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a b s t r a c t 

Ensemble techniques are a powerful approach to creating better decision makers in machine learning. 

Multiple decision makers are trained to solve a given task, grouped in an ensemble, and their decisions 

are aggregated. The ensemble derives its power from the diversity of its components, as the assumption is 

that they make mistakes on different inputs, and that the majority is more likely to be correct than any 

individual component. Diversity usually comes from the different algorithms employed by the decision 

makers, or the different inputs used to train the decision makers. 

We advocate a third way to achieve this diversity, called diversity of evaluation, using the principle of 

multi-objectivization . This is the process of taking a single-objective problem and transforming it into a 

multi-objective problem in order to solve the original problem faster and/or better. This is either done 

through decomposition of the original objective, or the addition of extra objectives, typically based on 

some (heuristic) domain knowledge. This process basically creates a diverse set of feedback signals for 

what is underneath still a single-objective problem. In the context of ensemble techniques, these various 

ways to evaluate a (solution to a) problem allow different components of the ensemble to look at the 

problem in different ways, generating the necessary diversity for the ensemble. 

In this paper, we argue for the combination of multi-objectivization and ensemble techniques as a pow- 

erful tool to boost solving performance in reinforcement learning. We inject various pieces of heuristic 

information through reward shaping, creating several distinct enriched reward signals, which can strategi- 

cally be combined using ensemble techniques to reduce sample complexity. We provide theoretical guar- 

antees and demonstrate the potential of the approach with a range of experiments. 

© 2017 Elsevier B.V. All rights reserved. 
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1. Introduction 

When making decisions, especially decisions with a potentially

high impact, it is considered good practice to solicit the advice of

one or more third parties [1] . The idea is that when many parties

agree, one can be more confident about the accuracy of the pro-

posed decision. Conversely, if there is disagreement, the decision

maker can at least take into account the fact that it is possible

he does not know the best response, and take precautionary mea-

sures. This strategy is not only frequently used by humans, but is

also implemented in automated decision makers. In the latter case,

such approaches are most commonly referred to as ensemble tech-

niques [2] . A set of decision makers is combined into an ensemble

(French for ‘together’), and their advice or proposed decisions are
∗ Corresponding author. 
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ggregated into an actual decision using a specific strategy, such as

ajority voting. Ensembles derive their power from the diversity

hat is present in the set of their decision makers [3] , which allows

he composite decision maker to outperform any single one of its

omponents (clearly it would be pointless to combine many iden-

ical predictors). This diversity can originate from many sources:

he decision makers can use different decision making algorithms,

hey could have been trained on different inputs, be differently pa-

ameterized, etc. The reasoning is that due to their diversity, the

ifferent decision makers will make their mistakes on different in-

uts, and thus that the strategic combination of their advice will

ead to a reduction of mistakes. 

In this paper, we argue for an as yet little researched way of

enerating this diversity. Instead of diversifying algorithm param-

ters or the training inputs fed into the algorithms, we create a

iverse set of utility functions based on the original one. This pro-

ess allows for the exploitation of structure found in the original

tility function or the inclusion of domain knowledge, and yields

http://dx.doi.org/10.1016/j.neucom.2017.02.096
http://www.ScienceDirect.com
http://www.elsevier.com/locate/neucom
http://crossmark.crossref.org/dialog/?doi=10.1016/j.neucom.2017.02.096&domain=pdf
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2 In this paper, we are only concerned with problems that are originally single- 

objective. Actual multi-objective problems may also benefit from the approach de- 

scribed here. But, since optimality is defined differently in multi-objective problems, 
everal distinct ways to evaluate decisions for the ensemble to use.

lthough the idea of using diversity of evaluation in an ensemble

ould have general applicability, we develop it in the context of

einforcement learning, which is specifically amenable to the idea

ue to the distinct way an agent evaluates its behavior (the accu-

ulation of stochastic, delayed rewards over time, as opposed to

n instantaneous deterministic objective function evaluation). 

We first briefly discuss ensemble techniques and multi-

bjectivization, and then formally introduce reinforcement

earning. Following that, we look how the former ideas can

e combined and integrated into reinforcement learning. We

iscuss and prove some theoretical properties of this approach,

nd experimentally show for two reinforcement learning problems

hat a significant boost in performance can be obtained. 

. Ensemble techniques 

As discussed before, a successful ensemble [2] is built by pro-

iding two components: (1) a set of diverse decision makers, and

2) a strategy for the combination of their outputs such that the

umber of mistakes made is minimized. The choice of how to di-

ersify the decision makers is crucial, as it is desirable that differ-

nt decision makers are experts on different (overlapping) parts of

he input space, 1 or put another way, that different decision mak-

rs make their mistakes on different inputs. We discuss two com-

on ways of creating this required diversity: diversity of input and

lgorithm . 

A lot of research on ensemble techniques has focused on clas-

ification and regression problems [2] . Most successful techniques

n those domains generate diversity by feeding different decision

akers with different (possibly overlapping) subsets of the training

ata, i.e., diversity of input . Bagging [4] is the most naive approach

n this category, as it trains different classifiers on randomly

ampled subsets of the training data, aggregating their output by

ajority voting. Boosting [5] takes this idea one step further, by

ntelligently selecting the subset of training data attributed to each

lassifier. It trains a first classifier with a random subset of the

raining data. Then, a second classifier is trained on data only half

f which the first classifier can classify correctly. A third classifier

s then trained on instances which the first two disagree on. This

rocess can be applied recursively to build a strong ensemble. Ad-

Boost [6] is an extremely popular and successful generalization of

oosting, improving on boosting by including a more refined prob-

bilistic training data sampling procedure, and weighted majority

oting, based on classifiers’ success during the training phase. 

Diversity of algorithm refers to the actual algorithms used by de-

ision makers being different, either inherently, or through differ-

nt parameterization. Hansen and Salamon [7] note that different

eural network instances, trained on the full set of training data

in stark contrast to the ‘diversity of input’ approaches), will still

e diverse due to different initializations of their weights and dif-

erent sequencing of the training data. These networks end up in

ifferent local optima of the weights-space and therefore have dif-

erent accuracy in different parts of the input space. In differential

volution literature, Mallipeddi et al. [8] use ensembles of muta-

ion strategies and parameters, positing that “different optimiza-

ion problems require different mutation strategies with different

arameter values” and “different mutation strategies with different

arameter values may be better during different stages of the evo-

ution.” Their ensembles compared favorably with the state-of-the

rt in differential evolution. Wiering and van Hasselt [9] combine a
1 Input is being used here as referring to such concepts as input features in clas- 

ification, state in reinforcement learning, candidate solution in evolutionary com- 

utation, etc. 

i

p

a

t

ariety of reinforcement learning algorithms with significantly dif-

erent properties, showing how their ensemble requires less learn-

ng experiences to achieve equal or better performance than the

ingle best algorithm. 

These two ways to generate ensemble diversity have been re-

earched extensively in different research areas and have yielded

everal powerful techniques. In this paper, we argue for a third ap-

roach based on diversity of evaluation . In the following section, we

escribe multi-objectivization , the process we will use to achieve

his diversity. 

. Multi-objectivization 

Multi-objectivization [10] is the process of creating a variety of

tility functions for a task, starting from a single one. 2 Formally,

ulti-objectivization takes single-objective problem p with utility

unction u : X → R , and outputs multi-objective problem ˆ p with

tility function u = { u 1 , u 2 , . . . , u n } : X → R 

n , with n > 1. The idea

s that ˆ p should be constructed in such a way that it is easier to

olve than p . There are basically two approaches to create a di-

erse set of utility functions or ‘objectives’, 3 starting from a single-

bjective problem: either through decomposition of the original sin-

le objective, or through addition of extra objectives. 

A prime example of multi-objectivization through decomposi-

ion is found in decision tree literature, where instead of using the

otal classification error to guide tree generation, tree performance

s measured using the per-class misclassification, and trees are op-

imized using a multi-objective algorithm, which has been shown

o lead to better trees in some cases [11] . Another good example

s the transformation of constrained optimization problems 4 into

nconstrained ones, with the original objective being decomposed

nto an unconstrained objective, and several other objectives

ncoding the constraints [12–14] . For example, Coello [12] gives

mpirical evidence that this form of constraint relaxation can

utperform more standard penalty stratagems in Evolutionary

lgorithms. This idea was also studied in reinforcement learning,

here Raicevic assigned different reward signals to the sub-tasks

esulting from a task decomposition [15] . 

Multi-objectivization through the addition of objectives typi-

ally involves the incorporation of some heuristic information or

xpert knowledge on the problem. Jensen [16] was one of the first

o use what he calls ‘helper’ objectives next to the primary one. He

nvestigated the job-shop scheduling and traveling salesman prob-

ems and found that additional objectives based on, respectively,

ime and distance-related intuitions help solve these problems

aster. In genetic programming, where the goal is to evolve an

ccurate program to solve specific tasks, Bleuler et al. [17] and

e Jong et al. [18] found that adopting program size as a second

bjective resulted in smaller and more accurate programs being

volved. This helper objective is a straightforward implementation

f Occam’s razor, and solves the common genetic programming

roblem of ‘bloat’, i.e., the tendency to evolve large overly-complex

rograms. The same principle of encoding minimization of model

omplexity for better generalization as an extra objective was

uccesfully used in decision tree research by Kim [19] . 

In most of these examples, multi-objectivization is bene-

cial because the true utility function is not available; only
t is unclear whether applying multi-objectivization will have unwanted effects. 
3 Both utility function and objective will be used interchangeably throughout this 

aper, and refer to the same concept. 
4 Constrained optimization problems are problems where one needs to optimize 

 given objective function with respect to a set of variables, given constraints on 

he values of these variables. 
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approximations are. Consider the case of learning a decision

tree to classify some data. We can not evaluate the true utility

(accuracy) of a given decision tree, because that would involve

testing it on all possibly relevant data. Therefore, one uses an

approximation of this true utility, by measuring the tree’s accuracy

on the available training data, a subset of all possible data. Thus,

it can be helpful to use heuristics, such as minimizing tree size, as

further guidance that may improve the approximation of the true

utility (or rather, create an order over decision trees using multiple

objectives that is more like the true order over decision trees). 

In temporal difference reinforcement learning, the true utility

of an action is the expected, discounted, accumulated reward to

be gained by taking an action and then following some behavior.

Since this utility is never directly given, but must be approximated

based on observed rewards, reinforcement learning could benefit

from the principle of multi-objectivization. 

4. Reinforcement learning 

In a control setting, Reinforcement learning (RL) [20] is a

paradigm that allows an agent to optimize its behavior while op-

erating in a given environment. The agent is rewarded or punished

for the behavior it exhibits, and its aim is to maximize the accu-

mulated reward over time, which by definition amounts to solving

the task. More formally, the environment is defined as a Markov

Decision Process (MDP) 〈 S, A, T, γ , R 〉 . S = { s 1 , s 2 , . . . } is the set of

states the environment can be in, and A = { a 1 , a 2 , . . . } is the set of

actions the learning agent can execute. Executing action a when

the environment is in state s makes it transition to state s ′ with

probability T ( s ′ | s, a ), yielding R ( s, a, s ′ ) as reward for that transi-

tion. Finally, γ , the discounting factor, defines how important fu-

ture rewards are. The goal is to learn a policy π that maps states

to actions in such a way that the expected discounted cumulative

reward J π , is maximized. 

J π ≡ E 

[ 

∞ ∑ 

t=0 

γ t R (s t , a t , s t+1 ) 

] 

Expectations are taken over start states s 0 , rewards R , transition

function T and policy π , with t representing timesteps. 

Reinforcement learning algorithms either directly search the

policy space to find a policy that maximizes the return, or estimate

the expected returns and derive a policy from those. The learning

algorithms used in this paper are of the second type, and more

specifically temporal-difference (TD) learning algorithms. These es-

timate state ( V ) or state-action ( Q ) value functions that represent

the return expected for following a given behavior policy. Algo-

rithms such as Q -learning [21] incrementally update these esti-

mates ˆ Q based on the rewards observed while the agent is inter-

acting with the environment: 

ˆ Q (s, a ) ← 

ˆ Q (s, a ) + αδ

with δ the temporal-difference error: 

δ = R (s, a, s ′ ) + γ max 
a ′ 

ˆ Q (s ′ , a ′ ) − Q(s, a ) 

If each action is executed in each state an infinite number of times

on an infinite run and α is decayed appropriately, Q -learning is

guaranteed to converge to the optimal values Q 

∗ [22] , from which

the optimal policy π ∗ can be derived: 

π ∗(s ) = arg max 
a 

Q 

∗(s, a ) 

Many practical reinforcement learning problems have very large

and/or continuous state spaces, making basic tabular learning

methods impossible to use. A very popular way to overcome this

problem is to use tile-coding function approximation [23] , a linear
pproximator which overlays the state space with multiple axis-

arallel tilings. This allows for a discretization of the state-space,

hile the overlapping tilings guarantee a certain degree of gen-

ralization. The Q -function can then be approximated by learning

eights that map the tiles activated by the current state s to an

stimated Q -value: 

ˆ 
 (s, a ) = θ T 

a φs 

s is the feature vector representing state s , i.e., a binary vector

ndicating the tiles activated by this state, and θ a is the param-

ter vector that needs to be learned to approximate the actual

 -function. 

.1. Multi-objective reinforcement learning 

Multi-objective reinforcement learning [24] (MORL) is a gener-

lization of standard single-objective reinforcement learning, with

he environment formulated as a multi-objective MDP, or MOMDP

 S, A, T, γ , R 〉 . The difference with the single-objective case is the

eward function. Instead of returning a scalar value, it returns a

ector of scalars, one for each of the m objectives: 

 (s, a, s ′ ) = (R 1 (s, a, s ′ ) , . . . , R m 

(s, a, s ′ )) 

Policies are in this case evaluated by their expected vector re-

urns J π : 

 

π ≡
[ 

E 

[ 

∞ ∑ 

t=0 

γ t R 1 (s t , a t , s t+1 ) 

] 

, . . . , E 

[ 

∞ ∑ 

t=0 

γ t R m 

(s t , a t , s t+1 ) 

] ] 

ince there are multiple (possibly conflicting) signals to optimize,

here is typically no total order over policies. Policies may be in-

omparable, i.e., the first is better on one objective while the sec-

nd is better according to another objective, and thus the notion

f optimality has to be redefined. A policy π1 is said to strictly

areto dominate another policy π2 , i.e., π1 
π2 , if for each objec-

ive, π1 performs at least as well as π2 , and it performs strictly

etter on at least one objective. The set of non-dominated poli-

ies is referred to as the Pareto optimal set or Pareto front . The goal

n multi-objective reinforcement learning, and multi-objective op-

imization in general, is either to find a Pareto optimal solution, or

o approximate the whole set of Pareto optimal solutions. 

With a multi-objective variant of Q -learning, Q -values for each

bjective can be learned in parallel, stored as Q -vectors [25,26] : 

 

∗(s, a ) = 

[
Q 

∗
1 (s, a ) , . . . , Q 

∗
m 

(s, a ) 

]
he most common approach to deriving a policy from these esti-

ates is to calculate a linear scalarization, or weighted sum based

n the estimated Q -vectors and a weight vector w [24,26,27] : 

∗(s ) = arg max 
a 

w 

T Q 

∗(s, a ) 

he weight vector determines which trade-off solutions are pre-

erred, although setting these weights a priori to achieve a partic-

lar trade-off is hard and non-intuitive [28] , often requiring signif-

cant amounts of parameter tuning. 

.2. Reward shaping 

Many reinforcement learning algorithms take a tabula rasa ap-

roach, assuming no knowledge of the problem beyond knowing

he sensors and actuators (states and actions). In complex domains,

earning may therefore require unacceptably large amounts of ex-

erience, with initial performance being no better than random.

 significant portion of the reinforcement learning literature de-

cribes ways to incorporate external knowledge about the task to
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Fig. 1. Representative examples of an MOMDP and a CMOMDP. Dots represent poli- 

cies, and red dots are optimal policies. In the CMOMDP, the optimal policies are 

so similar that the system designer/user does not care about which one is found, 

whereas in the MOMDP, it matters which trade-off is found. (For interpretation of 

the references to color in this figure legend, the reader is referred to the web ver- 

sion of this article). 
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elp the learning agent learn with less experiences, i.e., reduce its

ample complexity [29–31] . One popular approach is reward shap-

ng, which is a way to incorporate heuristic knowledge by pro-

iding the agent with extra reward through a shaping function

 ( s, a, s ′ ), on top of the reward from the environment R ( s, a, s ′ ).
he shaping function F is simply added to the reward signal: 

 F (s, a, s ′ ) = R (s, a, s ′ ) + F (s, a, s ′ ) 

If F is implemented as the difference of some potential function

over the state space, and incorporates γ , the discount factor, as

ollows, then the shaping function is guaranteed to not alter the

ptimality of policies [29] , and will direct the agent’s exploration

o areas of higher �: 

 (s, a, s ′ ) = γ�(s ′ ) − �(s ) (1)

For example, if one wants to make an agent learn to walk to

 goal location in a forest, one possible potential function �( s ) to

ncorporate in a shaping could be the distance to the nearest tree,

ncouraging the agent to avoid bumping into trees. 

Potential-based reward shaping has been successfully applied in

uch complex domains as RoboCup KeepAway soccer [32] and Star-

raft [33] , improving agent performance significantly. This frame-

ork has furthermore been extended (with corresponding proofs)

o state-action-timestep tuples ( s, a, t ) [34] , allowing for shapings

hat encourage not only the visitation of certain states, but di-

ectly encode the believed quality of actions, as well as allowing

or shapings that change over time (e.g., encoding information that

rrives during learning). 

. Multi-objectivization in reinforcement learning 

In this section, we describe how multi-objectivization can be

chieved in a reinforcement learning context. First, we describe

MOMDPs, a subclass of multi-objective MDPs that contain multi-

bjectivized MDPs. Then, we describe how an MDP can be trans-

ormed into a CMOMDP through multi-objectivization using re-

ard shaping. In the section after this one, we will describe how

nsemble techniques can be used to solve such a CMOMDP. 

.1. CMOMDP 

Recall that multi-objective MDPs (MOMDPs) require the simul-

aneous optimization of multiple feedback signals. As conflicts may

xist between objectives, there is in general a need to identify (a

et of) trade-off policies. The set of optimal, i.e., non-dominated,

ncomparable policies is called the Pareto-front. Assuming all ob-

ectives are to be maximized, define the set S ∗p to contain all poli-

ies π of MOMDP p that are within εo of optimality for at least

ne objective o (with respect to the expected discounted cumula-

ive reward J π ): 

∈ S ∗p ⇐⇒ ∃ o ∈ O p , ∀ π ′ ∈ 
p : J 
π
o + εo ≥ J π

′ 
o 

o ≥ 0 defines the largest difference in utility of objective o that

he system designer is indifferent about, O p is the set of objectives

n p and 
p is the set of possible policies for p . S ∗p will include at

east the extrema of the Pareto-front of p . 

We identify MOMDPs with correlated objectives (CMOMDP) as

 specific sub-class of MOMDPs, defined to contain those MOMDPs

 whose set S ∗p (and by extension whose Pareto-front) is so small

hat trade-offs between solutions on the Pareto-front are negligi-

le, i.e. there are no noteworthy conflicts between the objectives.

y consequence, the system designer does not care about which of

he very similar optimal policies is found, but rather how fast it is
ound (and perhaps how well it is approximated). Formally: 

p ∈ CMOMDP ⇐⇒ ∀ o ∈ O p : max 
π∈S ∗p 

(J πo ) − min 

π ′ ∈S ∗p 
(J π

′ 
o ) ≤ εo 

hus, whether a multi-objective problem is contained in this class

s to a certain extent subjective, depending on the system de-

igner’s preferences ( εo ). Such problems can be seen as provid-

ng multiple sources of information or feedback for the same basic

ingle-objective problem, and intelligently combining such objec-

ives may yield faster and better optimization. See Fig. 1 for a vi-

ual comparison between an MOMDP and a CMOMDP. An example

f a CMOMDP is the traffic light control problem in our previous

ork [35] . Popular metrics to quantify agents’ behavior in that set-

ing are the average delay experienced by cars and the throughput

f the system. In practice, optimizing either one of these results in

ptimizing the other, and combining these signals using a simple

eighted sum was shown to result in faster learning. 

.2. Multi-objectivization 

The relevance of this problem class may seem limited, as one

oes not encounter many such problems in the literature. But,

e describe below how any single-objective MDP can be trans-

ormed (or multi-objectivized) into a CMOMDP using multiple re-

ard shaping functions. 

We reiterate that multi-objectivization [10] is the process of

urning a single-objective problem into a multi-objective problem

n order to improve solving of the single-objective problem. Our

oal is to turn a single objective RL problem into a CMOMDP, i.e., a

ulti-objective problem without (significant) conflicts between the

bjectives, in order to better solve the single objective RL problem.

e desire furthermore the property that finding an optimal policy

n the CMOMDP equates to finding a (near-) optimal policy in the

riginal single-objective problem. 

MDPs can be multi-objectivized by copying the reward function

ultiple times, which results in a CMOMDP with a single Pareto-

ptimal point. Of course, this modification in itself can not improve

earning (unless other sources of diversity are present). But, these

opies of the basic reward signal can be diversified by enriching

hem with heuristic knowledge using the potential-based reward

haping paradigm. Since potential-based reward shaping is guar-

nteed to not alter the optimality of solutions [29] , adding a dif-

erent potential-based reward shaping to each of the copies of the

eward signals keeps the problem a CMOMDP with a single Pareto

ptimal point. Yet, each of the different shaping functions provides

 different evaluation of the behavior during the learning process. 
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Fig. 2. Representative examples of an MDP and multi-objectivized MDP. Dots repre- 

sent policies, and red dots are optimal policies. Note that in the multi-objectivized 

MDP, the value functions of policies are fully correlated between the different ‘ob- 

jectives’. Recall furthermore that this correlation is not necessarily true for the im- 

mediate reward + shaping. (For interpretation of the references to color in this fig- 

ure legend, the reader is referred to the web version of this article). 
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6 V ∗(s ) = max a Q 
∗(s, a ) . 

7 E.g., shaping using kinetic (speed) or potential energy (height) in the Mountain 

Car domain [37] , a problem where an underpowered car needs to build up mo- 

mentum to climb a hill. These are opposite forces in this domain, as the car trades 
More formally: to turn MDP M into CMOMDP M 

′ using m re-

ward shaping functions F i , the reward vector R of M 

′ is constructed

as follows: 

R (s, a, s ′ ) = (R (s, a, s ′ ) + F 1 (s, a, s ′ ) , . . . , R (s, a, s ′ ) + F m 

(s, a, s ′ )) 
(2)

where R is the reward function of M. Thus, we copy the base re-

ward of M m times, and add a different shaping function to each. 

We prove that this formulation preserves the total ordering, and

thus also the optimality, of policies between M and M 

′ , provided

the shapings are potential-based. That is, that multi-objectivization

by reward shaping does not introduce conflicts. 

Theorem 1. Let M be a given (finite, discrete) MDP, M =
(S, A, T , γ , R ) . We say that the MOMDP M 

′ is a shaping-based multi-

objectivization of M, iff M 

′ = (S, A, T , γ , R ) with 

R (s, a, s ′ ) = (R (s, a, s ′ ) + F 1 (s, a, s ′ ) , . . . , R (s, a, s ′ ) + F m 

(s, a, s ′ )) 

If all shaping functions F i , i = 1 , . . . , m are potential-based, as defined

in Eq. (1) , we have the following properties: 

• Any policy π ∗ which is an optimal policy for M, is a Pareto optimal

policy for M 

′ . 
• No other Pareto optimal policies for M 

′ exist, i.e., if π is not an

optimal policy for M, π is not Pareto optimal in M 

′ . 

Proof. The proof follows from the results in [29] . There, Ng et al.

proved that if a policy is optimal for an MDP with reward function

R , it is also optimal for the shaped MDP with rewards R + F (and

vice versa), provided that F is a potential-based shaping function.

So, any policy π ∗ that is optimal for MDP M will also be optimal

for each of the shaped rewards R + F i . Since π ∗ maximizes the re-

turns for all objectives, no policy which Pareto dominates π ∗ can

exist (since such a policy would have to perform strictly better on

at least one objective) and π ∗ must be part of the Pareto front

for M 

′ . Now suppose a policy π exists, which is part of the Pareto

front of M 

′ , but which is not optimal in M. Since π is subopti-

mal in M, according to Ng et al. [29] it must also be suboptimal

for each of the R + F i objectives. However, this means that any pol-

icy π ′ , that is optimal in M, 5 will achieve a strictly higher return

for all objectives. Thus, π ′ Pareto dominates π and π cannot be

part of the Pareto optimal set for M 

′ , which contradicts our origi-

nal assumption. �

Corollary 1. Since all optimal policies of M 

′ (and thus also of M)

achieve the highest expected return for each objective in M 

′ , the

Pareto front of M 

′ consists of a single point. Moreover, since Ng et al.

[29] actually prove that the total order of policies is preserved when

using potential-based shaping, and not just optimality, MOMDP M 

′ 
also has a total order over all policies. These all lie on a single line

in the multi-objective value-function space, see Fig. 2 . 

One may wonder what the purpose of this multi-objectivization

is if all policies lie on the same line in the multi-objective space,

i.e., if the objectives are all fully correlated. Why do we need ex-

tra objectives if they are correlated with all other objectives? The

answer to that lies in the important distinction between return

and reward. Rewards are generated at each time step for the state

transition that occurred. Return is the discounted accumulation of

these rewards. The returns (which measure the quality of a policy)

of the objectives generated in the multi-objectivization we propose

here are fully correlated, while the immediate rewards are not.

These latter may differ wildly, and this heterogeneity in immedi-

ate rewards, combined with a guarantee of correlation of the total

return, is the power of this proposed multi-objectivization. 
5 At least one such optimal policy must exist, see e.g., [36] . 

s

n

g

Whether a multi-objectivization will actually be successful in

aking a problem easier to solve depends on the formulation of

he shaping functions themselves. The best potential function is V 

∗

tself, the optimal value function of the problem. 6 While it is un-

ikely that the system designer can define a single potential func-

ion that equates V 

∗ throughout the search space (which would

mount to solving the problem), it is more likely that he can define

everal potential functions that correlate well with V 

∗ in different

arts of the state space, i.e., several rules of thumb for different sit-

ations, 7 or rules of thumb that weakly correlate with V 

∗ through-

ut the state space. If these shapings are used to multi-objectivize

n MDP, one can then attempt to strategically combine these sig-

als, for which we will use ensemble techniques described in the

ext section. 

. Ensemble techniques in reinforcement learning 

Ensemble techniques have been introduced in Reinforcement

earning by Wiering and van Hasselt [9] . Their approach involved

everal distinct reinforcement learning algorithms (agents) learn-

ng in parallel from the same experiences. The ensemble policy

rom which these experiences are generated is derived from a vot-

ng mechanism based on each agent’s action preferences. Others

ave investigated the robustness of ensembles of neural network

einforcement learners, showing how these ensembles alleviate the

roblem of parameter tuning and are more stable [38,39] or how

o select the best subset of ensemble agents for learning [40] . In

ur multi-objectivization setting, the diversity required for an en-

emble will not primarily come from the algorithms or their pa-

ameters, which may all be the same, but from the reward signal,

hich is enriched with a different shaping signal for each ensem-

le agent. 

The different ensemble strategies we will describe below can all

e formalized as calculating a weighted ( w i ) sum of each ensem-

le agent’s preferences ( p i ), where the actual choice for weight and

reference functions will define the different strategies. The greedy

nsemble policy then is: 

(s ) = arg max 
a 

n ∑ 

i 

w i (s ) p i (s, a ) (3)
peed for height and vice versa, yet each is useful in a different situation: the car 

eeds to focus on gaining speed when it can no longer gain height, and focus on 

aining height when speed is already high. 
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The preference function p i ( s, a ) defines how high agent i values

ction a in state s . In the simplest case, p i (s, a ) = Q i (s, a ) , i.e., an

gent’s preference function is its estimated Q -function. The weight

unction w i ( s ) defines the relative importance of an agent in state s ,

.e., how much an agent contributes to the ensemble decision rel-

tive to the other agents. Without loss of generality, we constrain

 i to: ∀ s : 
∑ n 

i w i (s ) = 1 . Without prior knowledge, it is advisable

o set each agent’s contribution to w i (s ) = 

1 
n , independent of state.

Algorithm 1 describes the pseudocode for a greedy reward-

unction based ensemble of RL agents. At each step of the process,

tate s is observed, and action a is chosen given s , based on Eq. (3) .

ction a is executed, next state s ′ is observed, and each agent i ob-

erves reward R i , which in the shaping case amounts to R i = R + F i .

hese are used to update each learning agent. 8 Eq. (3) gives a

reedy policy; an ε-greedy, or soft-max policy can be defined anal-

gously. 

lgorithm 1 Greedy Ensemble of RL agents. 

1: procedure Greedy-Ensemble 

2: initialize s 

3: for each step of episode do 

4: a ← arg max a 
∑ n 

i w i (s ) p i (s, a ) 

5: take action a , observe r, s ′ 
6: for each learner i do 

7: update agent i with (s, a, R i (s, a, s ′ ) , s ′ ) 
8: end for 

9: s ← s ′ 
10: end for 

11: end procedure 

Algorithm 2 illustrates a specific implementation of this ensem-

le of RL agents 9 : a greedy ensemble of standard Q -learners using

he linear ensemble technique. The agents’ preference function is

heir estimated Q -function, and all agents have equal contribution.

ote that each agent i learns independently, in that there is no

ixing of values. Only at the action selection stage is there ‘mix-

ng’ between the agents. 

lgorithm 2 Greedy linear ensemble of Q-learners. 

1: procedure Greedy-Q-Ensemble 

2: initialize s 

3: initialize each learner 

4: for each step of episode do 

5: a ← arg max a 
∑ n 

i 
1 
n Q i (s, a ) 

6: take action a , observe r, s ′ 
7: for each learner i do 

8: 

Q i (s, a ) ← Q i (s, a ) + α
[ 

R i (s, a, s ′ ) + γ max 
a ′ 

Q i (s ′ , a ′ ) −Q i (s, a ) 
] 

9: end for 

10: s ← s ′ 
11: end for 

12: end procedure 

Below, we describe four ensemble strategies, each defined by a

ifferent im plementation of the weight and pref erence functions. 
8 For on-policy learners, the ensemble needs to choose next action a ′ as well, 

efore updating the learners. 
9 Note that we can refer to such an algorithm as an ensemble of RL agents or a 

ingle agent learning multiple value-functions or policies. 

p

n

a

o

.1. Linear 

The most straightforward ensemble strategy (also often used

n multi-objective reinforcement learning in general), is to calcu-

ate a linear combination of the different estimated Q -functions:

p i (s, a ) = Q i (s, a ) , as in Algorithm 2 , line 5. 

In this ensemble, the weight function serves two purposes: 

1. to weigh the relative importance of the different ensemble

agents, 

2. to compensate for the differences in magnitude between the

different agents’ Q -functions. 

Thus, we decompose the weight function into two weight func-

ions: w i, ri and w i, sc , respectively, used for the two goals described

bove. These are then combined in this way: w i (s ) = 

w i,ri (s ) w i,sc (s ) ∑ n 
i w i,sc (s ) 

.

nless prior information is available, which could come from a

uning phase prior to learning, or from expert knowledge on the

fficacy of each reward shaping function, 10 the relative importance

eight function is set to w i,ri (s ) = 

1 
n , subject to 

∑ n 
i w i,ri (s ) = 1 .

lthough the agents are learning on the same base reward signal,

heir shaping signals may have wildly varying scalings and there-

ore result in estimated Q -functions of varying scalings. This can be

ompensated for using the scaling weights w i, sc , but, without prior

nowledge, we set these weights to: w i,sc (s ) = 1 . 

Importantly, in contrast to what we claimed in prior work [42] ,

his ensemble is not equivalent to a single learner learning with

 single composite shaping (a reward shaping function F (s, a, s ′ ) =
 n 
i w i (s ) F i (s, a, s ′ ) ), due to the non-linearity of the max operator

mployed [24] . A single composite shaping is a much more com-

utationally and memory efficient combination of shapings, since

t does not require the storage of several value functions, but may

esult in the loss of information, as any dimensionality reduction

echnique risks. 11 We will also compare with this approach in the

xperimental section. 

.2. Majority voting 

Intuitively, in majority voting [9] , 12 each agent casts a single

ote, choosing its preferred action. Given equal weights, the greedy

nsemble action is the one that received the most votes. Formally,

n agent’s preference function is this: 

p i (s, a ) = 

{
1 if a = arg max b Q i (s, b) 
0 else. 

In this case, the weight function only serves to weigh the rela-

ive importance of agents, since with voting, all agents’ preference

unctions have the same codomain: (0, 1). Again, unless prior in-

ormation is available, we set the weight function to: w i (s ) = 

1 
n . 

.3. Rank voting 

Rank voting [9] is a more fine-grained voting mechanism,

here, as in majority voting, the lowest ranked action gets a score

f 0, and the most preferred action a score of 1. In contrast, the

n-between actions get a score proportional to their rank: 

p i (s, a ) = 

# actions − rank ( s , a ) 

n − 1 
10 Marivate and Littman [41] for example learn these weights in a limited setting. 
11 For example, if nine out of ten ensemble agents have attribute the highest ex- 

ected return to action a , but the tenth believes this action will yield a very large 

egative return, in a linear combination, the fact that the majority agreed on action 

 will be lost, and another action will be deemed ‘best’ due to the effect of a single 

f the ensemble agents. 
12 In more recent work, van Hasselt preferred the term plurality voting [43] . 
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Fig. 3. Showing two agents’ estimates (top and bottom, respectively). Determining 

which agent can be most confident about its estimates is impossible based on the 

estimated Q -values alone (left). Extra information is necessary (right). In this exam- 

ple, the second agent’s estimates are deemed to be more reliable, as the actions’ 

distributions are more significantly different/show less overlap. 
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where rank ( s, a ) outputs the index of ( s, a ) from [1,#actions]) in

the sorted list according to some quality criterion. Commonly, one

will sort according to Q ( s, a ). 

The weight function is again used to weigh the relative impor-

tance of agents. 

6.4. Confidence-based 

Adaptive objective selection is a technique we previously intro-

duced specifically to solve CMOMDPs [44] . It builds on work on

multi-objectivization in evolutionary computation where every op-

timization decision is based on feedback from only a single of the

objectives [16] . This is possible since each of the objectives alone

can be used to solve the original MDP. 

Specifically, at every step, this ensemble technique tries to

measure how confident each of the ensemble agents is about

its estimates for the current state, and uses the most confident

agent’s estimates alone to make an action selection decision. Thus,

the preference function is simply the Q -function, as in the linear

ensemble. The difference with that ensemble lies in the weight

function w i ( s ), which incorporates the measure of confidence: 

w i (s ) = 

{
1 if i = arg max agent confidence (s, agent) 

0 else. 

We define confidence as an estimation of the likelihood that

the estimates are correct. Higher-variance reward distributions will

make any estimate of the average reward less confident, and al-

ways selecting the agent whose estimates are most likely to be

correct will maximize the likelihood of correctly ranking the ac-

tion set. This is loosely inspired by the use of confidence intervals

in UCB [45] . 

To measure confidence in estimates, we model every ( s, a )-pair

as a distribution, and not just a mean ( Q -value). This allows us

to determine how well each agent can differentiate between

the actions based on common statistical tests. See Fig. 3 for an

illustration of this concept. Below, we describe an efficient way to

represent these distributions and measure confidence for the case

of tile-coding function approximation. For a discussion on how to

represent these distributions in other cases, we refer the reader to

our previous work [44] . 

Tile-coding provides a very natural way to represent ( s, a )-pairs

as distributions, without requiring the storage of extra information.

For a ( s, a )-pair, agent i can simply take the weights in θ i, a acti-

vated by s as samples representing the distribution of that pair.

Then, we can estimate confidence by applying a paired statisti-

cal test to the samples of every action (or of the estimated best

and worst actions). Such tests calculate a p -value which indicates

how likely it is to observe the given estimates under the hypoth-

esis that they come from the same distribution. The smaller the

p -value, the more likely it is the distributions are different, and

that the agent can differentiate correctly between the actions. We

can use a paired test, such as the paired Student’s t -test or the

Wilcoxon signed-rank test, because the weights for different ac-
ions will come from the same tiles in the same tilings, although

tored in different weight vectors. 

This confidence-based ensemble has several interesting proper-

ies. It makes its decisions a function of the state-space, which can

ccount for different shapings being more or less reliable in dif-

erent parts of the state space. Furthermore, it uses the different

gents’ estimates in a scale-invariant way. That is, its workings do

ot depend on the relative scalings of the shapings, since all statis-

ical tests proposed are scale-invariant, and thus no parameters are

ntroduced. This is a significant improvement over the simpler lin-

ar ensemble, which usually requires weight tuning, if only to align

he magnitudes of the different shapings. Do note however that,

espite using concepts such as distributions and statistical tests,

here are no theoretical underpinnings to this confidence ensem-

le; it is no more than a heuristic. 

. Empirical validation 

We empirically demonstrate the usefulness of the proposed ap-

roach in two domains: cart pole and the pursuit domain. All ex-

eriments are averaged over 100 trials for statistical significance,

valuated using the Student’s t -test with p = 0 . 05 . We always com-

ared the following approaches, mainly by measuring their cumu-

ative performance (an indication of how fast they learn), but also

heir final performance, showing how they (are) still converge(ing)

o optimality: 

1. vanilla Q ( λ)-learning with pessimistic initialization, 

2. vanilla Q ( λ)-learning with optimistic initialization, 

3. Q ( λ)-learning shaped with a single shaping, 

4. Q ( λ)-learning shaped with a composite shaping, i.e., a linear

combination of all the shapings ( �(s ) = 

∑ n 
i 

1 
n �i (s ) ), 

5. an ensemble of Q ( λ)-learners, each shaped with a single of

the shapings, combined with one of the four ensemble tech-

niques 

(a) linear 

(b) majority voting 

(c) rank voting 

(d) confidence. 

e compare with optimistic initialization to analyze the effect of

ndirected uniform exploration, versus the more directed biased

xploration that the shapings provide, which we hypothesize will

e more effective. The shaping variants are always pessimistically

nitialized, so that exploration is almost exclusively (besides ex-

loration induced by the action selection mechanism for example)

riven by the shaping. 

Furthermore, we perform two sets of experiments. One with

ormalized shapings, i.e., shapings with their potential function

 [0, 1], and one with non-normalized shapings, to show how en-

emble techniques are affected by the differences in magnitude be-

ween the shapings. 

Lastly, we analyze the diversity induced by the different shaping

ignals. 

.1. Cart Pole 

Cart Pole [46] is a task in which the learning agent controls

 cart with a pole on top. The goal is to keep the pole balanced

or as long as possible by moving the cart left and right within a

iven interval in a single dimension. The state space consists of the

osition of the cart, its velocity, the angle of the pole and its an-

ular velocity ( x, ˙ x , θ, ˙ θ ). The agent receives step rewards of 0, and

 final reward of −1 when the pole falls; in the experiments, per-

ormance is measured as the number of steps the pole is balanced,

nd an episode is limited to 10 0 0 steps. To learn the task with RL,

e use Q ( λ)-learning with tile-coding function aproximation. We
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Fig. 4. Cart Pole – normalized shapings. The composite shaping outperforms 

the individual shapings, while the ensembles slightly outperform the composite 

shaping. 
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Table 1 

Cart Pole – normalized. Averages of 100 trials of 10 0 0 episodes each, measuring 

the number of steps the pole was up before falling. The standard error is indicated. 

Those results not significantly different from the best are indicated in bold. 

Algorithm Cumulative Final 

Q-Learning 502023 ± 30111 888.4 ± 28.9 

Q-Learning optimistic 472069 ± 28615 846.0 ± 37.4 

Angle shaping 810643 ± 7243 915.9 ± 13.4 

Angular velocity shaping 815570 ± 17106 938.2 ± 13.3 

Linear composite shaping 876975 ± 2876 918.2 ± 14.8 

Linear ensemble 891991 ± 2238 929.0 ± 13.3 

Majority voting ensemble 883880 ± 2631 942.6 ± 12.0 

Rank voting ensemble 883077 ± 3286 932.6 ± 14.9 

Confidence ensemble 881508 ± 2675 917.7 ± 15.1 

Fig. 5. Cart Pole – non-normalized shapings. The composite shaping and linear en- 

semble’s performance is lower compared to the normalized shapings case, due to 

their sensitivity to the scaling of the signals they incorporate. The voting and confi- 

dence ensembles are scale-invariant and yield therefore similar performance to the 

normalized shaping case. 

i  

Q  

t  

a  

u  
uned the parameters to α = 

0 . 25 
16 , γ = 1 , ε = 0 . 05 , λ = 0 . 25 , with

6 10 × 10 × 10 × 10 tilings. We use 0 for optimistic initialization,

nd −1 for pessimistic. 

We transform Cart Pole into a CMOMDP by multi-objectivizing

he problem using two potential-based shaping functions [47] : 

Angle encourages the agent to keep the angle of the pole close

to 0, i.e., upright. Its potential function is defined as �A (s ) =
−| θ | (radians). 

Angular velocity encourages the agent to keep the velocity of the

pole low, since a fast moving pole is harder to control. Its

potential function is defined as �AV (s ) = −| ̇ θ | (radians). 

These shapings are scaled by 100 for optimal effect. 13 The angle

s normalized by dividing by 0.20944 (the largest angle of the pole

efore failure in radians), and the angular velocity is normalized

y dividing by 6, the maximum angular velocity. 

Fig. 4 and Table 1 summarize the first experiment in Cart

ole with normalized shapings. As can be expected, both the

ngle and angular velocity shapings help the agent learn much

aster than without this prior knowledge. Unguided, uniform ex-

loration through optimistic initialization on the other hand results
13 The shaping tuning problem has been addressed by Harutyunyan et al. [47] , 

here the authors propose to include the same shaping with a number of different 

calings in the ensemble. That is beyond the scope of this article. 

o  

p  

m  

w

n slightly worse performance compared to the baseline vanilla

 ( λ), as the agent is encouraged to explore failure states too. Fur-

hermore, a simple composite shaping (the average of the angle

nd angular velocity shapings) outperforms either of the individ-

al shapings alone, while the ensembles slightly, but significantly,

utperform this composite shaping. Arguably, in this case the com-

osite shaping is preferable due to the lower computational and

emory complexity, even though its sample complexity is slightly

orse than the ensembles. 
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Table 2 

Cart Pole – non-normalized. Averages of 100 trials of 10 0 0 episodes each, measuring 

the number of steps the pole was up before falling. The standard error is indicated. 

Those results not significantly different from the best are indicated in bold. 

Algorithm Cumulative Final 

Q-Learning 502023 ± 30111 888.4 ± 28.9 

Q-Learning optimistic 472069 ± 28615 846.0 ± 37.4 

Angle shaping 826391 ± 6482 917.7 ± 12.7 

Angular velocity shaping 767195 ± 23986 914.9 ± 15.3 

Linear composite shaping 854326 ± 12198 926.6 ± 13.8 

Linear ensemble 857799 ± 11613 939.4 ± 12.7 

Majority voting ensemble 883440 ± 2656 913.5 ± 13.6 

Rank voting ensemble 883099 ± 2886 929.5 ± 13.1 

Confidence ensemble 881709 ± 2782 928.4 ± 14.4 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6. Pursuit domain – normalized shapings. The ensembles yield similar final 

performance and better cumulative performance than the individual or composite 

shapings. 
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In the case of non-normalized shapings ( Fig. 5 and Table 2 ), the

angular velocity shapings’s performance drops significantly due to

its much larger magnitude relative to the reward function. Conse-

quently, the composite shaping and linear ensemble’s performance

drop too, since they are sensitive to the relative magnitudes of

the different signals they are composed of. Importantly, the per-

formance of the voting and confidence ensembles is unaffected,

thanks to their scale-invariance. This suggests that the parameter-

less voting and confidence ensembles yield more robust combina-

tions of shapings. 

7.2. Pursuit domain 

The Pursuit domain, or Predator/Prey, was proposed by Benda

et al. [48] to investigate coordination mechanisms in a multi-agent

system. The basic idea of pursuit is that a number of predators

must capture a (number of) prey(s) by moving through a sim-

ple gridworld. Stone and Veloso [49] identify many variants of

the problem and our implementation is as follows. There are two

predators and one prey, and these can move in the four cardinal

directions in a non-toroidal grid of 20 × 20 cells, as well as choose

to stay in place. The prey is caught when a predator moves onto

the same gridworld cell as the prey; predators are not allowed

to share the same cell. The prey takes a random action 20% of

the time, with the rest of the time devoted to moving away from

the predators. To do that, it takes the action that maximizes the

summed distance from both predators, making the problem harder

than with a fully random prey. The predators are controlled by

Q ( λ)-learning agents, and both receive a reward of 1 when the prey

is caught by one of them, and a reward of 0 the rest of the time;

performance is measured in our experiments as the number of

steps needed to catch the prey. The predators observe the relative x

and y coordinates of the other predator and the prey. Tile-coding is

used to discretize the state-space, with 32 randomly placed tilings,

using tile-width 10. 14 Action selection is ε-greedy, with ε = 0 . 1 .

Further parameters are γ = 0 . 9 , λ = 0 . 9 and α = 

1 
10 ×32 . We use 1

for optimistic initialization, and 0 for pessimistic. 

We formulate a CMOMDP by multi-objectivizing the problem

using three potential-based shaping functions 15 : 

Proximity encourages a predator to move closer to the prey.

Its potential function is defined as �P (s ) = −d (pred , prey ) ,

with d the Manhattan distance. 

Angle encourages the predators to move to different sides of the

prey, trapping it. It is defined to maximize the angle in radi-

ans between them and the prey to π : �A (s ) = arccos ( a ·b 
| a || b| ) ,
14 Tile-width is measured in whatever units each of the state-variables is mea- 

sured. 
15 It has been proven that potential-based shaping in multi-agent RL does not alter 

the Nash Equilibria [50] . 

m  

i  

b  

p  

h  

i  
with a and b vectors pointing from the prey to the two

predators, respectively. 

Separation encourages the predators to move away from each

other. Its potential function is defined as �S (s, a, s ′ ) =
d(pred 1 , pred 2 ) with d again the Manhattan distance. 

Proximity and Separation are normalized by dividing by 2 ×
ize , with size = 20 both the width and height of the world; An-

le is normalized by dividing by π . Furthermore, Proximity is im-

lemented as 2 × size − d (pred , prey ) , so that all shaping functions

re positive, as theory indicates potentials should be when γ < 1

nd there is no step-reward [51] . 

The results of the first experiment (with normalized shapings)

re shown in Fig. 6 and Table 3 . While the proximity and an-

le shapings improve performance compared to the baseline, the

eparation shaping appears not to be that useful and slightly de-

rades performance. Optimistic initialization results in much worse

erformance, due to the excessive exploration of unseen states

ar away from the prey. The composite shaping yields perfor-

ance in-between the other shapings’, not as good as the prox-

mity shaping alone, showing that in this case the simple com-

ination of signals is not better than the best of its constituting

arts, unlike in the Cart Pole domain. The ensembles on the other

and outperform the composite shaping, and all but the major-

ty voting one outperform the proximity shaping’s performance.
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Table 3 

Pursuit domain – normalized. Averages of 100 trials of 400 episodes each, measur- 

ing the number of steps needed to catch the prey. The standard error is indicated. 

Those results not significantly different from the best are indicated in bold. Most 

ensembles yield similar final performance and better cumulative performance than 

the individual or composite shapings. 

Algorithm Cumulative Final 

Q-Learning 73614 ± 3061 56.0 ± 14.3 

Q-Learning optimistic 101233 ± 2161 101.6 ± 33.2 

Proximity shaping 46309 ± 574 49.7 ± 9.3 

Angle shaping 56099 ± 1177 59.2 ± 19.4 

Separation shaping 75043 ± 1913 104.6 ± 72.0 

Linear composite shaping 49265 ± 704 49.9 ± 8.3 

Linear ensemble 41447 ± 433 54.2 ± 11.4 

Majority voting ensemble 48985 ± 585 61.7 ± 14.1 

Rank voting ensemble 45623 ± 442 58.2 ± 14.2 

Confidence ensemble 43465 ± 551 66.8 ± 20.0 

Fig. 7. Pursuit domain – non-normalized shapings. The individual and composite 

shapings, as well as the linear ensemble are most affected by the large differences 

in magnitude. 
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Table 4 

Pursuit domain – non-normalized. Averages of 100 trials of 400 episodes each, mea- 

suring the number of steps needed to catch the prey. The standard error is indi- 

cated. Those results not significantly different from the best are indicated in bold. 

Algorithm Cumulative Final 

Q-Learning 73614 ± 3061 56.0 ± 14.3 

Q-Learning optimistic 101233 ± 2161 101.6 ± 33.2 

Proximity shaping 77912 ± 1070 77.2 ± 30.2 

Angle shaping 81708 ± 2869 99.1 ± 65.7 

Separation shaping 207095 ± 8633 372.9 ± 129.6 

Linear composite shaping 101763 ± 2460 110.4 ± 30.7 

Linear ensemble 88569 ± 1068 140.9 ± 28.6 

Majority voting ensemble 75241 ± 687 98.0 ± 19.5 

Rank voting ensemble 66477 ± 667 102.5 ± 35.4 

Confidence ensemble 57253 ± 680 79.7 ± 21.3 
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s  
hen one cannot normalize the shapings’ magnitudes in this do-

ain (because the size of the world is not known for example,

r infinite), the performance yielded by the individual and com-

osite shapings, as well as the linear ensemble is much worse,

hile the voting and confidence ensembles are again least af-

ected due to their scale-invariance ( Fig. 7 and Table 4 ). The fact

hat the performance of the ensembles still degrades is because

hey are scale-invariant across the different reward signals, but

ot within the different reward signals. That is, they are invariant
o differences in scalings between the different reward+shaping

ignals, but they are not invariant to differences in scaling

etween the reward and shaping signals themselves, which is a

ifferent problem addressed elsewhere [47] . 

.3. Diverity of shapings 

Since our ensembles of shapings perform well in the experi-

ents conducted, we can assume that the different shapings in-

uced the diversity required for ensemble systems to work. In this

ection, we show that this diversity is indeed present and show

ow it evolves during the learning process. We measure diversity

t a given time step of the learning process by calculating the Pear-

on correlation coefficient between Q -values. Specifically, in a given

tate, for each pair of agents in an ensemble, we calculate the

earson correlation coefficient between the two agents’ Q -values in

hat state. We average over all pairs of agents in the ensemble. A

oefficient of 1 indicates full correlation (i.e., the agents fully agree

n the relative quality of actions in that state), a coefficient of −1

ndicates full anti-correlation (i.e., the agents have completely op-

osite ideas on the relative quality of actions in that state), and

 indicates uncorrelated estimates (i.e., the agents disagree on the

uality of actions, but in an inconsistent way). We hypothesize that

ull correlation (at least initially) and full anti-correlation are not

seful for an ensemble, since with the former, there is no diver-

ity, and with the latter, there is no agreement. We hypothesize

hat good trade-offs between diversity and agreement will yield a

orrelation coefficient around 0. 

Fig. 8 shows this analysis for the four different ensembles in

art Pole and the Pursuit domain, with normalized shapings. Ob-

erve that in both domains, early in the learning process, the es-

imated Q -values of the different ensemble agents are indeed un-

orrelated, or even slightly anti-correlated. As learning progresses,

he ensemble agents’ estimates become more and more correlated,

s they converge to their optimal value functions. Here we see

he interplay between rewards and returns in the learning pro-

ess. Immediate rewards are uncorrelated or even anti-correlated

ue to the different shapings sometimes disagreeing on what are

good’ states, and thus the initial estimates are also uncorrelated.

s learning progresses, and rewards are propagated through the

alue function representation, the estimates converge to the ac-

ual expected returns, which are correlated, independent of the

mount of anti-correlation that may exist between the shapings

hemselves. The initial diversity makes the ensemble learn faster,

nd the later lack of diversity is a result of the guarantee that the

nsemble learns the optimal policy. 

. Conclusion 

This paper introduces a novel perspective on diversity in en-

emble techniques, where the necessary diversity is not derived
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Fig. 8. Pearson correlation coefficient between the Q -values of the different ensem- 

ble agents over time. We can observe the diversity induced by the different reward 

shaping signals early on, which diminishes as the learners converge to their optimal 

value functions (which are fully correlated). 
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from the differences in the algorithms themselves or their input

data, but rather from the way they evaluate their own perfor-

mance, i.e., diversity of evaluation. This allows for the use of ex-

pert knowledge to complement an otherwise uninformative objec-

tive function (think for example of the objective function in clas-

sification, which is usually only approximate due to the sheer size

and unavailability of all relevant data). Yet, certain guarantees are

required for this approach to not compromise optimality of solu-

tions, since changing the objective function typically means chang-

ing the problem (and thus the solutions to the problem). 

Therefore, we developed a theoretical framework in the context

of reinforcement learning that provably provides these guarantees,

thus allowing the safe incorporation of many heuristics in a rein-

forcement learning process. It leverages the strong theory that un-

derpins potential-based reward shaping and shows promising re-

sults in the experiments we conducted. 

In a general context, future work involves the investigation of

these ideas in other machine learning fields, as well as optimiza-

tion literature, where the idea of multi-objectivization has had

some successes, but without strong theoretical guarantees. More

specifically in reinforcement learning, there remain several avenues

for future research. Intra-signal scale-invariance, i.e., invariance to

the relative magnitudes of reward and shaping signals is a vital
venue for research, since the magnitude shapings still require tun-

ng in our ensemble approach. Harutyunyan et al. [47] recently

tarted investigating this problem and provide a simple ensem-

le solution to this problem. The techniques should furthermore

e validated in other applications, such as robotic tasks, where a

eduction of sample complexity is very much needed, much more

han in Cart Pole. How to automatically generate shaping functions

s also an interesting question. It should not be hard to generate

any combinations of state features, and many thousands of value

unctions can be tractably learned in parallel [52] . The difficulty

ill lie in building a shaping generator that satisfies conditions

imilar to that of a weak learner (a learner that generates classi-

ers that are merely better than random), as defined by Schapire

5] , in this case providing shapings that yield slightly better perfor-

ance than without shaping. Lastly, it remains unclear how many

f the in supervised learning very successful ensemble algorithms

uch as AdaBoost could be used in reinforcement learning. 
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