison
distance (Definition 31), as shown in Figure 7.2.

3Note that this is a proxy to the ground truth, as we use a deterministic version of the model.
4In the settings we consider (see Section 4), the epidemic spans w ≤ 25.
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Definition 30: Aitchison’s mean

Given a set of points from a unit simplex (Definition 21),

P = {p(i) | p(i) ∈ SD}Ni=1, (7.3)

the Aitchison’s mean [Aitchison and Pawlowsky-Glahn, 1997] is:

CA(P ) = 〈h1, ..., hD〉∑D
d=1 hd

, (7.4)

where,

hd =

 ∏
p(i)∈P

p
(i)
d

(1/N)

, (7.5)

is the geometric mean of the d-th component over all simplex points in P .

Definition 31: Aitchison distance

Given two points from a unit simplex p, q ∈ SD (Definition 21), we define the
Aitchison distance function [Aitchison, 1992]:

dA(p, q) =
[
D∑
d=1

(
log pd

h(p) − log qd
h(q)

)]1/2

, (7.6)

where,

h(p) =
(

D∏
d=1

pd

)(1/D)

, (7.7)

denotes the geometric mean of p. This distance defines a metric on the simplex
sample space.

Next, we determine the outer extreme points, as these represent the most diverse census
points. To do this, we compute the convex hull of the point cloud (i.e., the smallest convex
set of points that contains the point cloud), as shown in Figure 7.3.
We proceed by taking the points that belong to the surface of the convex hull, of which

we make a sub-selection of 9 census points. As the convex hull consists out of 21 points,
we consider all k-combinations (with k = 9) and select the set of points that maximizes
the minimum Aitchison distance between the selected points, as shown in Figure 7.4.
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Figure 7.2: Barycentric projection of the census proportions in the districts of Great Britain
(blue scatter points), according to Eames’ age structure. The geometric mean of this
distribution is shown as a red scatter point. The left panel shows the original census
pyramid, and the right panel zooms in on the point cloud.
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Figure 7.3: Barycentric projection of the census proportions in the districts of Great Britain
(blue scatter points), according to Eames’ age structure. The census points that are part
of the convex hull are shown in green. The left panel shows the original census pyramid,
and the right panel zooms in on the point cloud.
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Figure 7.4: Barycentric projection of the census proportions in the districts of Great Britain
(blue scatter points), according to Eames’ age structure. The census point that were
selected out of the convex hull are shown in yellow. The left panel shows the original
census pyramid, and the right panel zooms in on the point cloud.

6.3 Exhaustive policy search
We consider the epidemiological setting that was introduced in Section 4 on the 10 districts
that were selected in the previous section. For each district, we enumerate and evaluate
all possible policies as described in Section 6.1, based on the improvement that the policy
induces with respect to the attack rate as compared to the baseline, i.e., the model
executed without school closures.
We show the range of the attack rates of the top 10 policies in Figure 7.5. This figure

shows that there is some variation over the districts, which is expected, as these dis-
tricts have different census configurations, which impacts the amount of influence school
closures will have.
We show an overview of the top 10 policies as histograms, for the district that is closest

to the geometric mean (i.e., the Barnsley district), with R0 ∈ {2.4} and school closure
budgets b ∈ {2, 4, 6}, in Figure 7.6. This figure indicates that the optimal policy is to
focus the school closure budget around the peak day of the epidemic. This is interesting,
as in previous work [Germann et al., 2019] that investigated the efficacy of school closure
policies, only school closure events were considered at the start of the epidemic.
When inspecting these histograms for the different districts (Figures shown in Appendix 11),

we observe that the optimal policy is the same for the different districts. Furthermore, for
the other top policies there is some variability, yet all districts exhibit similar trends.
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Figure 7.5: Top 10 policies for the experiment with R0 = 1.8 (left panel) and R0 = 2.4
(right panel), using a school closure budget of 2 (green), 4 (blue) and 6 (yellow) weeks.
Each bar represents the range of attack rate improvements (over the top 10 policies) for
one district.
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Figure 7.6: We visualize the top 10 policies as a histogram (blue) for R0 = 2.4, where
each bar in the histogram signifies the frequency of school closure events at a particular
week. On top of this histogram, we show the top policy in yellow. The red vertical line
indicates the peak day of the baseline epidemic. We show results for three budgets: 2
weeks (top), 4 weeks (bottom left) and 6 weeks (bottom right).
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We show the epidemic trajectories, with optimal school closure strategy, for Barnsley
with R0 = 2.4 in Figure 7.7.
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Figure 7.7: Epidemic trajectories for the Barnsley district with R0=2.4. We show a baseline
epidemic curve (blue) and an epidemic curve that depicts the impact of the school closure
policy (orange). The duration of the school closure period is annotated with a green
horizontal line. We show results for three budgets: 2 weeks (top), 4 weeks (bottom left)
and 6 weeks (bottom right).

In the next section, we will empirically evaluate PPO, with respect to the established
ground truth.

7 Evaluate PPO with respect to the ground truth
We repeat the experiment for which we established a ground truth (i.e., R0 ∈ {1.8, 2.4},
10 districts and b ∈ {2, 4, 6}) and learn a policy using PPO, in the stochastic model. For
each experimental setting (i.e., the combination of a district, an R0 value, and a school
closure budget b), we run PPO 5 times (5 trials), to assess the variance of the learning
curve (i.e., total reward per episode). Each PPO trial is run for 500000 time steps. These
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experiments demonstrate learning curves that are similar to the ones presented in Section 5,
as shown in Appendix 12 (R0 = 1.8) and Appendix 13 (R0 = 2.4).
To compare each of the learned policies to its ground truth, we take the learned policy

and apply it 1000 times in the stochastic model, which results in a distribution over model
outcomes (i.e., attack rate improvements). We then compare this distribution to the
attack rate improvement that was recorded for the ground truth. We show these results,
for the setting with a school closure budget of 6 weeks, in Figure 7.8, and for the other
settings in Appendix 14. These results show that PPO learns a policy that matches the
ground truth for all districts and combinations of R0 and b.
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Figure 7.8: We compare the PPO results to the ground truth for R0 ∈ {1.8, 2.4} and
b = 6. Per district, we show a box plot that denotes the outcome distribution that was
obtained by simulating the policy learned by PPO 1000 times. On top of this box plot, we
show the ground truth as obtained in Section 6.1 (blue scatter).

Note that for these experiments, we use the same hyper-parameters for PPO that were
introduced in Section 5. This demonstrates that, for different values of R0 and for different
census compositions, which induce a significant change in dynamics in the epidemic model,
these hyper-parameters work well. This indicates that these hyper-parameters are adequate
to be used for different variations of the model.
In this section, we compare a proxy to the ground truth (that has been found through

an exhaustive policy search) to a policy learned by PPO, a deep reinforcement learning
algorithm. This allows us to empirically validate that PPO converges to the optimal policy.
This experimental validation is important, as it demonstrates the potential of deep rein-
forcement learning algorithms to learn policies in the context of complex epidemiological
models. This indicates that it is possible to learn in even more complex stochastic models
with large action spaces, for which it is impossible to compute a proxy to the ground truth.
In Section 9, we investigate such as setting, where we aim to learn a joint policy for a set
of agents, using deep multi-agent reinforcement learning.
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Figure 7.9: We show a histogram that visualizes the weight distribution of the commute
flux matrix, where the x-axis represents the weight (log scale) and the y-axis (log scale)
denotes the frequency.

8 Analysing the mobility network to partition
To investigate the collaborative nature of school closure policies, we apply deep multi-
agent reinforcement learning algorithms. In our model, we have 379 agents, one for each
district, as agents represent the district for which they can control school closure. As the
current state-of-the-art of deep multi-agent reinforcement learning algorithms is limited
to deal with ≈ 10 agents [Hernandez-Leal et al., 2019], we thus need to partition our
model into smaller groups of agents, such that deep multi-agent reinforcement learning
algorithms become feasible. To this end, we analyse the mobility graph that connects the
different districts, to detect communities in this network of districts [Fortunato, 2010].
We remind the reader that we connect the different model districts via a mobility data-

set that describes the daily commuting flow between the districts in Great-Britain (see
Section 4 of Chapter 6).
This dataset consists out of a matrixM, with elementsMij that encode the amount of

commute from district i to district j, for all of the districts in our model. In this matrix,
Mij = 0 when i = j, as we do not consider commute within the same district. We
show a histogram of the weight distribution of M in Figure 7.9, which shows that this
distribution exhibits a long-tail trend.
Given Mij ≥ 0, we can define a directed commute graph (Definition 32).
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Definition 32: Commute graph

For a commuting matrixM that describes the mobility flux between a set of districts
D, we define a commute graph,

Gc = 〈Vc, Ac〉, (7.8)

where Vc is the set of vertices, with a vertex for each of the districts in D, and Ac is
the adjacency matrix that specifies the vertices that are connected:

(Ac)ij =
{

1, Mij > 0
0, Mij = 0

(7.9)

Each pair of connected vertices i and j has a weightMij .

For our mobility matrix, this results in a graph where 0.725% of all possible edges are
connected.
To start our analysis, we consider the vertex strength distribution, which is the analogue

to a degree distribution in a weighted graph. The strength of a vertex i ∈ Vc, when we
consider both incoming and outgoing edges, is defined as [Barrat et al., 2004]:

si =
∑
j∈Vc

(Ac)ij · Mij + (Ac)ji · Mji. (7.10)

We show the strength distribution for our commute graph in Figure 7.10. This figure
shows the strength distribution for different weight thresholds, by using the threshold
function t(Mij , tc) that censors any commute flux below the threshold tc:

t(Mij , tc) =
{
Mij ifMij ≥ tc
0 ifMij < tc

(7.11)

This figure confirms that while there is a large amount of connections with low commute
weights (as is shown in Figure 7.9), these connections contribute little to the shape of the
strength distribution. This indicates that the commute graph consists of components that
are weakly connected and that there is the potential to partition the graph.
To detect communities in the commute graph, we used the Leiden algorithm [Traag

et al., 2019]. This algorithm searches for communities that maximize the modularity
(Definition 33). The Leiden algorithm extends the Louvain algorithm5 [Blondel et al.,
2008], as it adds guarantees that the identified communities are well-connected.

5The Louvain algorithm is another well known algorithm for community detection.
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Figure 7.10: Histogram that visualizes the strength distribution of the commute graph, for
different thresholds: {0, 10, 50}. The x-axis represents the strength and the y-axis denotes
the frequency.

Definition 33: Modularity

For a set of communities in a weighted directed graph G = 〈V,A〉, with the set of
vertices V and adjacency matrix A, we define modularity [Leicht and Newman, 2008;
Reichardt and Bornholdt, 2006]:

∑
i,j∈V

(
Aij − r

kouti kinj
m

c(i, j)
)
, (7.12)

where m is the sum of edge weights, kouti and kini are respectively the weighted out-
degree and in-degree of node i, the boolean function c(i, j) specifies whether node i
and j are in the same community, and r is a resolution parameter.

We used the Leiden algorithm, with the default6 resolution parameter r = 1, for 100
iterations and we observed that the algorithm converged after 3 iterations. We found a
partition of which we demonstrated the robustness (p-value ≤ 0.001) using a bootstrapping
approach presented in [Radivojević and Grujić, 2017]. Furthermore, by rendering this
partition on top of the map of Great Britain, as is shown in Figure 7.11 (left panel), we show
that the districts belonging to the same community are close to each other geographically,

6In Section 11, we discuss the effect of different resolution parameters on the resulting number of
communities in our mobility graph.
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as we would expect. Moreover, when we overlay the NUTS-2 administrative regions7
on the partitioning (Figure 7.11, right panel), we observe that our partitioning scheme
mostly overlaps with the NUTS-2 regions, which indicates that Leiden algorithm produces
a sensible partitioning.

(a) (b)

Figure 7.11: We show the communities, that resulted from applying the Leiden algorithm,
on the map of Great Britain. The left panel shows all administrative districts colour-coded
by the community they belong to, and the right panel adds the borders of the NUTS-2
administrative regions. We annotate the Cornwall-Devon community on the left panel with
a red rectangle.

7NUTS (Nomenclature of Territorial Units for Statistics) is a geocode standard constructed by Eurostat
to reference the subdivisions of European countries (https://ec.europa.eu/eurostat/web/nuts). NUTS-2
is the second level and corresponds to basic regions for the application of regional policies.
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Figure 7.12: Bar chart that shows the distribution of community sizes, as retrieved by the
Leiden algorithm.

However when looking at the bar chart in Figure 7.12, it is clear that the size of the
majority of the communities is still too large to make multi-agent reinforcement learning
feasible. Therefore, in the next section, we conduct our multi-agent reinforcement learning
experiments in the community with 11 districts, to which we will refer as the Cornwall-
Devon community (see Figure 7.11), as it is comprised of the Cornwall and Devon NUTS-2
regions. In Section 11 we will discuss possible ways to deal with larger communities.

9 Multi-agent reinforcement learning
We now examine whether there is an advantage to consider the collaboration between
districts when designing school closure policies. We conduct an experiment in our epi-
demiological model with 379 districts, and attempt to learn a joint policy to control the
districts in the Cornwall-Devon community (details Section 8). To this end, we assign an
agent to each of the 11 districts of the Cornwall-Devon community, and use a multi-agent
reinforcement learning approach to learn a joint policy.
We remind the reader, that we refer to the state space of one patch p as Sp, as detailed

in Section 3. The state space of the MDP, S, corresponds to the aggregation of the state
space of each patch that we attempt to control:

S =×
p∈Pc

Sp, (7.13)

where Pc is the set of patches we attempt to control. In this experiment, Pc corresponds
to the 11 districts in the Cornwall-Devon community.
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In order to learn a joint policy, we need to consider an action space that combines the
actions for each district p ∈ Pc that we attempt to control. This results in a joint action
space with a size that is exponential with respect to the number of agents. To approach
this problem, we use a Proximal Policy Optimization agent that controls multiple districts
simultaneously. To this end, we use a custom policy network that gets as input the
combined model state of each district p ∈ Pc (Equation 7.13), and as a result, the input
layer has 17 · |Pc| input units8. In contrast to the single-district PPO, that was introduced
in Section 5, the output layer of the policy network of this agent has a unit for each district
that we attempt to control. Again, each output unit is passed through a sigmoid activation
function, and hence corresponds to the probability of closing the schools in the associated
district. Similar to the single-district PPO, each hidden layer uses the hyperbolic tangent
activation function. The value network has the same architecture for the input layers and
hidden layers, but only has a single output unit that represents the value for the given
state. We will refer to this agent as multi-district-PPO.
We conduct experiments for R0 = 1.8 (i.e., moderate transmission potential) and R0 =

2.4 (i.e., high transmission potential), and we consider a school closure budget of 6 weeks,
i.e., b = 6. We run multi-district-PPO 5 times, to assess the variance of the learning
signal, for 5 · 106 time steps, and we show the learning curves in Figure 7.13. These
learning curves demonstrate a stable and steady learning process, for R0 = 1.8 the reward
curve is still increasing, while for R0 = 2.4 the reward curve indicates that the learning
process has converged.
To investigate whether these joint policies provide a collaborative advantage, we compare

it to the aggregation of single district policies, to which we will refer as the aggregated
policy. To construct this aggregated policy, we learn a distinct school closure policy for
each of the 11 districts in the Cornwall-Devon community, using PPO, following the same
procedure as in Section 7. To evaluate this aggregated policy, we execute the distinct
policies simultaneously. For the districts that are not controlled (both for the joint and
aggregated policy) we keep the schools open for all time steps. For both R0 = 1.8 and
R0 = 2.4, respectively, we simulate the joint and the aggregated policy 1000 times, and we
show the attack rate improvement distribution in Figure 7.14. These results corroborate
that there is a collaborative advantage when devising school closures policies, for both
R0 = 1.8 and R0 = 2.4. However, the improvement is most significant for R0 = 1.8.
We conjecture that this difference is due to the fact that there is less flexibility when
the transmission potential of the epidemic is higher, since there is less time to act. This
conjecture is supported by our earlier analyses in Section 6, that show that the top 10

8As detailed in Section 3, the state of the epidemiological model is comprised of the SEIR values for
each age group (16 state variables), along with the remaining budget for closing schools in the district.
The combined state space thus is comprised of 17 state variables.

180



9. MULTI-AGENT REINFORCEMENT LEARNING

0 1000000 2000000 3000000 4000000 5000000
Step

2.20

2.15

2.10

2.05

2.00

1.95

1.90

1.85

Re
wa

rd

R0 = 1.8

0 1000000 2000000 3000000 4000000 5000000
Step

3.30

3.25

3.20

3.15

3.10

3.05

3.00

Re
wa

rd

R0 = 2.4

Figure 7.13: We show the reward curves (i.e., total reward per episode) for multi-district-
PPO for R0 = 1.8 (left panel) and R0 = 2.4 (right panel). The reward curves are visualized
using a rolling window of 100 steps. The shaded area shows the standard deviation of the
reward signal, over 5 multi-district-PPO runs.

policies are more diverse for R0 = 1.8, and more concentrated towards the peak day for
R0 = 2.4. Although, we observe an improvement when a joint policy is learned, it remains
challenging to interpret deep multi-agent policies, and we discuss in Section 11 possible
direction for future work with respect to explainable multi-agent reinforcement learning.
In this analysis, where we have a limited number of actions per agent, the use of multi-

district-PPO proved to be successful. However, the use of more advanced multi-agent
reinforcement learning methods is warranted when a more complex action space is con-
sidered. For this reason, we also investigated the recently introduced QMIX [Rashid et al.,
2018] algorithm. We searched for hyper-parameters to optimize QMIX’s performance,
but the resulting learning curve proved to be quite unstable. Next to QMIX, there are
other algorithms (e.g., Counterfactual multi-agent policy gradients [Foerster et al., 2018],
Actor-Attention-Critic for Multi-Agent Reinforcement Learning [Iqbal and Sha, 2019] and
Deep coordination graphs [Böhmer et al., 2019]) of interest to epidemiological decision
making. In particular, we discuss the attention-based multi-agent reinforcement learning
algorithms (e.g., Actor-Attention-Critic for Multi-Agent Reinforcement Learning [Iqbal and
Sha, 2019]) as a direction for future work in Section 11.
We conducted our experiments in the setting of school closures, and our findings are of

direct relevance with respect to the mitigation of pandemic influenza. Furthermore, our
novel approach to investigate the collaborative nature of prevention strategies as a multi-
agent reinforcement learning problem, can be applied to other epidemiological settings,
as we discuss in Section 11.
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Figure 7.14: We compare the simulation results of the aggregated policy (blue) and the
joint policy (orange) for R0 = 1.8 (left panel) and R0 = 2.4 (right panel). For both
distributions (i.e., aggregated versus joint) , we show a box plot that denotes the outcome
distribution that was obtained by simulating the respective policy 1000 times.

10 Reward function to investigate policies to shift the
epidemic’s peak day

As stated earlier (see Section 1), school closures policies can be used to serve two distinct
objectives, on the one hand, to reduce the attack rate (Definition 19), and on the other
hand, to delay the peak of the epidemic (i.e., to shift the peak day). We show an example
of a peak day shift, through means of school closures, in Figure 7.15.
To shift the peak day, we require a delayed reward function, that returns the peak day

at the end of the episode. The concept of an epidemic’s peak day is straightforward in
the case of an epidemic curve with a single peak. However, by closing schools, we can
change the epidemic such that it is split in two distinct peaks, as shown in Section 5.2
of Chapter 6. To take this into account in our reward function, we first detect all local
maxima in the epidemic curve, and select the first peak of which the normalized peak
count exceeds the threshold t . We determine these local maxima by determining the first
and second derivative of the epidemic curve. As we have a stochastic epidemic model,
this epidemic curve will not be smooth and we therefore determine these derivatives using
a Savitzky-Golay filter [Savitzky and Golay, 1964]. We show an example of this procedure
in Figure 7.16 and formalize the reward function in Definition 34.
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Figure 7.15: We show a baseline epidemic curve (blue), and an epidemic curve where
schools were closed for 4 weeks (orange), to demonstrate a shift of the epidemic’s peak
day. The period that schools were closed is annotated with a green bar on top of the days
axis.

Definition 34: Reward function to shift the peak day

The reward function to shift the peak day is:

RPD(s, a, s′) =


0, s′ is a non-terminal state
0, s′ is a terminal state, but no peak occurred
peak days(s′)[0], s′ is a terminal state, and a peak occured,

(7.14)
where peak days(s′) returns the local maxima using the first and second derivative
of the epidemic curve as obtained through a Savitzky-Golay filter.

11 Discussion
In this chapter, we demonstrate the potential of deep reinforcement learning in the context
of epidemiological decision making by conducting experiments that show that the Proximal
Policy Optimization (PPO) algorithm converges to the optimal policy. Furthermore, we
show that the impact of the census composition on school closure policies is limited.
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Figure 7.16: We show a baseline epidemic curve (blue), and an epidemic curve where
schools were closed for 6 weeks (orange). The period that schools were closed is annotated
with a green bar on top of the days axis. For the orange epidemic curve, we show its two
epidemic peaks.

Finally, we investigate and show that there is a collaborative advantage when devising
school closures policies, by formulating the hypothesis as a multi-agent problem.
The work conducted throughout this chapter indicates that there is the potential to

use reinforcement learning in the context of complex stochastic epidemiological models.
For future work, it would be interesting to investigate how well these algorithms scale to
even larger state and/or action spaces. To increase the scalability, a possible research
direction is the use of convolutional neural networks, instead of the multi-layer perceptron
networks we use in this chapter. However, convolutional neural networks assume that the
input data is structured in a grid-wise fashion [Collobert and Weston, 2008], which is not
typically the case for geographic districts. To circumvent this assumption, the use of graph
convolutional neural networks could be explored [Defferrard et al., 2016].
Another important concern is to scale these reinforcement learning methods to epidemi-

ological models with a greater computational burden. In this dissertation we constructed
a custom model where we attempt to balance between model complexity and computa-
tional efficiency. However, constructing such models is cumbersome and time-consuming,
and the resulting model is specifically tailored to address one particular research question
(in our case the evaluation of school closure policies). An alternative to such custom
models is the use of individual-based models, as such models can be easily configured to
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approach a variety of research scenarios. However, the computational burden that is asso-
ciated with individual-based models (see Chapter 4) complicates the use of reinforcement
learning methods, such as DQN and PPO. To this end, it would be interesting to devise
methods to automatically learn a surrogate model from the individual-based model, such
that the reinforcement learning agent can learn in this computationally leaner surrogate
model [Willem et al., 2014].
We performed a hyper-parameter sweep using Latin hypercube sampling (n = 1000)

for both DQN and PPO [Stein, 1987]. On the one hand, this Latin hypercube sampling
sweep found a good fit for the hyper-parameters, on the other hand, it provides insights
in the effect of the different hyper-parameters on the learning performance, as shown
in Figure 7.17. As we demonstrated in Section 5, both DQN and PPO exhibit similar
performance for their top hyper-parameters. However, considering the complete space
of hyper-parameters, DQN seems to be less sensitive to the choice of hyper-parameters
than PPO. Nonetheless, our extensive evaluation of PPO shows that once a good set of
hyper-parameters has been identified, this set works well for different variations of the
epidemiological model, e.g., with respect to census composition and reproductive number.
While we show in this chapter that deep reinforcement learning algorithms can be used to

learn optimal mitigation strategies, the interpretation of such policies remains challenging.
This is especially the case for the multi-agent setting we considered. To this end, further
research into explainable reinforcement learning, both in a single-agent and multi-agent
setting, is warranted.
In Section 8, we partitioned the districts based on an analysis of the mobility network.

Through this analysis, we were able to obtain a community of 11 districts, that made the
use of multi-agent reinforcement learning algorithms feasible. However, the other com-
munities proved too large, rendering the methods we propose unachievable. We foresee
two different research directions to address this problem. Firstly, we could attempt to
partition the communities to a more fine-grained resolution9 or to group the most tightly
coupled districts into super-districts. Secondly, we could consider an algorithm that in-
corporates the network structure that connects the agents in the learning process. In this
regard, we acknowledge the recent Cooperative Prioritized Sweeping multi-agent reinforce-
ment learning algorithm [Bargiacchi et al., 2020], that takes into account the connections
between agents, and scales to many agents. While this algorithm is currently limited to
tabular settings, we expressed interest to the authors of this work to extend this algorithm
to continuous state spaces.

9There are different ways to approach this deeper partitioning. Firstly, by finding a resolution parameter
r for the Leiden algorithm that provides a more fine-grained partitioning. Note that this approach was not
successful on our mobility network, but it could prove beneficial for other settings. Secondly, by dividing
the community graph using hierarchical clustering techniques.
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Figure 7.17: We show the CART decision trees [Steinberg, 2009] of the Latin hypercube
sampling parameter sweep for DQN (a) and PPO (b). The tree nodes’ hue indicates the
performance of that branch of hyper-parameters, i.e. darker is better.
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Furthermore, in order to address problems with a larger state/action space and to scale to
a larger number of agents, the use of attention-based multi-agent reinforcement learning
algorithms could be explored [Jiang and Lu, 2018; Iqbal and Sha, 2019; Vaswani et al.].
Based on this mechanism, algorithms can be applied on a graph of agents, which is either
assumed [Khan et al., 2019; Jiang et al., 2018] or learned [Liu et al., 2019].
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8 | General discussion
Le but de la discussion ne doit pas être la victoire, mais
l’amélioration.

Joseph Jouber

In this chapter, we summarize the contributions that we presented throughout this dis-
sertation. Next, we discuss the valorisation potential of our research, both with respect
to the control of epidemics, and the potential of our algorithms and methods beyond epi-
demiological decision making. Finally, we discuss different opportunities for future work,
and we express the aspiration to use reinforcement learning to react to emerging infectious
diseases in real-time.

1 Contributions
Our first contribution concerns the decision making problem where an optimal prevention
strategy needs to be identified from a set of alternatives, where we assume that these
prevention strategies can be evaluated in a stochastic individual-based epidemiological
model. Due to the computationally intensive nature of such models, it is important to
minimize the number of model evaluations required to make a decision. In this regard,
in Chapter 4, we formulate this decision making problem as a multi-armed bandit
problem, where the different prevention strategies are modelled as bandit arms.
We demonstrate that it is possible to efficiently identify the optimal prevention strategy in
this multi-armed bandit setting, by using fixed-budget best-arm identification algorithms.
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Moreover, we show that by using epidemiological modelling theory, we can derive know-
ledge on the outcome distribution of the epidemiological model, and exploit this knowledge
using Bayesian best-arm identification algorithms. Following this Bayesian approach, we
experimentally show that it is possible to identify the optimal prevention strategy 2-to-3
times faster compared to the uniform sampling method, the predominant technique used
for epidemiological decision making in the literature. Furthermore, we show that the uncer-
tainty distribution constructed by Bayesian best-arm identification algorithms can be used
to inform decision makers about the confidence of an arm recommendation. From a tech-
nical perspective, we enable Bayesian best-arm identification algorithms (i.e., Thompson
sampling and BayesGap) to be used on a Gaussian reward distribution with unknown vari-
ance, by using a t-distributed posterior. For BayesGap, we formally prove that using this
posterior yields a probability of simple regret that asymptotically reaches the exponential
lower bound of [Hoffman et al., 2014].
Our second contribution (Chapter 5) generalizes this decision making framework into

an anytime m-top exploration setting, which has two significant advantages. Firstly,
while the best-arm identification approach only returns the best prevention strategy, m-top
exploration algorithms can return the m best prevention strategies, providing public health
scientists with more flexibility. Secondly, the use of an anytime algorithm removes the
need for decision makers to choose a computational budget upfront. This is important, as
choosing a computational budget upfront can be challenging, especially for computationally
intensive models. We demonstrate this generalized decision making framework with the
state-of-the-art anytime m-top exploration algorithm AT-LUCB.
As AT-LUCB is an Upper Confidence Bound (UCB) variant, it is challenging to inform it

with prior knowledge. Therefore, our third contribution is a new Bayesian anytime m-
top algorithm: Boundary Focused Thompson Sampling (Chapter 5). We demonstrate
that Boundary Focused Thompson Sampling (BFTS) outperforms AT-LUCB for a set of
benchmarks, and show that BFTS significantly outperforms AT-LUCB in the context of
decision making in epidemics, by introducing a new and challenging benchmark problem.
We further establish BFTS’s potential in a bandit setting with Poisson reward distributions,
to show that BFTS is able to handle skewed and high-variance (i.e., challenging) reward
distributions. Finally, we perform a formal Bayesian analysis of BFTS, to provide additional
insights in BFTS’ exploration strategy, which confirms that this strategy is well-grounded.
While our first three contributions are in the realm of multi-armed bandits, the next

two contributions concern the use of reinforcement learning techniques to learn adaptive
mitigation policies. In this regard, we used reinforcement learning to study and optimize
school closure policies in the context of pandemic influenza.
Our fourth contribution regards a new epidemiological meta-population model to

study school closure policies with reinforcement learning. This model consists out
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of a set of interconnected patches, where each patch corresponds to an administrative
region in Great Britain and is internally represented by a SEIR compartment model with
four age groups. On the one hand, we designed this model such that it is sufficiently fine-
grained to evaluate school closure policies. On the other hand, the model was engineered
to be computationally efficient such that it can be used in combination with the state-of-
the-art of reinforcement learning algorithms, that to date suffer from sample inefficiency.
We conducted experiments to assess the model’s performance, of which one experiment
demonstrated the model’s capability to reproduce the 2009 pandemic in Great Britain.
While this new meta-population model addresses a specific research questions, it can be
extended to investigate other preventive measures in the context of pandemic influenza
(i.a., vaccines, antiviral drugs), by changing the structure of the compartment model.
Furthermore, while this particular model was constructed to model influenza pandemics
in Great Britain, the modelling methodology can be used to construct models for other
geographic regions and/or scales, as long as there is census data available for each of
the patches and a model (or dataset) that expresses the mobility network between the
different patches. Moreover, the methods we introduced to achieve the computational
efficiency in this model can be used to construct multi-patch models for other pathogens
(e.g., Ebola, arboviruses). Such computationally efficient models could render the use of
reinforcement learning techniques attainable to study adaptive mitigation policies for a
wider range of pathogens.
Our fifth contribution concerns the introduction of a reinforcement learning ap-

proach to learn adaptive mitigation policies in a complex epidemiological model.
Firstly, we experimentally evaluate the use of Proximal Policy Optimization (PPO), a deep
reinforcement learning algorithm, in a single district setting. We establish a ground truth
and show that PPO converges to this optimal policy. Furthermore, through this evalu-
ation, we show that the impact of the census composition on school closure policies is
limited. Secondly, we present a new approach to investigate whether there is a collaborat-
ive advantage when devising mitigation policies. We do this by formulating this research
question as a multi-agent decision making problem, and we solve this decision problem
by using deep multi-agent reinforcement learning algorithms. In this new framework, we
show that there is a collaborative advantage when devising school closures policies. These
findings are of direct relevance with respect to the mitigation of pandemic influenza. Fur-
thermore, this novel deep multi-agent reinforcement learning approach, has the potential
to study other epidemiological settings.
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2 Dissemination and valorisation

The research in this dissertation was funded by an FWO1 grant for strategic basic research.
The FWO allocates this grant to challenging and innovative research, which may in the
longer term lead to innovative applications with economic and/or societal added value.
Therefore, in this section, we discuss the potential for the dissemination and valorisation
of our work.
In this dissertation, we contribute different reinforcement learning techniques to support

the decision making process to mitigate epidemics of infectious diseases. Improving the
response to epidemics is important, as outbreaks of infectious diseases cause a great soci-
etal and economic burden. Our contributions add value on three main fronts. Firstly, by
introducing the multi-armed bandit decision framework, we reduce the number of model
evaluations that are necessary to come to a solution. Minimizing the number of required
model evaluations reduces the total time required to evaluate a given set of preventive
strategies. This renders the use of individual-based models attainable in studies where
it would otherwise not be computationally feasible, opening the prospect for novel direc-
tions to investigate the control of epidemics. Additionally, reducing the number of model
evaluations will free up computational resources in studies that already use individual-
based models, capacitating researchers to explore a wider set of model scenarios. This is
important, as considering a wider range of scenarios increases the confidence about the
overall utility of preventive strategies. Secondly, we show that deep reinforcement learning
techniques can be used to learn adaptive mitigation strategies in complex epidemiological
models. As we showed, learning such adaptive strategies can improve the utility of a
prevention strategy, thereby reducing the societal and economic burden that an epidemic
induces. Moreover, these techniques can be used to further optimize prevention strategies,
for example to reduce the cost of a prevention strategy. Thirdly, next to the mitigation of
epidemics, there is a great potential for the anytime m-top exploration to support decision
makers with complex societal challenges in general. These decision making processes are
often guided by intricate simulation models, to evaluate a set of alternative policies that can
be modelled as bandit arms. Our new Bayesian algorithm, Boundary Focused Thompson
sampling (BFTS), allow decision makers to introduce prior knowledge into the decision
making process. Such prior information is readily available in many practical applications,
and enables faster learning and the ability to report a confidence measure when a decision
is made. In this regard, we believe that BFTS is a promising algorithm to support decision
makers across different research fields.
Finally, our experiments show that reinforcement learning techniques can be used to

investigate mitigation strategies off-line to evaluate and come up with new mitigation
1Fonds voor Wetenschappelijk Onderzoek - Vlaanderen, Research Foundation – Flanders
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protocols. However, we believe that there is a great potential to use reinforcement learning
to support decision makers in a real-time fashion, which is especially important in the
context of emerging infectious diseases. We discuss this prospect in Section 3.

3 Future work
We believe that there is a great potential to use reinforcement learning in the context of
emerging infectious diseases to support policy makers in a real-time fashion.
The control of emerging epidemics is notoriously challenging, as there is typically a great

deal of uncertainty associated with the pathogen’s characteristics and the course that the
epidemic will take [Metcalf and Lessler, 2017]. As we argue throughout this dissertation,
potential mitigation strategies thus need to be evaluated using reliable epidemiological
models. However, modelling epidemics when they emerge is difficult, as the number of
infected individuals is typically limited at this phase of the epidemic, which convolutes the
fitting of such models [Britton and Scalia Tomba, 2019].
Epidemiological models are routinely fit on case statistics (e.g., incidence data), as these

are readily available when an epidemic emerges[Britton and Scalia Tomba, 2019]. However,
due to the rapid evolution of many viral pathogens, and as the acquisition of genetic virus
sequences is becoming increasingly abundant and accessible due to recent advances in
sequencing technologies [Grubaugh et al., 2019], the potential to spatial epidemiological
models from virus genomes rises.
We argue that to support policy makers in real time, two main methodological advances

are required. On the one hand, a method is needed to continuously update a geospatial
epidemiological model whilst an epidemic unravels, by using virus genomes as an additional
epidemiological marker, taking into account the uncertainty of the ongoing epidemic. On
the other hand, given this model that captures the uncertainty of the epidemic, a reinforce-
ment learning agent is necessary that can suggest decisions under uncertainty to policy
makers and can use the feedback of the policy makers to further guide the learning process.
Another important direction for future work is to extend the proposed techniques to a

multi-objective setting. As mentioned in Chapter 4, we did some preliminary research to
use the Interactive Thompson sampling algorithm [Roijers et al., 2017] in a pure-exploration
multi-armed bandit setting, such that we can learn about the environment (i.e., the decision
problem) and the user’s preferences simultaneously. We believe that further research in
this direction would be useful. In the context of stateful multi-objective reinforcement
algorithms there are two categories of algorithms [Vamplew et al., 2011]: single-policy
and multi-policy algorithm. On the one hand, single-policy algorithms try to learn a single
optimal policy for a known utility function. On the other hand, multi-policy algorithms
attempt to approximate the Pareto front. Both approaches are useful in the context of
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epidemiological decision making, and an experimental validation of the state-of-the-art of
multi-objective reinforcement algorithms is warranted.
Finally, in this dissertation, we show that multi-agent reinforcement learning techniques

can be used to investigate intricate hypotheses. However, the state-of-the-art in deep
multi-agent reinforcement learning is only able to consider a limited number of agents. As
discussed in Chapter 7 we believe that there is great potential to construct algorithms that
incorporate the network structure between the different agents in the learning process. An
interesting research direction in this regard is the recent Cooperative Prioritized Sweeping
multi-agent reinforcement learning algorithm [Bargiacchi et al., 2020], that takes into
account the connections between agents and scales to many agents. While this algorithm is
currently limited to tabular settings, it would be interesting to consider extending it towards
continuous settings, and evaluate this new algorithm in the context of epidemic control.
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A | Appendices
1 BayesGap simple regret bound for t-distributed pos-

teriors
In this section, we provide a proof for BayesGap’s simple regret bound for Gaussians with
unknown means and variances (see Chapter 4). To this end, we first introduce and prove
three lemmas. Note that this proof is a novel contribution.
In Section 4.4 of Chapter 4, we specified problem-specific bounds. To remind the reader,

given our posteriors (Equation 4.12), we have:

U
(t)
k = E

[
π

(t−1)
T

]
k

+ κ

√
V
[
π

(t−1)
T

]
k

L
(t)
k = E

[
π

(t−1)
T

]
k
− κ
√
V
[
π

(t−1)
T

]
k

(A.1)

where E
[
π

(t−1)
T

]
is the mean, and V

[
π

(t−1)
T

]
is the variance of the posterior of arm

ak at time step t − 1, and κ is an exploration coefficient. Furthermore, we defined the
arm-dependent ε-hardness (Definition 18):

Hk,ε = max
(

0.5(δ(t))
k + ε), ε

)
. (A.2)
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Lemma 1

Consider a Jeffrey’s prior (µk, σ2
k) ∼ σ−3

k over the parameters of the Gaussian reward
distributions. Then the posterior mean of arm k has the following non-standardized
t-distribution at pull n(t)

k :

µk | µ̂(t)
k , S

(t)
k ∼ Tn(t)

k

(µ̂(t)
k , (n(t)

k )−1
√
S

(t)
k ),

where n(t)
k is the number of pulls for arm k, µ̂(t)

k is the sample mean and S(t)
k is the

sum of squares.

Proof. This lemma was presented and proved by Honda and Takemura [2014].

Lemma 2

Consider a non-standardized t-distributed random variable X ∼ Tν(µ, λ) with vari-
ance σ2 = ν

ν−2λ
2, ν > 2 and κ > 0. The probability that X is within a radius κσ

from its mean can be bounded as:

P (|X − µ| < κσ) ≥ 1− 2
√
ν(ν − 2)
ν − 1

C(ν)
κ

(
1 + κ2

ν

)−0.5(ν−1)

,

where:

C(ν) = Γ(0.5ν + 0.5)
Γ(0.5ν)

√
πν

,

is the normalizing constant of a standard t-distribution.
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Proof. Consider a random variable Z ∼ Tν(0, 1), ν > 2 and κ > 0. Then the probability
of Z being greater than κ

√
ν
ν−2 is:

P

(
Z > κ

√
ν

ν − 2

)
(1)=
∫ +∞

κ
√

ν
ν−2

Tν(z | 0, 1)dz

= C(ν)
∫ +∞

κ
√

ν
ν−2

(
1 + z2

ν

)−0.5(ν+1)

dz

(2)
≤ C(ν)

∫ +∞

κ
√

ν
ν−2

z

κ
√

ν
ν−2

(
1 + z2

ν

)−0.5(ν+1)

dz

=
√
ν − 2
κ
√
ν
C(ν)

∫ +∞

κ
√

ν
ν−2

z

(
1 + z2

ν

)−0.5(ν+1)

dz

= − ν

ν − 1

√
ν − 2
κ
√
ν
C(ν)

∫ +∞

κ
√

ν
ν−2

−ν − 1
ν

z

(
1 + z2

ν

)−0.5(ν+1)

dz

(3)= −
√
ν(ν − 2)
ν − 1

C(ν)
κ

(
1 + z2

ν

)−0.5(ν−1)
∣∣∣∣∣
+∞

κ
√

ν
ν−2

(4)=
√
ν(ν − 2)
ν − 1

C(ν)
κ

(
1 + κ2

ν − 2

)−0.5(ν−1)

The probability of Z being greater or equal than the lower bound κ
√

ν
ν−2 is the integral

over its probability density function, starting from that lower bound (1). In the integral,
we introduce a factor z

κ
√

ν
ν−2

, which is greater or equal than 1 for the considered values
of z (2). We then take note of the following derivative, and use this result to analytically
solve the integral (3):

d

dx

(
1 + x2

ν

)−0.5(ν−1)

= −ν − 1
ν

x

(
1 + x2

ν

)−0.5(ν+1)

Finally, we solve the primitive from z
κ
√

ν
ν−2

to infinity (4).
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Next, we apply a union bound to obtain a lower bound on the probability that the
magnitude of Z is smaller than κ

√
ν
ν−2 :

P

(
|Z| < κ

√
ν

ν − 2

)
= 1− P

(
|Z| > κ

√
ν

ν − 2

)
= 1−

[
P

(
Z > κ

√
ν

ν − 2

)
+ P

(
Z < −κ

√
ν

ν − 2

)]
= 1− 2P

(
Z > κ

√
ν

ν − 2

)
≥ 1− 2

√
ν(ν − 2)
ν − 1

C(ν)
κ

(
1 + κ2

ν − 2

)−0.5(ν−1)

In the third step, we use the fact that P
(
Z > κ

√
ν
ν−2

)
is equal to P

(
Z < −κ

√
ν
ν−2

)
,

as Z is a standardized t-distributed random variable.
Finally, consider Z = (X−µ)

λ :

P

(
|X − µ| < κ

√
ν

ν − 2λ
)
≥ 1− 2

√
ν(ν − 2)
ν − 1

C(ν)
κ

(
1 + κ2

ν − 2

)−0.5(ν−1)
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Lemma 3

Consider a K-armed bandit problem with budget T and K arms. Let U (t)
k and L(t)

k

be upper and lower bounds that hold for all times t ≤ T and all arms k ≤ K with
probability 1− δ(t)

k , and n(t−1)
k is the number of times arm k has been pulled at time

t− 1. Finally, let gk be a monotonically decreasing function such that

U
(t)
k − L

(t)
k ≤ gk(n(t−1)

k ), (A.3)

and,
K∑
k=1

g−1
k (Hk,ε) ≤ T −K. (A.4)

We can then bound the simple regret R(T ) (Definition 4) as:

P (R(T ) < ε) ≥ 1−
K∑
k=1

T∑
t=1

δk(t)

Proof. First, we define E as the event in which every mean µk is bounded by its associated
bounds (i.e., U (t)

k and L(t)
k ) for each time step.

E := ∀k ≤ K, ∀t ≤ T : L(t)
k ≤ µk ≤ U

(t)
k

The probability of regret is equal to the probability of the event E occurring, as shown by
Hoffman et al. [2014]. The probability of µk deviating from a single bound at time t is by
definition δk(t). When applying the union bound, we obtain

P (E) ≥ 1−
K∑
k=1

T∑
t=1

δk(t). (A.5)
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Theorem 2

Consider a K-armed Gaussian bandit problem with budget T and unknown variance,
with a Jeffrey’s prior (µk, σ2

k) ∼ σ−3
k over the parameters of the Gaussian reward

distributions. Let σ2
G be a generalization of that variance over all arms, and U (t)

k

and L(t)
k respectively be the upper and lower bounds for each arm k at time t. The

simple regret is then bounded as:

P (R(T ) ≤ ε)

≥ 1− 2
K∑
k=1

T∑
t=1

√
nk(t)(nk(t)− 2)
nk(t)− 1

C(nk(t))
κ

(
1 + κ2

nk(t)− 2

)−0.5(nk(t)−1)

≥ 1−O

KT
1 + κ2

min
k,t

nk(t)

−0.5 min
k,t

nk(t)
 ,

where,

κ =
√

T − 3K
4σ2

G

∑K
k=1 H

−2
k,ε

.

Proof. According to Lemma 1, the posterior over the average reward is a t-distribution
with scaling factor λk(t) =

(
n

(t)
k

)−1√
S

(t)
k . Therefore, the difference between the lower

and upper bounds is equal to:

U
(t)
k − L

(t)
k = 2κV

[
π

(t−1)
T

]
k

(1)= 2κ

√
nk(t− 1)

nk(t− 1)− 2

√
S

(t−1)
k

n
(t−1)
k

= 2κ

√
(s(t)
k )2

nk(t− 1)− 2 ,

where (s(t)
k )2 is the variance over n rewards for arm k and κ is a free parameter that

will be chosen later. The standard deviation of a t-distribution is equal to
√

ν
ν−2λk(t)

for arm k at time t, where ν is the degrees of freedom and λk(t) is the scaling factor of
the t-distribution described in Lemma 1 (1). We generalize this standard deviation s(t)

k

to σG, which is assumed to be representative for all arms. Note that, in Section 4.4 of
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Chapter 4, we choose σ2
G = s̄2

G to be the mean over all arm-specific variances obtained
after the initialization phase.
We define the monotonically decreasing function

gk(n) = 2κ

√
σ2
G

n− 2 , (A.6)

such that the condition,

U
(t+1)
k − L(t+1)

k ≤ gk(n(t−1)
k ), (A.7)

in Lemma 3 is satisfied.
Next, we compute the inverse of gk(x):

2κ

√
σ2
G

g−1
k (x)− 2

= x

⇔ 1
g−1
k (x)− 2

= x2

4κ2σ2
G

⇔ g−1
k (x) = 4κ2σ2

G

x2 + 2

We restrict the sum of this function applied to the hardness over all arms k to be equal
to T −K, which satisfies the last condition on gk in Lemma 3:

K∑
k=1

g−1
k (Hk,ε)

=
K∑
k=1

4κ2σ2
G

H2
k,ε

+ 2

= 4κ2σ2
G

K∑
k=1

H−2
k,ε + 2K

= T −K

From the restrictions put on gk(x), we can derive κ as follows:

4κ2σ2
G

K∑
k=1

H−2
k,ε + 2K = T −K

⇔ κ =
√

T − 3K
4σ2

G

∑K
k=1 H

−2
k,ε
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Finally, as the conditions on gk are now satisfied, the simple regret bound can be obtained
using Lemma 3 (L3) and the probability that the true mean is out of the arm-specific
bounds U (t)

k and L(t)
k , given in Lemma 2 (L2).

P (R(T ) < ε)
(L 3)
≥ 1−

K∑
k=1

T∑
t=1

δk(t)

(L 2)= 1− 2
K∑
k=1

T∑
t=1

√
n

(t)
k (n(t)

k − 2)

n
(t)
k − 1

C(n(t)
k )
κ

(
1 + κ2

n
(t)
k − 2

)−0.5(n(t)
k
−1)

Corollary 1

If the number of pulls of all arms tend to infinity, the probability of regret decreases
exponentially in T .

P (R(T ) ≤ ε) ≥ 1−

√
2σ2

G

∑K
k=1 H

−2
k,ε

π (T − 3K) KT exp
(
− T − 3K

2σ2
G

∑K
k=1 H

−2
k,ε

)
≥ Ω

(
1−
√
T exp(−T )

)
Note that this bound is similar to the bandit setting with Gaussians with known
variances presented in Hoffman et al. [2014]. Intuitively, this result makes sense, as
for known variances, a Gaussian can be used to describe the posterior means, and
indeed, as the number of pulls approaches infinity, our t-distributions converge to
Gaussians.

Proof. Take the limit of the regret bound, established in Theorem 2, with the number of
arm pulls going towards infinity:

lim
n

(t)
k
→+∞

P (RT < ε)

≥ lim
n→+∞

1− 2
K∑
k=1

T∑
t=1

√
n(n− 2)
n− 1

C(n)
κ

(
1 + κ2

n− 2

)−0.5(n−1)

The limit of the sum/product of factors is the sum/product of the limits of the factors, as
long as the limits of the factors exist.
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We derive now the limits of each factor in the regret bound (and thereby prove they
exist):
1)

lim
n→+∞

√
n(n− 2)
n− 1

= lim
n→+∞

√
n2 − 2n

n2 − 2n+ 1
= 1

2)

lim
n→+∞

C(n)

= lim
n→+∞

Γ(0.5n+ 0.5)
Γ(0.5n)

√
πn

(S)
≥ lim

n→+∞

√
2π (0.5n+ 0.5)0.5n+0.5−0.5 exp (−0.5n− 0.5)

√
2π (0.5n)0.5n−0.5 exp

(
−0.5n+ 1

12(0.5n)

)√
πn

= lim
n→+∞

(0.5n+ 0.5)0.5n

(0.5n)0.5n−0.5
exp (−0.5n− 0.5)

exp
(
−0.5n+ 1

12(0.5n)

) 1√
πn

= lim
n→+∞

(
0.5(n+ 1)

0.5n

)0.5n√
0.5n exp

(
−0.5− 1

6n

)
1√
πn

= lim
n→+∞

(
1 + 1

n

)0.5n
exp

(
−0.5− 1

6n

)
1√
2π

(E)= lim
n→+∞

exp (0.5) exp
(
−0.5− 1

6n

)
1√
2π

= 1√
2π

lim
n→+∞

exp
(
− 1

6n

)
= 1√

2π
,

where, at (S), we use Stirling’s inequalities for the Gamma function [Andrews et al., 1999]:

√
(2π)S(x) ≤ Γ(x) ≤

√
(2π)S(x) exp

(
1

12x

)
, (A.8)

with,
S(x) = xx−

1
2 exp(−x), (A.9)
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and, at (E), the exponential function limit:

lim
x→+∞

(
1 + k

x

)mx
= exp(mk). (A.10)

3)

lim
n→+∞

(
1 + κ2

n− 2

)−0.5(n−1)

= lim
m→+∞

(
1 + κ2

m

)−0.5(m+1)

, with m = n− 2

=
(

lim
m→+∞

(
1 + κ2

m

)−0.5m)
������������(

lim
m→+∞

(
1 + κ2

m

)−0.5)
= exp

(
−0.5κ2)

Combining all previous limits, we obtain the following exponential regret bound in the
limit:

lim
n

(t)
k
→+∞

P (R(T ) < ε)

≥ 1− 2
K∑
k=1

T∑
t=1

1√
2π

1
κ

exp
(
−0.5κ2)

= 1− 1√
0.5πκ

KT exp
(
−0.5κ2)

Finally, we set κ =
√

T−3K
4σ2
G

∑K

k=1
H−2
k,ε

, as described in Theorem 2.
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2. EPIDEMIC BANDIT EXPERIMENTS: COMPUTATIONAL DETAILS

2 Epidemic bandit experiments: computational details

2.1 FluTE source
FluTE is a stochastic individual-based model, that is implemented in C++. The original
source code, as release by FluTE’s author (i.e., D. Chao), is available from
https://github.com/dlchao/FluTE. This GitHub repository contains FluTE’s C++ source
code, GNU/Linux-specific make files and a set of population density descriptions that
can be used to simulate particular geographical settings (i.e., 2000-individual population,
Seattle, Los Angelos and the entire United States).
Some changes were made to the source code to make our research easier: we organized

the source code in a directory structure and added a CMake meta-make file. This CMake
build file allows us to build the source code on GNU/Linux and MacOS 1. These changes are
publicly available on the https://github.com/vub-ai-lab/FluTE-bandits GitHub repository.

2.2 FluTE configurations
To run our experiments, we defined a model environment to evaluate pre-vaccination with
little vaccine available, as described in detail in section 5. The pre-vaccination configuration
script can be found in the ’configs/bandits’ directory of the https://github.com/vub-ai-
lab/FluTE-bandits GitHub repository. Note that this configuration script is a python Mako
template (http://makotemplates.org/), to enable easy parameterization of the configur-
ation script.

2.3 Bandit implementation
We implemented a flexible bandit framework in Scala, the code is publicly available on
GitHub: https://github.com/vub-ai-lab/scala-bandits. This framework is specifically de-
signed to enable us to easily experiment with new algorithms and environments (i.e.,
both Scala environments and external environments, such as e.g., the FluTE simulator
environment).

2.4 High performance computing
Simulating epidemics using individual-based models is a computationally intensive process.
Therefore, our experiments were run on a powerful high performance computing cluster:
the Flemish Supercomputer Center. We report that, to make this possible, all software

1Microsoft Windows should also work with little changes, but this was not tested yet.
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had to be installed (or build) for the high performance computing cluster. We report that
our FluTE CMake file allows the generation of efficient code (i.e., using SSE instructions)
for all plaforms used in our analyses (i.e., MacOS, XUbuntu desktop GNU/Linux and
GNU/Linux on the high performance computing cluster).
On this HPC, we used ‘Ivy Bridge‘ nodes, more specifically nodes with two 10-core "Ivy

Bridge" Xeon E5-2680v2 CPUs (2.8 GHz, 25 MB level 3 cache) and 64 GB of RAM. This
infrastructure allowed us to run 20 FluTE simulations per node.
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3. OUTCOME (I.E., EPIDEMIC SIZE) DISTRIBUTIONS

3 Outcome (i.e., epidemic size) distributions
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(a) Outcome distributions for R0 = 1.6.
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(b) Outcome distributions for R0 = 1.8.
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(c) Outcome distributions for R0 = 2.0.
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(d) Outcome distributions for R0 = 2.2.
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4 Bandit run success rates
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(a) Bandit run results for R0 = 1.6.
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(b) Bandit run results for R0 = 1.8.
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(c) Bandit run results for R0 = 2.0.
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(d) Bandit run results for R0 = 2.2.
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5. PS VALUES FOR TOP-TWO THOMPSON SAMPLING

5 Ps values for Top-two Thompson sampling
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(a) Ps values for R0 = 1.6.
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(b) Ps values for R0 = 1.8.
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(c) Ps values for R0 = 2.0.

100 200 300 400 500
budget

0.4

0.5

0.6

0.7

0.8

0.9

1.0

pr
ob

ab
ilit

y 
of
 su

cc
es

s

success
failure

(d) Ps values for R0 = 2.2.
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6 Binned distribution of Ps values for Top-two Thompson
sampling
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(a) Binned distribution for R0 = 1.6.
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(b) Binned distribution for R0 = 1.8.
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(c) Binned distribution for R0 = 2.0.
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(d) Binned distribution for R0 = 2.2.
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7 Expectation of the truncated t-distribution posterior
We consider a Gaussian reward distribution with unknown variance and assume an unin-
formative Jeffreys prior (σ)−3 on (µ, σ2).
Given rewards r = {r1, ..., rn}, this prior leads to the non-standardized t-distributed

posterior, that we truncate given that we know that the arm’s means are in [0, 1]:

µ ∼ Tn,[0,1]

(
µ0 =

∑n
i=1 ri
n

, σ2
0 =

∑n
i=1(ri − µ0)2

n2

)
. (A.11)

Given the probability density function (pdf) f(·) of a non-standardized t-distribution
Tυ(µ, σ2)

f(x;µ, σ2) =
Γ
(
υ+1

2
)

σ
√
υπΓ

(
υ
2
) (1 + (x− µ)2

υσ2

)− υ+1
2
, (A.12)

and cumulative density function (cdf) F (·;µ, σ2), we can compute the mean of the trun-
cated non-standardized t-distribution using this normalized definite integral:∫ 1

0 xf(x;µ, σ2)dx
F (1, µ, σ)− F (0, µ, σ)

=
∫ 1

0 xf(x;µ, σ2)dx
F ( 1−µ

σ ; 0, 1)− F ( 0−µ
σ ; 0, 1)

(A.13)

From this, we can derive an analytic expression by first considering the nominator:∫ 1

0
xf(x;µ, σ2)dx

(1)=
∫ 1

0
x

Γ
(
υ+1

2
)

σ
√
υπΓ

(
υ
2
) (1 + (x− µ)2

υσ2

)− υ+1
2

dx

=
∫ x=1

x=0
σ
x− µ+ µ

σ

Γ
(
υ+1

2
)

√
υπΓ

(
υ
2
) (1 + (x− µ)2

υσ2

)− υ+1
2 1
σ
dx

(2)=
∫ u= 1−µ

σ

u= 0−µ
σ

(σu+ µ)
Γ
(
υ+1

2
)

√
υπΓ

(
υ
2
) (1 + u2

υ

)− υ+1
2

du

(3)=
∫ u= 1−µ

σ

u= 0−µ
σ

σuf(u; 0, 1)du+
∫ u= 1−µ

σ

u= 0−µ
σ

µf(u; 0, 1)du

(A.14)

211



APPENDIX A. APPENDICES

First (1), we fill in the pdf of the non-standardized. Next (2), we use integration by
substitution, with,

u = x− µ
σ

, du = 1
σ
dx. (A.15)

Finally (3), we have an expression that is the pdf of a standardized t-distribution.
Substituting the result of Equation A.14 in Equation A.13, we have:∫ u= 1−µ

σ

u= 0−µ
σ

σuf(u; 0, 1)du+
∫ u= 1−µ

σ

u= 0−µ
σ

µf(u; 0, 1)du

F ( 1−µ
σ ; 0, 1)− F ( 0−µ

σ ; 0, 1)

= σ

∫ u= 1−µ
σ

u= 0−µ
σ

uf(u; 0, 1)du

F ( 1−µ
σ ; 0, 1)− F ( 0−µ

σ ; 0, 1)
+ µ

∫ u= 1−µ
σ

u= 0−µ
σ

f(u)du

F ( 1−µ
σ ; 0, 1)− F ( 0−µ

σ ; 0, 1)
= σE [u] + µ,

(A.16)

where, u follows a standardized t-distribution that is truncated on the interval [−µσ ,
1−µ
σ ].
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8. EMPIRICAL VALIDATION OF BFTS’ HEURISTICS

8 Empirical validation of BFTS’ heuristics
In Chapter 5, we conduct an experiment to empirically validate the heuristics that we
derived in the Bayesian analysis of the Boundary Focused Thompson sampling algorithm
in Section 6. We evaluate the heuristics for the same environments as in the experiments
section, but with a limited number of arms (K = 100) and time steps (i.e., 3 · 104). In
this section, we show the results for these additional experiments.

Figure A.5: Results for the linear Gaussian benchmark with fixed variance (K = 100,m =
5).

Figure A.6: Results for the polynomial Gaussian benchmark with fixed variance (K =
100,m = 5).
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Figure A.7: Results for the caption benchmark (K = 100,m = 5).

Figure A.8: Results for the scaled Gaussian benchmark (K = 100,m = 5).
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Figure A.9: Results for the Poisson benchmark (K = 100,m = 5).
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9 Influenza model validation
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Figure A.10: We demonstrate our model for R0 ∈ {1.2, 1.4, 1.6, 1.8, 2.0} (enumerated
in the legend) and an infectious period of 1.8 days (top panel), 2.5 days (bottom left
panel) and 3.38 days (bottom right panel). For each parameter combination, we show
100 stochastic trajectories (light coloured lines) and the mean of these trajectories (dark
coloured line).

216



9. INFLUENZA MODEL VALIDATION

150 200 250 300 350
Days

0

20000

40000

60000

80000

100000

120000

In
fe

ct
ed

Gamma:2.6
R0

1.4

Figure A.11: We show that our model, using a reproductive number of 1.4 and a an
average duration of infectiousness of 2.4 days is able to match the trends observed in the
British pandemic of 2009. We show 100 stochastic trajectories in this Figure.
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10 Comparing PPO and DQN
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Figure A.12: Learning results for the Greenwich environment with R0 = 1.8, for school
closure budgets b = {2, 4, 6}. Reward curves for PPO (orange) and DQN (blue), using a
rolling window of 100 steps. The shaded are shows the standard deviation of the reward
signal.
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11. HISTOGRAMS FOR THE TOP POLICIES (ATTACK RATE)

11 Histograms for the top policies (attack rate)
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Figure A.13: Histogram of the top policies for R0 = 1.8 and budget=2.
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Figure A.14: Histogram of the top policies for R0 = 1.8 and budget=4.
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Figure A.15: Histogram of the top policies for R0 = 1.8 and budget=6.
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Figure A.16: Histogram of the top policies for R0 = 2.4 and budget=2.
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Figure A.17: Histogram of the top policies for R0 = 2.4 and budget=4.
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Figure A.18: Histogram of the top policies for R0 = 2.4 and budget=6.
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12 PPO learning curves (R0 = 1.8)
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Figure A.19: PPO learning curves for R0 = 1.8.
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13 PPO learning curves (R0 = 2.4)
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Figure A.20: PPO learning curves for R0 = 2.4.
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Figure A.21: Comparing PPO to the ground truth for R0 ∈ {1.8, 2.4} and b ∈ {2, 4, 6}.
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