Pareto Upper Confidence Bounds algorithms: an
empirical study
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Abstract—Many real-world stochastic environments are inherently multi-objective environments with conflicting objectives. The multi-objective multi-armed bandits (MOMAB) are
extensions of the classical, i.e. single objective, multi-armed
bandits to reward vectors and multi-objective optimisation
techniques are often required to design mechanisms with an
efficient exploration / exploitation trade-off. In this paper, we
propose the improved Pareto Upper Confidence Bound (iPUCB)
algorithm that straightforwardly extends the single objective
improved UCB algorithm to reward vectors by deleting the
suboptimal arms. The goal of the improved Pareto UCB
algorithm, i.e. iPUCB, is to identify the set of best arms, or
the Pareto front, in a fixed budget of arm pulls. We experimentally compare the performance of the proposed Pareto upper
confidence bound algorithm with the Pareto UCB1 algorithm
and the Hoeffding race on a bi-objective example coming
from an industrial control applications, i.e. the engagement of
wet clutches. We propose a new regret metric based on the
Kullback-Leibler divergence to measure the performance of a
multi-objective multi-armed bandit algorithm. We show that
iPUCB outperforms the other two tested algorithms on the
given multi-objective environment.

I. I NTRODUCTION
Multi-armed bandits is a machine learning paradigm used
to study and analyse resource allocation in stochastic and
noisy environments. The multi-armed bandit framework considers multi-objective, or multi dimensional, rewards and imports multi-objective optimisation techniques into the multiarmed bandits algorithms. We call this framework multiobjective multi-armed bandits (MO-MABs) [1]. Some of
these techniques were also imported in other related learning
paradigms [2], [3]: multi-objective Markov Decision Processes [4], [5], and multi-objective reinforcement learning
[6], [7].
Multi-objective MABs lead to important differences compared to standard MABs. Pareto dominance relation [8]
allows to maximise the reward vectors directly in the multiobjective reward space. A reward vector can optimise one
objective and be sub-optimal in the other objectives, leading
to many vector rewards of same quality, named incomparable. Thus, there could be several arms considered to be the
best according to their reward vectors.
Like for single objective MABs, multi-objective MAB
algorithms have two goals: 1) to identify the Pareto front, and
2) to minimize the regret that measures the distance between

a suboptimal reward vector and the Pareto front. There are
two classes of best arm identification algorithms [9]: i) with
fixed budget, and ii) with fixed tolerance. A fixed budged best
arm identification algorithm, i.e. successive rejects algorithm,
uses a maximum of arms pulls to select the best arm. A fixed
tolerance algorithm assumes that two arms can be ordered
only if they are further apart then a small tolerance value. In
[10], Pareto front is identified using scalarization functions
and the best arm identification algorithm [11]. [12] proposed
a version of Pareto front identification with fixed confidence
using the Pareto ε-dominance relation [13]. In Section II, we
present the multi-objective multi-armed bandits framework
that uses the Pareto dominance relation.
In Section III, we introduce a Pareto UCB algorithm that
deletes suboptimal arms in order to improve the upper regret
bound of Pareto UCB1 [1]. This algorithm is an extension
of the improved UCB algorithm [14] to reward vectors. To
delete arms, their reward vectors are compared against Pareto
front. This algorithm returns a set of Pareto optimal arms in
a fixed budget of arm pulls. We prove an upper bound on the
performance of iPUCB that is logarithmic with the number
of arm pulls and the number of dimensions but also with
the number of Pareto optimal arms which indicates a poor
behaviour of these algorithms for a large Pareto optimal set
of arms approaching the number of total arms.
We propose to use the Kullback-Leibler divergence as a
frequencies based regret metric, see Section III. An ideal
multi-objective multi-armed bandits would pull suboptimal
arms only once and all Pareto optimal arms evenly the rest of
the remaining budget. The difference between the frequencies
in pulling arms with MOMAB and the frequencies resulted
from an ideal policy is denoted as Kullback-Leibler regret
metric.
In Section IV, we compare the performance of three
MOMAB algorithms on a bi-objective stochastic environment generated with a control problem, i.e. the bi-objective
wet clutch problem [15]. We show that the Kullback-Leibler
regret metric is an informative regret metric for multiobjective environments optimised with MOMAB algorithms.
iPUCB outperforms other two multi-objective multi-armed
bandits algorithms, i.e. Pareto UCB1 [1] and Hoeffding
race [16], because of the deletion of the suboptimal arms.
We also show that the performance of the tested MOMAB

algorithms greatly depends on the properties of the multiobjective environment. We have considered different variance
of the generating Bernoulli distribution of the points in the
bi-objective wet clutch problem to show that
Section V concludes this paper.

Fig. 1. a) Pareto projection metric for two dominated arms µ6 and µ7 ,
which is ∆6 and ∆7 , respectively. b) The dynamics of Pareto UCB1. The
arm µ6 is selected more often then the arm µ7 because it is closer to Pareto
optimal set of arms.
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Let’s consider the definition of a K-armed bandit algorithm where only one arm is played at a time, where K ≥ 2,
and I ← {1, . . . , K} the set of arms. The objectives might
be conflicting as well as correlated. In the multi-objective
setting, the expected reward of each bandit i is multidimensional, µi = (µ1i , . . . , µD
i ), where D is a fixed number
of dimensions, or objectives. When arm i is played at time
steps t1 ,t2 ,. . ., the corresponding reward vectors µti1 , µti2 ,
. . . are independently and identically distributed according
to an unknown law with unknown expectation vector. The
independence also holds between arms.
The reward vectors are ordered using the dominance
relation in multi-objective spaces [8]. The following Pareto
dominance relations between two reward vectors, µ and ν,
are considered. A reward vector µ is considered better than,
or dominating, another reward vector ν, ν ≺ µ, if and only
if there exists at least one dimension j for which ν j < µj ,
and for all other dimensions o we have ν o ≤ µo . We say
that µ is weakly-dominating ν, ν  µ, if and only if for
all dimensions j, we have ν j ≤ µj . A reward vector µ is
considered incomparable with another reward vector ν, νkµ,
if and only if there exists at least one dimension j for which
ν j < µj , and there exists another dimension o, for which
ν o > µo . We say that µ is non-dominated by ν, ν 6 µ, if
and only if there exists at least one dimension j for which
ν j < µj .
Let Pareto optimal reward set O∗ be the set of reward
vectors that are non-dominated by any of the reward vectors.
Let Pareto optimal set of arms, or Pareto front, I ∗ be the
set of arms whose reward vectors belong to O∗ . The reward
vectors in the Pareto optimal reward set O∗ are considered
equally important.
Note that Pareto dominance relation [8] is the natural
order for these environments allowing to order reward vectors directly in the multi-objective reward space. However,
optimisation and learning algorithms [1], [5] using Pareto
dominance relations often have computational problems because of the large sets of best arms that need to be explored
and stored.
A. The Pareto projection regret
The Pareto projection metric is introduced in [1] and
measures the distance between the mean vector reward and
Pareto optimal reward set O∗ , here, with a discrete number
of component rewards.
To approximate the distance between O∗ and µi , we
construct a virtual hypercube with the lowest vertex is the
reward vector µi and the upper vertex the reward vector νi∗
that is incomparable with all the reward vectors in O∗ . We
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add to each objective µi a positive value ε, resulting in the
∗j
upper bound of the hypercube νi,ε , where ∀j, νi,ε
= µji + ε.
∗
The virtual optimal reward for arm i, νi , has the minimum
value for ε for which νi,ε is incomparable with all rewards
in O∗ . The virtual hypercube for arm i is denoted with
H(i) ← (µi , νi∗ ), and ε is the size of the hypercube’s edge.
The Pareto projection distance of a suboptimal arm i is
equal to the Euclidian distance between the virtual reward
vector of arm i, νi∗ , and the mean reward vector of the same
arm, µi
q
√
(1)
∆i = (νi∗ − µi )2 = D · ε
Since by definition ε is always positive, this distance is
always positive. Note that this distance is 0 for a Pareto
optimal arm since the virtual reward coincides with the
optimal reward vector itself.
Example 1: Consider the eight bi-dimensional reward
vectors from Figure II-A and Pareto dominance relation.
Let be five optimal reward vectors, µ∗1 = (0.55, 0.49),
µ∗2 = (0.53, 0.511), µ∗3 = (0.52, 0.541), µ∗4 = (0.505, 0.563)
and µ∗5 = (0.5, 0.569) in O∗ . Consider three suboptimal
reward vectors, µ6 = (0.51, 0.52), µ7 = (0.5, 0.5) and
µ8 = (0.505, 0.495). Note that the suboptimal reward µ6 is
non-dominated by three optimal reward vectors in O∗ , µ∗1 ,
µ∗4 and µ∗5 , but it is dominated by µ∗2 and µ∗3 . µ7 and µ8 are
dominated by the other reward vectors.
In Figure II-A a), we show that the Pareto projection distance for two dominated mean vector rewards in Example 1
that are ∆6 for the suboptimal arm µ6 , and ∆7 for µ7 . By
definition, ∆6 = ν6∗ − µ6 and ∆7 = ν7∗ − µ7 . Note that ∆6
is smaller than ∆7 since µ6 is closer to the Pareto front then
µ7 does. 
A policy π is an algorithm that chooses the next arm to
play based on the list of past plays and obtained reward
vectors. Let Ti (n) be the number of times a suboptimal arm
i has been played by the policy π during the first n plays.
The expected reward vectors are computed by averaging the
empirical reward vectors observed overPthe time. The mean
Ti (n)
of an arm i is estimated to µbi (n) = s=1
Xi (s)/Ti (n),
where Xi (s) is the sample s for arm i.
The Pareto projection cumulative regret of π after the first
n plays is the expected loss due to the play of suboptimal

arms
Rp =

X

∆i · IE[Ti (n)]

(2)

i6∈I ∗

where IE[·] is the expectation and ∆i is the Pareto projection
distance as in Equation 1.
The Pareto projection regret of policy π is simply the sum
of Pareto projection distances of all suboptimal arms
X
rp =
∆i
(3)
i6∈I ∗

B. Pareto UCB1
Pareto UCB1 [1] is a straightforward generalisation of
UCB1 where reward vectors are ranked with Pareto dominance relation. By definition, the index for each arm has
two terms: i) the mean reward vector, and ii) a term related
to the size of a one-sided confidence interval of the average
reward according to the Chernoff-Hoeffding bounds.
As the initialisation step, each arm is played once. Each
iteration, for each arm, i, we add its estimated mean rebi +
ward vector and its associated confidence interval, µ
r
√
2 ln(n 4 D|I ∗ |)
. The Pareto optimal set of arms for the time
ni
step t, I ∗(t) , is calculated on this index. Thus, for all not
Pareto optimal arms i 6∈ I ∗(t) , there exists a Pareto optimal
arm h ∈ I ∗(t) that dominates arm i:
s
s
p
p
2 ln(n 4 D|I ∗ |)
2 ln(n 4 D|I ∗ |)
bh +
bi +
µ
µ
nh
ni
We now select uniform at random a Pareto optimal arm
from I ∗(t) and pull it. After selection, the mean value of the
b h and the corresponding counters are updated.
selected arm µ
A possible stopping criteria is a fixed number of iterations
n.
An arm that is closer to the Pareto optimal set of arms I ∗
is more often selected than an arm that is further away from
I ∗ . Note that, by design, Pareto UCB1 is fair in selecting
Pareto optimal arms.
Consider the Pareto projection distance defined in Equation 1. The expected Pareto projection cumulative regret of
a policy π after any number of n plays, see Equation 2 is at
most
p
X 8 · log(n 4 D|I ∗ |)
π2 X
+ (1 +
)·
∆i
∆i
3
∗
∗
i6∈I

i6∈I

For any suboptimal arm i, the estimated p
time arm i is
pulled is upper bounded IE[Ti (n)] ≤ ∆82 ln(n 4 D|I ∗ |) plus
i
a small constant. Like for the standard UCB1 algorithm, the
2
leading constant is 8/∆i and the expected upper bound of
the Pareto projection cumulative regret for Pareto UCB1 is
logarithmic in the number of plays n. Unlike single objective
UCB1, this expected bound is in addition logarithmic with
the number of dimensions D and the number of Pareto
optimal arms |I ∗ |. In the worst-case performance, the number
of Pareto optimal arms is approximately equal to the total
number of arms |I ∗ | ≈ K, a probable situation in many
objective environments.

Algorithm 1 Improved Pareto UCB (iPUCB)
˜ 0 ← 1, and B0 ← I
Set ∆
for all rounds t = 0, 1, . . . , b 21 log2 Ne cldo

m
˜ 2)
2·log (N |I ∗ |·D ∆
t
Pull each active arm in Bt for nt ←
2
˜
∆
t
times
∗
Compute the Pareto front for the round t, It
Delete all arms i for which
s
s
˜ 2t )
˜ 2t )
log (N |I ∗ | · D∆
log (N |I ∗ | · D∆
µ
bi +
≺ νbi∗ −
2nt
2nt

˜ t+1 ← ∆
˜ t /2
Update the set of active arms Bt+1 , and ∆
end for
return the Pareto front Bb 1 log2 N c
2

e

III. I MPROVED PARETO UCB
The main idea of this multi-objective MAB algorithm is
inspired by the MAB algorithms that successively remove the
suboptimal arms [11], [14], [17]. The best arm identification
MAB algorithm from Audibert et al. [11] identifies a single
optimal arm, whereas in its generalisation [18] the mbest arms are identified. Auer and Ortner [14]’s algorithm
improves the upper regret bounds of UCB1 [19] by removing
arms that are within a confidence interval distance from
Pareto front. Note the broader goal of this algorithm is to
eliminate the arms that are suboptimal rather than to identify
a single optimal arm. Perchet and Rigollet [17] has a similar
algorithm with a similar upper bound but adapted for multiarmed bandits with noise.
In this section, we improve the Pareto projection regret
bound of Pareto UCB1 [1] by deleting arms that are not on
the Pareto front. The proposed algorithm is an extension of
the improved UCB algorithm [14] to reward vectors where
the Pareto dominance relations are used to compare the
quality of arms. The pseudo-code of the improved Pareto
UCB (iPUCB) algorithm is presented in Algorithm 1. We
assume a fixed budget N known beforehand and that the
support for the underlying distribution for the reward vectors
µi is normalised such that the regret from Equation 1 has
values between 0 and 1.
At initialisation, we consider that all K arms are active,
B0 ← I. In each round t, the set of active arms is Bt , and
each active arm is played for nt rounds in order to compute
Pareto front It∗ , which is the set of non-dominated arms for
round t. A suboptimal arm i is deleted as soon as its regret
∆i becomes larger in each objective than a confidence value
˜
at round
to delete an arm i is
q t, ∆t . The explicit condition
q
˜ 2)
log (N |I ∗ |·D ∆

˜ 2)
log (N |I ∗ |·D ∆

t
t
µ
bi +
≺ νbi∗ −
. Thus, an
2nt
2nt
∆i
˜
arm i is deleted if ∆t < 2 .
Theoretical analysis. In the following theorem, we prove
an upper Pareto projection regret bound by following closely
the proof from [14], where Pareto dominance relation  is
used instead of total order relation ≤.
Theorem 1: Let the policy in Algorithm 1 be run on a

K-armed multi-objective bandit problem, K > 1, having
arbitrary reward distributions P1 , . . . PK with support in
[0, 1]D .
The total expected Pareto projection cumulative regret of
this policy up to trial N is upper bounded by

X 
32 · ln(N |I ∗ | · D∆2i ) 32 + 64 · |I ∗ |
∆i +
+
∆i
∆i
i∈I:∆i >λ

X

+

j∈I:∆i ≤λ

64 · |I ∗ |
+ max ∆i N
i∈I:∆i ≤λ
λ

pe

for all λ ≥ N .
Proof: This proof follows directly from the proof of
Theorem 3.1 [14] and the difference is given by the usage of
the Pareto dominance relations to order reward vectors. Like
in [14], this proof is split in three parts corresponding to the
three cases of an arm’s behaviour: if the arm is a suboptimal
arm or not, or if a Pareto optimal arm is eliminated or not.
Let’s consider a suboptimal arm i, and let ti be the first
˜ t < ∆i . By definition, we have that
round in which ∆
i
2
2ti =

1
4
1
≤
= 2ti +1
<
˜t
˜
∆
∆
∆
i
ti +1
i

0
Let’s consider that Ip
is the set of arms for which ∆i > λ
for some fixed λ ≥ e/N , i.e. I 0 = {i ∈ I | ∆i λ}.
Case (a): A suboptimal arm i is not eliminated in round
ti , and exists a Pareto optimal arm in Bti . If for an arm i
in the round ti we have
q
˜ 2t )/2nt ⇔
µ
bi  µi + log (N |I ∗ | · D∆
q
˜ 2t )/2nt
∀j, µ
bji < µji + log (N |I ∗ | · D∆

∀j, νbi∗j

q

˜ 2t )/2nt ⇔
log(N |I ∗ | · D∆
q
˜ 2t )/2nt
> νi∗j − log (N |I ∗ | · D∆

νbi∗  νi∗ −

then arm i is eliminated in the current round because
s
s
˜ 2t )
˜ 2t )
log (N |I ∗ | · D∆
log (N |I ∗ | · D∆
µ
bi +
 µi + 2
2nt
2nt
q
˜ 2t )/2nt =
 µi + ∆i − 2 log (N |I ∗ | · D∆
s
s
˜ 2t )
˜ 2t )
log (N |I ∗ | · D∆
log (N |I ∗ | · D∆
νi∗ − 2
≺ νbi∗ −
2nt
2nt
Using Chernoff-Hoeffding bounds for each round t =
0, 1, 2, . . . and the union bound over all objectives D, we
obtain


q
1
˜ 2t )/2nt ≤
IP µ
bi  µi + log (N |I ∗ | · D∆
˜ 2t
N |I ∗ | · ∆

1
˜ 2t
N |I ∗ | · ∆

Summing up over all Pareto optimal arms in It∗ , the probability a suboptimal arm i is not eliminated in round ti or
2
before is bounded by N ∆
˜ 2 . The expected Pareto projection
ti
P
i
cumulative regret is the same as in [14], i.e. i∈Bt 2·∆
˜2 ≤
i ∆t
i
P
32
i∈Bti ∆i .
Case (b): Each suboptimal arm j is either eliminated in
round t (or before) or there is no Pareto optimal arm in
round ti .
Case (b1 ): Assume that there exists a Pareto optimal arm
in round ti . A suboptimal arm i ∈ Bti that is eliminated in
round ti (or before) is played not more often than
m
l
˜ 2 )/∆
˜2 ≤
nti = 2 · log(N |I ∗ | · D∆
ti
ti


32 · log(N |I ∗ | · D∆2i /4)/∆2i
times. The contribution to the total expected regret is
X


∆i 32 · log(N |I ∗ | · D∆2i /4)/∆2i <
i∈Bti

(4)

and further that
s
˜ 2t )
˜t
log (N |I ∗ | · D∆
∆
i
i
˜ t +1 < ∆i
≤
=∆
i
2nti
2
4

and



q
˜ 2t )/2nt ≤
IP νbi∗  νi∗ − log (N |I ∗ | · D∆

X

∆i + 32 · log(N |I ∗ | · D∆2i )/∆i



i∈Bti

Case (b2 ): Let’s now consider the case where Pareto
optimal arm ` is eliminated by a suboptimal arm i in round
t∗` . Arm ` can only be eliminated in round t∗` by an arm i that
is not yet eliminated, i.e. with ti ≥ t∗` , where the arm i is in
set I 00 = {i ∈ I | ∆i > 0}. The corresponding contribution
to the expected regret has the same value like the value from
[14] for the case (b1).
j∈I 0 tj
X maxX

2
· N max
∆j <
˜ 2∗
j∈I 0 :tj ≥t∗
N∆
`
t`
t∗
i∈I 0 :ti ≥t∗
`∈It∗
` =0
`




X 64
X 64
X 64
X X 64
 = |I ∗ | 


+
+
∆
λ
∆i
λ
i
∗
0
0
0
00
0
00

`∈It

i∈I

X

j∈I \I

i∈I

j∈I \I

Discussion. Like for the standard single objective improved UCB, the logarithmic term ispthe main term of this
bound for an appropriate λ, e.g. λ = Ne . The main term of
32·ln(N |I ∗ |·D∆2 )

i
the expected regret of the Pareto UCB [1] is
∆i
and it is logarithmic with the number of arm pulls, the size
of the Pareto front and the number of dimensions. This
bound is also smaller than the homologous term of the
Pareto UCB1 algorithm. In [20] it is shown that this types
of exploration/exploitation trade-off is especially useful when
the regrets are close to 0.
In Example 1, the first arm deleted is µ∗8 because it has
the largest virtual hypercube (i.e., the difference between
the mean reward vector and the Pareto front is the largest).
In the sequel, the second arm deleted is µ∗7 and the last
suboptimal arm deleted is µ∗6 that has the smallest distance
to the Pareto front. Ideally, iPUCB does not delete Pareto

A. The Kullback - Leibler divergence regret metric
The regret metric proposed in this section considers the
Kullback - Leibler divergence between a perfect sampling
distribution of a multi-objective multi-armed bandit, i.e. all
suboptimal arms are pulled only once and all Pareto optimal
arms are pulled evenly for the rest of the arm pulls, and
the empirical distribution resulted from the arm pulls of a
(multi-objective) multi-armed bandit algorithm.
Let pm be the perfect frequency for a suboptimal arm i
after n arm pulls, thus pm = n1 . Let pM be the perfect
frequency for a∗ Pareto optimal arm h after n arm pulls, thus
| 1
· n . In total, the sum of frequencies over all
pM = n−K+|I
|I ∗ |
arms, both Pareto optimal and suboptimal arms, is 1, where
(K − |I ∗ |) · pm + |I ∗ | · pM = 1.0. The empirical frequency of
any arm is pbm,i = Tin(n) for a suboptimal arm i or pbM,h =
Th∗ (n)
for a Pareto optimal arm h. Thus, the KL distance in
n
term of frequencies between the empirical distribution pbm,i
and the perfect distribution pm for a suboptimal arm i ∈ I\I ∗
after n arm pulls is given by


pm
φi = −pm · ln
(5)
pbm,i
The KL distance in term of frequencies between the empirical distribution pbM,h and the perfect distribution pM for a
Pareto optimal arm h ∈ I ∗ after n arm pulls is given by


pM
∗
φh = −pM · ln
(6)
pbM,h
Using these KL distances, we now compute the corresponding expected cumulative and immediate regret.
The KL cumulative regret is defined by
X
X
Rk (n) =
φi · IE[Ti (n)] +
φ∗h · IE[Th∗ (n)] (7)
h∈I ∗

i∈I\I ∗

The KL regret is defined by
X
X
rk (n) =
φi +
φ∗h
i∈I\I ∗

(8)

h∈I ∗

Note that the KL divergence metric is smaller for an algorithm that eliminates the suboptimal arms and thus gradually
focuses on pulling only the Pareto optimal arms, like the
improved Pareto UCB algorithm, than for an algorithm which
does not eliminate the suboptimal arms, like Pareto UCB1.
Thus, we consider that the Kullback - Leibler divergence
regret metric can underline the performance of the multiobjective multi-armed bandits in terms of frequencies rather
than only in terms of distances between mean reward vectors,
like the Pareto projection regret metric does.

Fig. 2. a) The 50 bi-objective rewards representing a minimisation problem,
and b) the corresponding transformation in a maximisation problem with
normalised bi-objectives.
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optimal arms because they have a 0 mean distance to the
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IV. E XPERIMENTS
In this section, we compare the performance of three
multi-objective multi-armed bandits algorithms on a practical
problem in engineering.
The bi-objective wet clutch problem. Our bi-objective
example is a wet clutch [15] that is a system with one
input characterised by a hard non-linearity when the piston of the clutch gets in contact with the friction plates.
These clutches are typically used in power transmissions
of off-road vehicles, which operate under strongly varying
environmental conditions. The validation experiments are
carried out on a dedicated test bench, where an electromotor drives a flywheel via a torque converser and two
mechanical transmissions. The goal is to learn by minimising
simultaneously: i) the optimal current profile to the electrohydraulic valve, which controls the pressure of the oil to
wet clutch, and ii) the engagement time. The output data
is stochastic because the behaviour of the machine varies
with the surrounding temperature that cannot be exactly
controlled. We consider the multi-armed bandits framework
adapted for multi-objective environments to find the best set
of parameters for wet clutch.
In Figure 2, we show 50 points generated with this
application, each point represents a trial of the machine and
the jerk obtained in the given time. The original wet clutch
problem is a minimisation problem that we transform into
a maximisation problem, see Figure 2, by first normalising
each objective with values between 0 and 1, and then
transforming it into a maximisation problem for each of the
two objectives.
The best set of arms with incomparable reward vectors is
called the Pareto front I ∗ that, for this problem, is a mixture
of convex and non-convex regions. There are 16 such Pareto
optimal arms, which is about one-third from the total number
of arms 50. Note that the suboptimal arms are very close
to the Pareto front and that makes the problem difficult for
multi-armed bandits especially for large variance around the
mean. We have used multi-objective Bernoulli distributions
with variance σ = 0.1 or σ = 0.3 for each given mean in the
wet clutch problem to compare the behaviour of the given
algorithms.
The tested problems. We consider three multi-objective
multi-armed bandits algorithms. The baseline algorithm is

Fig. 3. Six measures are used to compare the performance of three multi-objective multi-armed bandits Hoeffding race (Hoef), Pareto UCB1 (PUCB),
and improved Pareto UCB (iPUCB): a) the KL regret, b) the Pareto projection regret, c) the percentage of time one of the Pareto arms is selected, d) the
KL cumulative regret, e) the Pareto projection cumulative regret, and f) the unfairness in selecting Pareto optimal arms. The standard deviation for the
multi-objective Bernoulli problem is 0.1.
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Hoeffding race (Hoef) [16] where all arms are pulled equally
often. At the end, the non-dominated arms are selected.
The Pareto UCB1 (PUCB1) algorithm [1] selects often and
evenly the arms in Pareto front.
The improved Pareto UCB (iPUCB) algorithm proposed
in Section III eliminates the arms that are not Pareto optimal
when their mean is assigned with high confidence.
Settings. To compare the performance of MOMABs, we
use six metrics: i) the Pareto projection regret defined in
Equation 3, ii) the Pareto projection cumulative regret defined
in Equation 2, iii) the KL cumulative regret defined in
Equation 7, iv) the KL regret defined in Equation 8, v) the
number of times one of the Pareto optimal arms is pulled,
and vi) the Pareto variance regret metric defined bellow in
Equation 9.
Each algorithm runs 30 times for N = 106 arms pulls.
Since in practice the size of the Pareto front is unknown,
we assume it to be |I ∗ | ← 1, and thus it is ignored in
the calculations lof the epochsm length and the confidence
˜ 2)
2·log (N ·D ∆
t
, where t > 0 is an epoch.
intervals nt ←
˜2
∆
t
The improved Pareto UCB algorithm, cf. iPUCB, has 10
epochs of increasing length {40, 184, 694, 2478, 8587,
28927, 93903, 288269, 803588, 1.1 ∗ 106 }. From empirical
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1.1

fixed budget n * 106
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observations, we notice that for a better performance of
the improved Pareto UCB algorithm, the confidence interval
should be multiplied with a constant 0.1, a value that is
empirically set.
To define the variance in using the Pareto optimal arms, we
have used the definition of unfairness as a regret metric [1].
The Pareto variance regret in using the Pareto optimal arms
in I ∗ is defined as
X
1
2
ru (n) = ∗ ·
(b
pM,h − E [b
pM,h ])
(9)
|I |
∗
h∈I

Th∗ (n)

where pbM,h = n as before. If all Pareto optimal arms
are played an equal number of times, i.e. in a fair way, then
ru (n) goes to 0. If a Pareto MAB-algorithm pulls only a
subset of I ∗ , then the Pareto variance regret ru (n) is large.
A. Results
Standard deviation σ = 0.1. Figure 3 shows the performance of the three MOMAB algorithms for the bi-objective
stochastic wet clutch environment with the standard variation
σ = 0.1 from the bi-objective Bernoulli distribution. Figure 3
a) shows that the KL regret is closer to 0, thus better, for
iPUCB1 and it is the worst for the baseline algorithm, cf.

Hoeffding race. Note that the KL regret decreases over time
for iPUCB that selects often the Pareto optimal arms, but it is
constant for Hoef that selects evenly all arms regardless their
reward vectors. iPUCB has a constant behaviour after 105
arm pulls meaning that there are not any more suboptimal
arms that can be deleted. In Figure 3 d), the KL cumulative
regret for the improved Pareto UCB algorithm, cf iPUCB,
has the smallest value after 106 arm pulls. It is interesting
to note that the increase in the Pareto projection regret for
Pareto UCB1 algorithm, cf. PUCB1, see Figure 3 b), and
the constant, horizontal, slope for the other two algorithms.
We explain this with the small variance for the generating
bi-objective Bernoulli distribution, i.e. σ = 0.1. In contrast,
the Pareto projection cumulative regret for Figure 3 e) is
the smallest for the improved Pareto UCB algorithm and
the largest for the Hoeffding race algorithm. To explain this
behaviour, we consider the Pareto variance regret metric in
Figure 3 f) and the percentage of Pareto optimal arm pulls
in the total budget in Figure 3 c). Note that the variance
in playing the Pareto optimal arms, cf the Pareto variance
regret, is the largest for the improved Pareto UCB algorithm,
cf. iPUCB, even though the same algorithm has the largest
number of Pareto optimal arm pulls. This means that there is
a large variance in the number of times a Pareto optimal arm
is pulled in iPUCB, whereas the other two algorithms, cf.
PUCB1 and Hoef, that pull less often Pareto optimal arms
have consequently also less variance in pulling these arms.
Standard deviation σ = 0.3. In Figure 4, we show
that performance of the tested MOMABs for an increased
standard deviation of the generating bi-objective Bernoulli
distribution σ = 0.3. Due to the large noise around the
mean values, it is more difficult to correctly disseminate
between the Pareto optimal arms and the suboptimal arms
that are close to the Pareto front. The improved Pareto UCB
algorithm, cf iPUCB, has the worst the KL regret metric
in Figure 4 a) but the best KL cumulative regret metric in
Figure 4 d). The variance in pulling Pareto optimal arms,
Figure 4 f), also increases for the tested MOMAB algorithms
except for the Hoeffding race that pulls evenly all arms. The
Pareto projection regret metric in Figure 4 b) and e) is better,
thus smaller, than the homologue in Figure 3 b) and e) for the
improved Pareto UCB and Pareto UCB1 algorithms because
of the mean of the two environments are unchanged and the
variance of these environments increases. In Figure 4 c), the
percentage of Pareto optimal arm pulls is smaller than for a
smaller variance σ = 0.1, and the Pareto variance regret is
larger than a larger variance around the mean.
Discussion. To conclude, the improved Pareto upper confidence bound algorithm, cf. iPUCB, is the best performing
algorithm for the tested cumulative regret metrics because it
eliminates the suboptimal arms. The Pareto UCB1 algorithm,
cf. PUCB1, is the second best performing algorithm because
it selects often the Pareto optimal arms. Both algorithms
outperform the baseline algorithm, cf. the Hoeffding race
algorithm.
The improved Pareto upper confidence bound algorithm is

also the most robust algorithm given the stochastic variance
of the bi-objective environment, i.e. its performance varies
less with the change in standard deviation. Comparatively,
the difference in the percentage of Pareto optimal arm pulls
between Figure 3 c) and Figure 4 c) is smaller for the
improved Pareto upper confidence bound, cf iPUCB, than
for the Pareto UCB1, cf PUCB1. It is interesting to note that
even though the performance of the Hoeffding race algorithm
is invariant with the value of the standard deviation, the
corresponding regret metrics change their mean values with
an increase in the standard deviation for these values. Thus,
as expected, there is not statistical significance change for
the Hoeffding race algorithm in the two settings.
The KL regret metric, both the immediate and the cumulative variants, have a different behaviour than the Pareto
projection regret metric for the tested environments. The
tested environment has many suboptimal arms that are very
close to the Pareto front and thus the corresponding Pareto
projection distances are rather small for all arms. This is
exactly the situation where the Pareto UCB1 algorithm that
select arms proportionally with their mean reward vector will
behave poorly and thus the improved Pareto UCB algorithm
can ameliorate the performance of Pareto UCB1 algorithm.
V. C ONCLUSIONS
We introduce a variant for the multi-objective multi-armed
bandits algorithm with multiple, possibly conflicting, reward
values, i.e. the improved Pareto upper confidence bound algorithm, that eliminates the suboptimal arms in order to identify
the Pareto optimal set of arms. The improved Pareto UCB
algorithm compares each suboptimal arm against the Pareto
front and deletes the suboptimal arms when their mean is
assigned with given confidence. We prove logarithmic upper
regret bounds for the improved Pareto UCB algorithm and
we propose a KL regret metric as a performance metric for
the experiments. We compare the proposed multi-objective
multi-armed bandits algorithm on a bi-objective Bernoulli
reward distribution inspired by a real-world problem, i.e.
the wet clutch. To conclude, we show both empirically and
theoretically that the improved Pareto UCB algorithm is an
efficient alternative to Pareto UCB1 algorithm.
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