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Preface
This book contains the papers accepted for presentation at the 2012 edition of the Adaptive
and Learning Agents (ALA) workshop. ALA is the result of the merger of the ALAMAS and
ALAg workshops. ALAMAS was an annual European workshop on Adaptive and Learning
Agents and Multi-Agent Systems, held eight times. ALAg was the international workshop
on Adaptive and Learning agents, typically held in conjunction with AAMAS. To increase
the strength, visibility, and quality of the workshops, ALAMAS and ALAg were combined
into the ALA workshop, and a steering committee was appointed to guide its development.
The goal of the workshop is to increase awareness and interest in adaptive agent research,
encourage collaboration, and give a representative overview of current research in the area
of adaptive and learning agents. It aims at bringing together not only diﬀerent areas of computer science (e.g., agent architectures, reinforcement learning, and evolutionary algorithms)
but also from diﬀerent fields studying similar concepts (e.g., game theory, bio-inspired control, and mechanism design). The workshop serves as an inclusive forum for the discussion
of ongoing or completed work in adaptive and learning agents and multi-agent systems.
Organizing an event such as ALA would not be possible without the eﬀorts and contributions
of many motivated people. We would like to thank all authors who responded to our callfor-papers. We expect that the workshop will be both lively and informative, and will aid
participants in refining and further developing their research. We are also thankful to the
members of the program committee for their high quality reviews, which ensured the strong
scientific content of the workshop. Finally, we would like to thank the members of the ALA
steering committee for their guidance, and the AAMAS conference for providing an excellent
venue for our workshop.
Enda Howley, Peter Vrancx, and Matt Knudson
ALA 2012 Co-Chairs
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ABSTRACT

particular, this is a difficult problem when the social system is an
open one (that is, one where agents can enter and leave freely).
In the literature, there are various works dealing with different
aspects of such regulation problem, in various Multiagent System
(MAS) contexts (see, e.g., [12, 14, 21, 23]). In our previous works
(e.g, [7, 9, 19]), we have evolved different models for the social exchange regulation problem, based on BDI (Beliefs, Desires, Intentions)1 agents with plans derived from optimal policies of POMDPs
(Partially Observable Markov Decision Process [16]). In particular,
in [8], we outlined models for recognizing and learning BDI models of social exchange strategies for the regulation of social interactions in open agent societies.
In the present work, we take a more abstract and generalizing
formal approach for the proposal introduced in [8]. Here, we introduce a model for the sequential decision making of an agent,
α, acting in an open partially observable stochastic environment,
where α aims to induce another autonomous agent, β, to interact in
certain way, so as to lead both agents toward a certain configuration
of exchange states, called the target exchange state configuration.
We call α the agent that is playing the role of the regulator of another agent β, which, in turn, has its own preferences on exchange
states to visit, adopting a specific transition strategy for that. β is,
then, said to be a strategy-based agent.
The system, thus, is composed by different strategy-based agents,
some playing the role of regulator agents. Since the system is assumed to be open, agents with new exchange strategies may enter
it, and the agents in the system may modify their strategies. Also,
the agents may change their roles.
The regulation model introduced here is a combination of the
POMDP structuring the regulator agent decision process as it was
done in previous work, with a Hidden Markov Model (HMM) [18]
to structure the exchange strategy learning process. The main challenge we face, then, is the conversion between the models, i.e.:
How α can obtain a POMDP model from a newly learned HMM
of β, so that α can find a regulation strategy for the newly learned
strategy of β? And, conversely: How can α obtain a good initial
HMM model of β, from a POMDP only approximately good to derive a policy to regulate a new strategy of β, so as to accelerate the
learning process of the new exchange strategy of β?2
This problem we call the problem of the reciprocal conversion
of POMDPs to HMMs. The problem arises from the fact that the
POMDPs have state transition and observation functions based on
the actions performed by the agents in each state, whereas, in the
HMMs, the state transition and observation functions are not explicitly related to action performances.

An important problem in open multiagent systems is that of the regulation of social exchanges, towards producing social equilibrium.
In the present work, we take an abstract and generalizing approach
to this issue. The paper introduces a model for the sequential decision making of an agent, acting in an open partially observable
stochastic environment, where that agent aims to induce another autonomous agent to interact in certain way, so as to lead both agents
toward a target exchange state configuration. The regulation model
introduced here is a combination of a Partially Observable Markov
Decision Process (POMDP), to structure the regulator agent decision process, with a Hidden Markov Model (HMM), to structure its
exchange strategy learning process. The main challenge we face is
the conversions between the models, i.e.: How can an agent obtain
a POMDP model from a newly learned HMM, so that it can find
a regulation strategy for the newly learned exchange strategy of its
partner? And, conversely: How can an agent obtain a good initial
HMM model of its partner, from a POMDP only barely good to
derive a policy to regulate a new exchange strategy of the latter, so
as to accelerate the learning process of that new exchange strategy?
This problem we call the problem of the reciprocal conversion between POMDPs and HMMs. The solution we have found builds
on the particular structures of the POMDPs and HMMs that arise
in the context of the regulation of social exchanges, which allow
for the establishment of an isomorphism between the sets of states
of the POMDPs and the sets of “extended” states of the HMMs.
Such isomorphism forms the foundation, then, for the definition of
the mappings that provide the reciprocal conversions between the
POMDPs and the HMMs. The paper formally develops these ideas
and shows their application to an example problem.

Categories and Subject Descriptors
I.2.11 [Artificial Intelligence]: Distributed Artificial Intelligence—
multiagent systems

General Terms
Theory, Algorithms

Keywords
Social exchanges, social regulation, POMDPs, HMMs

1.

INTRODUCTION

Systems of social relationships have often been seen as systems
of social exchanges [11]. As extensively discussed in [20], a central
problem in such systems of social exchanges is that of the regulation of the exchanges, towards producing social equilibrium. In
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The models were developed for the Jason platform. [2]
An introductory informal discussion about this conversions appeared in [8].
2

1

The solution we have found builds on the particular structures
of the POMDPs and HMMs that arise in the context of the regulation of social exchanges: the HMMs involved in such problems are
structured on the basis of certain “extended” states, and that allows
for the establishment of an isomorphism between the sets of states
of the POMDPs and the sets of “extended” states of the HMMs.
Such isomorphism forms the foundation, then, for the definition of
the mappings that provide the reciprocal conversions between the
POMDPs and the HMMs.
In the literature, there exist other models for the problem of decision making of autonomous agents acting in the presence of other
agents in uncertain environments (e.g.: MMDP, Markov Games,
DEC-POMDP), as discussed by Gmytrasiewicz and Doshiby [13],
which introduced Interactive POMDPs (I-POMDP) in 2005. IPOMDPs include the models of other agents in its state space,
which is then composed by the beliefs about the physical environment and about the other agent(s), possibly recursively including
others’ beliefs about others, and so on. Differently to all these
models, the POMDP for the exchange strategy regulation problem models directly the interactions between agents as exchange
processes whose results constitute the state space and the agent exchange strategies are modeled as transition functions. The “environment” here is the actual context of the agent interactions.
The paper is organized as follows. Section 2 introduces the
POMDP model for the strategy regulation problem. The HMM for
the strategy learning problem is discussed in Sect. 3. In Sect. 4, we
establish the formal relationship between POMDPs and HMMs, in
terms of commutative diagrams, which allow the conversions between the models. In Sect. 5, we discuss the application of the proposed strategy regulation/learning model to the particular problem
of regulating social exchanges in open MAS, giving some examples
to clarify the formalism. Section 6 is the Conclusion.

over the set of states that β will achieve next.
According to β’s reaction to α’s proposal, the state of the world
may change. Although α is assumed to have direct access only to
its own world model (Sα∗ ), it is able to make observations on β’s
reactions/responses to its proposals. The set of observations about
β’s reactions/responses is given by Ω = {ω1 , . . . , ωm }. The probabilistic observation function, based on the possible reactions/responses of β, is of type:
Oβ : Sβ × P → Π(Ω),
(3)

2.

(i) S∗αβ is the set of POMDP∗αβ states, given by Eq. (4);
(ii) P is the set of proposals�available
for α to perform;
�
(iii) T ∗ : S∗αβ × P → Π S∗αβ is the state transition function,
embedding the state transition function Tβ of β’s strategy
model given in Eq. (2), such that, for all p ∈ P, Sβ† , Sβ‡ ∈ Sβ :
�
��
�
�
�� �
∗†
∗‡
T ∗ Sαβ
, p Sαβ
= Tβ Sβ† , p Sβ‡ ;
(5)

which, given the (non-observable) current state of the world according to β’s point of view in Sβ and the α’s proposal in P, gives
a probability distribution over the set of possible observations Ω
(i.e., the probability of β’s reactions/responses to α’s proposals).
Clearly, the regulation process can be model as a POMDP for
the regulator agent α. Denote by POMDPαβ the decision process
on the best proposals α can do for an agent β in order to lead both
toward the target world state configuration.
Considering α’s model of the set of states of the world, and fixing
a state Sα∗ among the possible k values in Sα , a partitioning of the
set of world states Sαβ is possible, obtaining the following sets of
states, for ∗ ∈ {1, . . . , k}:
�
�
∗1
∗l
S∗αβ = Sαβ
, . . . , Sαβ
.
(4)

THE POMDP FOR THE STRATEGY REGULATION PROBLEM

Consider two agents, a regulator agent α and a strategy-based
agent β. Each agent has its own model of the states of the world.
The sets of the states of the world, according to the points of view
of the agents α and β, are given, respectively, by:
Sα = {Sα1 , . . . , Sαk } and Sβ = {Sβ1 , . . . , Sβl }.
(1)
In order to combine those two points of view, the states of the
world for α’s regulation process are modeled as ordered pairs (Sα∗ , Sβ† ),
with Sα∗ ∈ Sα and Sβ† ∈ Sβ , so the set of the states of the world is
given by Sαβ = Sα × Sβ . For simplicity, a world state (Sα∗ , Sβ† ) ∈
∗†
Sαβ is denoted by Sαβ
, with ∗ ∈ {1, . . . , k} and † ∈ {1, . . . , l}.
The target configuration of world states that α pursues is denoted
by (Sαθ , Sβϑ ), where 1 ≤ θ ≤ k and 1 ≤ ϑ ≤ j.
We assume that α always knows the current state of the world
according to its own point of view (Sα∗ ), but it is not able to determine the current state of the world according to β’s (Sβ† ). Thus,
α operates in a partially observable setting. We consider that the
regulation process conduced by α on β suffers no influence from
the regulation process occurring between other pairs of agents.
The set of proposals that the regulator agent α may make to a
strategy-based agent β is given by P = {p1 , . . . , pn }. β may adopt
different strategies in reaction to α’s proposals in each state, corresponding to probabilistic state transition functions of type:
Tβ : Sβ × P → Π(Sβ ),
(2)
which specify, given the current state of the world according to β’s
point of view in Sβ and α’s proposal in P, a probability distribution

2

The partitioning of the set of states of the POMDPαβ gives rise to
k sub-POMDPs, one for each possible state of the world, according
to α’s point of view, denoted by POMDP∗αβ , whenever the current
state of the world for α is Sα∗ , with ∗ ∈ {1, . . . , k}.3 Then, for
each ∗ ∈ {1, . . . , k}, we define:
Definition 1. The POMDP∗αβ model for the regulation process
conduced by α on β, when the current state of the world is Sα∗
(according to α’s point �of view) is defined as a tuple:
�
POMDP∗αβ = S∗αβ , P, T ∗ , Ω, O∗ , R∗ , where:

(iv) Ω is the set of observations that may be realized by α about
β’s reactions/responses;
(v) O∗ : S∗αβ ×P → Π(Ω) is the observation function, embedding
the observation function Oβ of β’s strategy model given in
Eq. (3), such that, for all p ∈ P, Sβ† ∈ Sβ and ω ∈ Ω:
�
�
�
�
∗†
O∗ Sαβ
, p (ω) = Oβ Sβ† , p (w);
(6)
(vi) R∗ : S∗αβ × P → R is the reward function for the agent α,
giving the expected immediate reward to be gained by α for
each proposal in each state.
For each ∗ ∈ {1, . . . , k}, the solution of a POMDP∗αβ is an
optimal policy [16] for the agent α to follow when the current state
of the world, according to its point of view, is Sα∗ , guiding the agent
α in the elaboration of proposals that may lead both agents toward
the target state configuration of the world. Then, in fact, α follows
a non-stationary optimal policy.4

3
The restriction of the full POMDP allows to reduce the state space
and to obtain directly the optimal proposal for each state of the
world, according to α’s point of view. So, when changing the state,
α will have to change the policy, accordingly.
4
In [8, 19] we have showed how to extract BDI plans for
POMDP∗αβ optimal policies.

3.

THE HMM FOR THE STRATEGY LEARNING PROBLEM

If the regulator agent α is not able to recognize β’s strategy5 ,
then α uses a mechanism based on HMMs in order to discover the
state transition and observation functions that best fit the sequence
of observations about β’s reactions/responses to its proposals.
Denote by HMMαβ any HMM of α’s strategy learning mechanism related to an agent β. Given a sequence of observations on β’s
reactions/responses and an arbitrary initial HMMαβ , it is possible
to apply the well-known Baum Welch algorithm [18] in order to
optimize the HMMαβ for β’s strategy model. Then, the state transition and observation functions of the optimized HMMαβ can be
converted into the ones of a POMDPαβ (cf. Sect. 4), allowing the
agent α to compute optimal policies for the new exchange strategy
that the agent β is adopting.
Although HMMαβ and POMDPαβ models have many elements
in common, the translation of the HMMαβ state transition and observation functions into the action-dependent POMDPαβ respective functions (and vice-versa) can not be done directly, for in the
POMDPαβ model, the probability distribution of the set of states is
directly linked to the kind of action performed by α in each state,
whereas in the HMMαβ those distributions provide overall probabilistic values, independent of the action that might have been performed at each state.
However, in the specific case of the regulation problem, it is possible to relate the state transition matrices of both models, by constructing the state space of the HMMαβ in a way that it is possible
to establish an isomorphism between the state spaces of both models. For that, we unify the POMDPαβ state transition matrices for
all kinds of α’s proposals into a single extended state transition
matrix. Then, the states of the HMMαβ are extended to specify
the kind of proposal that may be performed by α, obtaining the
following set of states:
SXαβ

=
=

Sα × Sβ × P

(iv) Ω is the set of observations that may be realized by α about
β’s reactions/responses;
(v) OX ∗ : SX∗αβ → Π(Ω) is the observation function patterned
on β’s strategy model, which, for the current state in SX∗αβ ,
gives a probability distribution over the set Ω of observations.
In the following section, we establish the formal mappings between POMDPαβ and HMMαβ models that allow the conversions
of a POMDPαβ model into a HMMαβ and vice-versa, on which
the strategy learning process is based.

4.

THE CONVERSION PROCEDURES

Let α be the agent playing the role of a regulator agent and
POMDP∗αβ be the model related to a strategy-based agent β, for
a given ∗ ∈ {1, . . . , k}. The following result, although almost immediate, is the key of the conversion processes between POMDP∗αβ
and HMM∗αβ models:
P ROPOSITION 1. For all ∗ ∈ {1, . . . , k}, the set S∗αβ × P is
isomorphic to the set of extended states SX∗αβ .
P ROOF. Consider, for any ∗ ∈ {1, . . . , k} , the function f ∗ :
∗†
∗
Sαβ × P → SX∗αβ , defined, for all Sαβ
∈ S∗αβ and p ∈ P, by
�
�
∗†
∗†
f ∗ Sαβ
, p = Sαβ(p)
.
(9)

The proof that f ∗ is well defined is straightforward, following directly from Eq. (7) and Eq. (8). It remains to show that f ∗ is bijective. For that, consider, for any ∗ ∈ {1, . . . , k}, the function
∗†
t∗ : SX∗αβ → S∗αβ × P, defined, for each Sαβ(p)
∈ SX∗αβ , by
�
� �
�
∗†
∗†
t∗ Sαβ(p)
= Sαβ
,p .
(10)
It follows that f ∗ ◦ t∗ = t∗ ◦ f ∗ = I, where I is the identity function, and, thus, f ∗ has an inverse (f ∗ )−1 = t∗ and is bijective.

In the following, consider any probability distributions over S∗αβ
represented by
�
�
� �� ∗† † �
�
�
π S∗αβ = Sαβ
, π |†∈{1, . . ., l} ∈Π S∗αβ , such that
�
��
� � † � ∗† † �
π | Sαβ , π ∈ π S∗αβ
= 1,
(11)

(7)

∗†
{Sαβ(p)
| ∗ ∈ {1, . . . , k}, † ∈ {1, . . . , l}, p ∈ P}.

In order to reduce the state space of the learning procedure, the
set of extended states SXαβ is restricted to fixed values of the world
states in Sα (according α’s point of view). Then, for each ∗ ∈
{1, . . . , k}, we define:

∗†
where the probability of being at state Sαβ
is denoted by π † .
Analogously, represent a probability distributions over SX∗αβ by
�
�
�
� �� ∗†
π SX∗αβ = Sαβ(p
, πi† | †∈{1, . . . , l}, i∈{1, . . . , n}
i)
�
�
∈ Π SX∗αβ , such that
�
�
�
� ∗ ��
� †
∗†
†
πi | Sαβ(p
,
π
∈
π
SXαβ
= 1,
(12)
i
)
i

∗†
SX∗αβ = {Sα∗ } × Sβ × P = {Sαβ(p)
| †∈{1, . . . , l}, p ∈ P}. (8)

Analogously to what was obtained in Sect. 2, the partitioning of
the set of states of the HMMαβ gives rise to k sub-HMMs, one
for each state of the world according to α, which we denote by
HMM∗αβ , whenever the current world state for α is Sα∗ . Then, for
each ∗ ∈ {1, . . . , k}, we define:

∗†
where the probability of being at state Sαβ(p
is denoted by πi† .
i)
In the results bellow, we assume that the agent α performs, during the strategy learning process, a proposal pi ∈ P = {p1 , . . . , pn }
with probability π(pi ) , such that

HMM∗αβ

Definition 2. The
of α’s strategy learning mechanism,
when the current world state for α is Sα∗ , is defined as a tuple:
�
�
HMM∗αβ = SX∗αβ , Π0SX∗αβ , TX ∗ , Ω, OX ∗ , where:

n
�

(i) SX∗αβ is the set of extended states related to Sα∗ , given by Eq. (8);

i=1

(ii) Π0SX∗ is the initial probability distribution of the set SX∗αβ ;
αβ
�
�
(iii) TX ∗ : SX∗αβ → Π SX∗αβ is the state transition function
patterned on β’s strategy model, which, for the current state
in SX∗αβ , gives a probability distribution over the set SX∗αβ ;

π(pi ) = 1.

(13)

�
�
P ROPOSITION 2. For all ∗ ∈ {1, . . . , k}, the set Π S∗αβ is
� ∗ �
isomorphic to the set Π SXαβ .
P ROOF. �For P={p
the
1 , .�. . , pn }
�
� and ∗∈{1,� . . . ,�k}, define
�
� func∗
tion gP
: Π S∗αβ → Π SX∗αβ , for all π S∗αβ ∈Π S∗αβ , by:
���
�
��
∗ � � ∗ ��
∗
∗†
gP
π Sαβ = gP
Sαβ
, π † | † ∈ {1, . . . , l}
(14)
��
�
�
∗†
†
=
Sαβ(pi ) , π · π(pi ) | † ∈ {1, . . . , l}, i ∈ {1, . . . , n} ,

5

It is supposed that the regulator agent is able to recognize exchange strategy models that it has already learned. However, for
the lack of space, we do not discuss the recognition problem in this
paper, since it is not the objective here. See, e.g., [8].

3

(a)

where π(pi ) is the probability of the agent α to perform a proposal
∗†
pi ∈ P in the state Sαβ
. By Eq. (11) and Eq. (13), it follows that
�
�
�� †
� ∗ ��
∗†
†
π · π(pi ) | Sαβ(p
,
π
·
π
∈
π
SXαβ
=1
(p
)
i
)
i

✻

f∗

O∗
Π(Ω) ✛

T ✲ � ∗ �
Π Sαβ

S∗αβ × P

∗
∗
and gP
is well defined. It remains to show that gP
is bijective. Define,
for
∗
∈
{1,
.
.
.
,
k}
and
P
=
{p
,
.
.
.
,
p
},
the
h∗P� :
1
n
�
�
�
�
�
� function
�
Π SX∗αβ → Π S∗αβ , so that, for all π S∗αβ(pi ) ∈ Π SX∗αβ :
� �
��
h∗P π S∗αβ(pi )
(15)
���
�
��
∗
∗†
†
= hP
Sαβ(pi ) , πi | † ∈ {1, . . . , l}, i ∈ {1, . . . , n}
��
�
�
n
�
∗†
†
=
Sαβ ,
πi | † ∈ {1, . . . , l} .

(b)

∗

✛

✻

(f ∗ )−1

∗
gP

✻

O
X

∗ −1
(gP
)

�❄ �
✲ Π SX∗αβ
∗

❄
SX∗αβ

S∗αβ × P

∗

f∗

(f ∗ )−1

❄
SX∗αβ

TX

Figure 1: The relationship between POMDP∗αβ and HMM∗αβ
(a) state transition and (b) observation functions
�

i=1

∗†
∗†
where †, †� ∈ {1, . . . , l}, Sαβ
, Sαβ
∈ S∗αβ , p, p� ∈ P, S∗αβ , T ∗ , P
are as defined in Def. 1 and SX∗αβ , TX ∗ are as defined in Def. 2.

πi†
h∗P

It follows that h∗P is well defined, since
= π † · π(pi ) and
�l �n
†
∗
∗
π
=
1.
One
has
that
g
◦
= h∗P ◦ gP
= I,
P
†=1
i=1 i
where I is the identity function, and, therefore, there exists the in∗ (−1)
∗
verse (gP
)
= h∗P , and gP
is bijective.

P ROOF. Consider the functions f ∗ : S∗αβ × P → SX∗αβ , given
in Eq. (9), and its inverse (f ∗ )−1 : SX∗αβ → S∗αβ × P, defined in
Eq. (10). Then, it follows that TX ∗ ◦ f ∗ ◦ (f ∗ )−1 = TX ∗ , and,
from the commutativity of the diagram of�Fig. �1(a), one
� has that
�
∗
∗
TX ∗ = gP
◦ T ∗ ◦ (f ∗ )−1 , where gP
: Π S∗αβ → Π SX∗αβ is

The isomorphisms stated in Prop. 1 and Prop. 2 guarantee that
the conversions between HMM∗αβ and POMDP∗αβ models, in both
directions, are viable. The following result shows the relation between state transition functions.
P ROPOSITION 3. Consider the function f ∗ : S∗αβ ×P → SX∗αβ ,
∗
defined in Eq. (9), and its inverse (f ∗ )(−1) : SX∗αβ →
� ∗Sαβ
� ×
∗
P, given in Eq. (10). Consider the function gP : Π Sαβ →
�
�
�
�
∗ (−1)
Π SX∗αβ , given in Eq. (14), and its inverse (gP
)
: Π SX∗αβ
� ∗ �
�
�
→ Π Sαβ , given in Eq. (15). Let T ∗ : S∗αβ × P → Π S∗αβ and
�
�
TX ∗ : SX∗αβ → Π SX∗αβ be the state transition functions of the
∗
∗
POMDPαβ and the HMMαβ , defined, respectively in Eq. (5) and
Def. 2 (iii). Then the diagram of Fig. 1(a) commutes.
�
�
∗
P ROOF. Consider the function gP
◦T ∗ : S∗αβ ×P → Π SX∗αβ .
� � �
∗†
Given Sαβ
, p� ∈ S∗αβ × P, one has that
� � �
� � � ��
∗
∗†
∗
∗†
(gP
◦ T ∗ ) Sαβ
, p � = gP
T ∗ Sαβ
, p�
���
�
��
∗
∗†
= gP
Sαβ
, π † | † ∈ {1, . . . , l}
��
�
�
∗†
=
Sαβ(p
, π † · π(pi ) | † ∈ {1, . . . , l}, i ∈ {1, . . . , n} .
i)
�
�
Now, considering the function TX ∗ ◦ f ∗ : S∗αβ × P → Π SX∗αβ
� � �
∗†
and given Sαβ
, p� ∈ S∗αβ × P, one has that
� � �
� � � ��
� � �
∗†
∗†
∗†
(TX ∗ ◦f ∗ ) Sαβ
, p� =TX ∗ f ∗ Sαβ
, p� =TX ∗ Sαβ(p
�)
��
�
�
∗†
†
=
Sαβ(pi ) , πi | †∈{1, . . . , l}, i ∈ {1, . . . , n} .

�

∗†
∗†
∗
defined by Eq. (14). Thus, for Sαβ(p)
, Sαβ(p
� ) ∈ SXαβ :

�
�� � �
∗†
∗†
TX ∗ Sαβ(p)
Sαβ(p
�)
��
�
�� � � �
∗
∗
∗ −1 �
∗†
∗†
=
Sαβ(p
gP ◦ T ◦ (f )
Sαβ(p)
�)
�
�
�
��� � � �
∗
∗
∗ −1
∗†
∗†
=
(gP ◦ T ) (f )
Sαβ(p)
Sαβ(p� )
�
�
�� � � �
∗
∗†
∗†
=
(gP
◦ T ∗ ) Sαβ
,p
Sαβ(p
by Eq. (10)
�)
� � �
��� � � �
∗
∗†
∗†
=
gP
T ∗ Sαβ
,p
Sαβ(p
�)
� ��� ��
�
� � �� ��
∗
∗†
∗†
∗
=
gP
Sαβ
, T ∗ Sαβ
, p Sαβ
���� � �
∗†
| †�� ∈ {1, . . . , l}
Sαβ(p
by Def. 1 (iii)
�)
��� ��
�
� � �� ��
∗†
∗
∗†
∗†
=
Sαβ(p
Sαβ
, p Sαβ
�� ) , π(p�� ) · T
��� � �
∗†
| †�� ∈ {1, . . . , l}, p�� ∈ P
Sαβ(p
by Eq. (14)
�)
�
� � ��
∗
∗†
∗†
= π(p� ) · T Sαβ , p Sαβ ,

which proves the result.

5. The state transition function T ∗ : S∗αβ × P →
�T HEOREM
�
∗
Π Sαβ of α’s POMDP∗αβ for some strategy-based agent β, when
the current world state for α is Sα∗ , can be
� obtained
� from the state
transition function TX ∗ : SX∗αβ → Π SX∗αβ of α’s HMM∗αβ

∗
It follows that πi† = π † · π(pi ) , and, therefore gP
◦ T ∗ = TX ∗ ◦ f ∗ .
∗ (−1)
∗
On the other hand, one has that (gP )
◦ gP ◦ T ∗ ◦ (f ∗ )(−1) =
∗ (−1)
∗
∗
∗ (−1)
∗
∗ (−1)
(gP )
◦TX ◦f ◦(f )
, that is, T ◦(f ∗ )(−1) = (gP
)
◦
∗
TX , which shows that the diagram of Fig. 1(a) commutes.

�

∗†
∗†
strategy learning model, defining, for Sαβ
, Sαβ
∈ S∗αβ and p ∈ P:
n
�
� � �� �
�
�� � �
∗†
∗†
∗†
∗†
T ∗ Sαβ
, p Sαβ
=
TX ∗ Sαβ(p)
Sαβ(p
i)

The commutativity of the diagram of Fig. 1(a) allows to obtain the state transition function of a HMM∗αβ from the one of a
POMDP∗αβ , and vice-versa, as stated in the following theorems:

(17)

i=1

�

∗†
∗†
where †, †� ∈ {1, . . . , l}, Sαβ(p)
, Sαβ(p
∈ SX∗αβ , pi ∈ P, S∗αβ ,
i)
∗
∗
T , P are defined in Def. 1 and SXαβ , TX ∗ are defined in Def. 2.

4. The state transition function TX ∗ : SX∗αβ →
�T HEOREM
�
∗
Π SXαβ of the HMM∗αβ of α’s strategy learning mechanism,
when the current world state for α is Sα∗ , can be obtained
�
� from
the state transition function T ∗ : S∗αβ × P → Π S∗αβ of the

P ROOF. Analogously to the proof of Theorem 4, from the com∗ (−1)
mutativity of the diagram of Fig. 1(a), it holds that T ∗ = (gP
)
◦
� ∗ �
� ∗ �
∗
∗
∗ (−1)
TX ◦ f , where (gP )
: Π SXαβ → Π Sαβ is defined by
Eq. (15) and f ∗ : S∗αβ × P → SX∗αβ is given in Eq. (9). Thus, for

�

∗†
∗†
∗
related POMD∗αβ , defining, for each Sαβ(p)
, Sαβ(p
� ) ∈ SXαβ :
�
�� � �
�
� � ��
∗†
∗†
∗†
∗†
TX ∗ Sαβ(p)
Sαβ(p
= π(p� ) · T ∗ Sαβ
, p Sαβ
(16)
�)

�

∗†
∗†
Sαβ
, Sαβ
∈ S∗αβ and p ∈ P, one has that:

4

�
� � � � ��
��
�� � � �
∗†
∗†
∗ (−1)
∗†
∗†
T ∗ Sαβ
, p Sαβ
= (gP
)
◦TX ∗ ◦f ∗ Sαβ
,p
Sαβ
��
�� �
��� � � �
∗ (−1)
∗†
∗†
=
(gP
)
◦ TX ∗ f ∗ Sαβ
,p
Sαβ
��
��
�� � � �
∗ (−1)
∗†
∗†
=
(gP
)
◦ TX ∗ Sαβ(p)
Sαβ
by Eq. (9)
�
�
�
��� � � �
∗ (−1)
∗†
∗†
=
(gP
)
TX ∗ Sαβ(p)
Sαβ
�
��� ��
�
� � ��
��
∗ (−1)
∗†
∗
∗†
∗
=
(gP
)
Sαβ(p
,
TX
S
S
αβ(p
)
)
αβ(p)
i
i
���� � �
∗†
| †�� ∈{1, . . . , l}, i∈{1, . . . , n}
Sαβ)
by Def. 2 (iii)
���
�
n
�
� � �� �
�
∗†��
∗†
∗†
=
Sαβ
,
TX ∗ Sαβ(p)
Sαβ(p
i)
i=1

��

| † ∈ {1, . . . , l}
=

n
�
i=1

�

∗†
TX ∗ Sαβ(p)

which proves the result.

���

��

�

∗†
Sαβ

�

�

by Eq. (15)

�

∗†
Sαβ(p
,
i)

In the following, consider any probability distributions over the
set of observations Ω represented
��
� by
�
π(Ω) = ω, π(ω) | ω ∈ Ω ∈ Π(Ω),
�
�
�
��
such that
π(ω) | ω, π(ω) ∈ π(Ω) = 1, where the probability of an observation ω is denoted by π(ω) .
The following result shows the relation between HMM∗αβ observation functions and POMDP∗αβ observation functions.
P ROPOSITION 6. Let f ∗ : S∗αβ × P → SX∗αβ and its inverse
∗ (−1)
(f )
: SX∗αβ → S∗αβ ×P be given in Eqs. (9) and (10), respectively. Let O∗ : S∗αβ × P → Π(Ω) (Eq. (5)) and OX ∗ : SX∗αβ →
Π(Ω) (Def. 2(v)) be the POMDP∗αβ and HMM∗αβ observation functions, respectively. Then the diagram of Fig. 1(b) commutes.
P ROOF.�Considering
the function OX ∗ ◦f ∗ : S∗αβ ×P → Π(Ω)
�

∗†
and given Sαβ
, p ∈ S∗αβ × P, one has that
�
�
� �
��
�
�
∗†
∗†
∗†
(OX ∗ ◦ f ∗ ) Sαβ
, p =OX ∗ f ∗ Sαβ
, p =OX ∗ Sαβ(p)
�
�
��
�
�
∗†
= ω, π(ω) | ω ∈ Ω = O∗ Sαβ
,p ,

that is, O∗ = OX ∗ ◦ f ∗ . It follows obviously that OX ∗ = O∗ ◦
(f ∗ )(−1) , showing that the diagram of Fig. 1(b) commutes.

The following theorem shows that it is possible to obtain a HMM∗αβ
observation function from the one of a POMDP∗αβ , and vice-versa.
T HEOREM 7. The observation functions OX ∗ : SX∗αβ → Π(Ω)
and O ∗ : S∗αβ × P → Π(Ω) of, respectively, the HMM∗αβ of
α’s strategy learning mechanism and the POMD∗αβ of α’s regulation mechanism, when the current world state for α is Sα∗ , can
∗†
be obtained from each other, defining, for each Sαβ(p)
∈ SX∗αβ ,
∗†
Sαβ
∈ S∗αβ , p ∈ P�and ω ∈� Ω:
�
�
∗†
∗†
OX ∗ Sαβ(p)
(ω) = O∗ Sαβ
, p (ω)

S∗αβ ,

(18)

∗

where † ∈ {1, . . . , l},
O , P, Ω are as defined in Def. 1 and
SX∗αβ , OX ∗ are as defined in Def. 2.
P ROOF. From the commutativity of the diagram of Fig. 1(b),
one has that OX ∗ = O∗ ◦ (f ∗ )(−1) , where (f ∗ )−1 : SX∗αβ →
∗†
S∗αβ × P is defined in Eq. (10). For Sαβ(p)
∈ SX∗αβ and ω ∈ Ω:
�
�
� ∗
∗ ∗†
∗ −1 �
∗†
OX Sαβ(p) (ω) = O ◦ (f )
Sαβ(p) (ω)
�
�
��
�
�
∗†
∗†
= O∗ (f ∗ )−1 Sαβ(p)
(ω) = O∗ Sαβ
, p (ω),
by Eq. (10), which proves the result.
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5.

REGULATING SERVICE EXCHANGES
IN OPEN MAS

In this section, we discuss the application of the POMDP/HMM
conversion model to the particular problem of regulating social exchanges in open multiagent systems.
The modeling of agent social interactions based on the evaluation
of social exchanges has been considered in different works and contexts, e.g., by Rodrigues, Costa and Bordini [22], Rodrigues [21],
Grimaldo et al. [14], Costa and Dimuro [4, 5], Dimuro et al. [7, 9,
8], Pereira et al. [19], Franco, Costa and Coelho [12].
In particular, Rodrigues and Luck (e.g., [21, 23]) introduced a
rich approach based on the Theory of Social Exchanges for the
modeling of interactions in open multiagent systems, presenting
a system for analysing/evaluating partner selection and cooperative
interactions in the Bioinformatics domain, which is characterized
by frequent, extensive and dynamic social exchanges. On the other
hand, our previous works (e.g., [7, 9, 19]) were concerned with the
regulation of personality-based social exchanges in MAS, obtained
by hybrid models based on POMDPs and BDI (Beliefs, Desires, Intentions) agents. The specific problem of recognizing and learning
social exchange strategies was informally discussed in [8]. Here,
we adopt a simplified model of non-economic social exchanges between two agents α and β, considered as an exchange of services
between the agents, inspired on the approaches of social exchanges
in the literature (e.g, [1, 3, 11, 15, 20]).
For simplicity, let P = {oﬀer _service, request_service} be
the set of service proposals that the agents may opt to do to each
other in a social exchange. When a service proposal done by an
agent α (β) is accepted by an agent β (α), a service exchange stage
happens. If, in this stage, it is the case that the agent α (β) realizes
a service for β (α), then α (β) associates to it a qualitative cost
value, which is the value of the investment done by α (β) for the
realization of the service for β (α). On the other hand, the agent β
(α) evaluates the qualitative benefit value for receiving the service
done by α.
Let α be the regulator agent that performs service proposals, and
let β be the strategy-based agent that has to decide on accepting or
refusing α’s proposals according to some strategy. For example,
α may offer/request a specific service for/from β, and β may accept/reject α’s proposal depending on the service offered/requested.
The set of β’s responses to α’s service proposals is given by Ω =
{A, R}, where A and R mean that the agent β accepts and refuses
the service exchange proposal, respectively.
Observe that an agent has to assume the role of α (that is, it has to
play the role of the regulator agent that makes service proposals) if
it wants/needs to regulate service exchange processes with another
agent (which then assumes the role of the strategy-based agent β).
A service exchange process is a sequence of service exchange
stages. At any time, the service exchange result can be evaluated
according to the different points of view of α and β, as the accumulated “sum” of their respective cost and benefit values in all
stages that occurred until this time. Since the values are usually of
a qualitative nature [20], it is supposed that there exists a kind of
qualitative algebra where the “sum” operation is available. Here,
we represent the qualitative values by intervals, adopting the interval algebra proposed in [7, 9].
The service exchange results are classified according to their position relatively to a given reference point θ. Let Sεθ be an interval
of service exchange results ρ that are around the reference point θ,
such that | ρ − θ |≤ ε, with ε ≥ 0, that is, Sεθ = [θ − ε, θ + ε].
In the following, we assume that the value of ε is known, so we
simplify the notation to S θ .

Any service exchange result ρ� such that ρ� > θ + ε is called a
favorable result. Suppose that there is a maximal favorable result
ρmax that an agent can afford. Then it is possible to distinguish
f different ranges of favorable results, denoted by S +1 , . . . , S +f .
For simplicity, consider f = 1, so that all favorable result are contained in the interval S + = (θ + ε, ρmax ].
Similarly, a service exchange result ρ�� such that ρ�� < θ − ε is
called an unfavorable result. Considering that there is a minimal
unfavorable result ρmin that an agent can afford, then it is possible
to consider all unfavorable results contained in S − = [ρmin , θ −ε).
The possible ranges of results of service exchange processes,
evaluated differently according to each agent’s points of view, constitute the states of the world for each agent. The sets
� of the world
�
states for the agents α and β are given by Sα = Sα− , Sαθ , Sα+
�
�
and Sβ = Sβ− , Sβθ , Sβ+ , the set of states of the POMDPαβ of
�
�
∗†
α’s strategy regulation model is Sαβ = Sαβ
| ∗, † ∈ {−, θ, +} ,

Table 1: The POMDP∗αβ state transition function T ∗ of an
egoism-80 service exchange strategy model
(a) oﬀer _service
(b) request_service
�
�
∗+
∗−
∗+
∗−
∗θ
∗θ
Π S∗αβ
Sαβ
Sαβ
Sαβ
Sαβ
Sαβ
Sαβ
∗θ
Sαβ
∗+
Sαβ
∗−
Sαβ

0.20
0.00
0.50

0.80
1.00
0.30

0.00
0.00
0.20

0.80
0.12
0.00

0.00
0.80
0.00

0.20
0.08
1.00

Table 2: The POMDP∗αβ observation function O∗ of an egoism80 service exchange strategy model
(a) oﬀer _service
(b) request_service

θθ
and the target state aimed by α is Sαβ
.
A strategy-based agent β may adopt different service exchange
strategies during its service exchanges with the regulator agent α,
corresponding to different state transition functions, modeled by
Eq. (2). For example, an agent adopting a strategy that can be characterized as “egoistic” is mostly seeking its own benefit, with a very
high probability to accept service exchanges that represent transitions to favorable results (i.e., exchanges in which the other agent
performs any kind of valuable service to it).
E XAMPLE 1. Consider the so-called egoism-80 exchange strategy model of an agent β, whose probabilities of accepting service exchange offerings and refusing service exchange requests are
around 80%, that is, the agent looks for its own benefit in 80% of
the services exchanges. The POMDP∗αβ state transition and observation functions T ∗ and O∗ , for a given ∗ ∈ {−, θ, +}, are
presented in Table 1 and 2, respectively.
Observe, in Table 1(a), that if β is currently with favorable re∗+
sults (state Sαβ
) then there is no possibility for it to decrease its
material results with an oﬀer _service proposal by α. Conversely,
in Table 1(b), it is possible to observe that β is not able to increase
its material results with a request_service proposal by α, when∗−
ever β is with unfavorable results (state Sαβ
).
The following example shows how to obtain HMM∗αβ from the
POMDP∗αβ of the egoism-80 exchange strategy model of Ex. 1.

Π(Ω )

A

R

A

R

∗θ
Sαβ
∗+
Sαβ
s∗−
αβ

0.80
0.75
0.85

0.20
0.25
0.15

0.20
0.25
0.15

0.80
0.75
0.85

Table 3: The HMM∗αβ observation function OX ∗ obtained
from an egoism-80 exchange strategy model
Π(Ω )
A
R
Π(Ω )
A
R
∗θ
Sαβ(oﬀer
)
∗+
Sαβ(oﬀer
)
∗−
Sαβ(oﬀer
)

0.80
0.75
0.85

0.20
0.25
0.15

∗θ
Sαβ(request)
∗+
Sαβ(request)
∗−
Sαβ(request)

0.20
0.25
0.15

0.80
0.75
0.85

Table 4: The optimized HMM∗αβ observation function OX ∗
Π(Ω )
A
R
Π(Ω )
A
R
∗θ
Sαβ(oﬀer
)
∗+
Sαβ(oﬀer
)
∗−
Sαβ(oﬀer
)

0.94
0.81
0.97

0.06
0.19
0.03

∗θ
Sαβ(request)
∗+
Sαβ(request)
∗−
Sαβ(request)

0.11
0.16
0.07

0.89
0.84
0.93

(Table 2(a) and (b)) can be converted into the HMM∗αβ observation
function OX ∗ : SX∗αβ → Π(Ω), obtaining the definition shown in
Table 3. Observe that Table 3 is obtained by interleaving Table 2(a)
and Table 2(b) accordingly when splitting the set S∗αβ into the set
SX∗αβ considering the two kinds of service proposals.
Finally, consider that the service exchange process for the learn++
ing process starts at the state Sαβ
. Then , ∗ = + (α’s current state) and the initial probability distribution Π0SXαβ of the ex�
�
∗+
tended set of states is as follows: Π0SXαβ Sαβ(oﬀer
= 0.60,
)
�
�
�
�
∗†
∗+
0
0
ΠSXαβ Sαβ(request) = 0, 40, and ΠSXαβ Sαβ(p) = 0.00, for

E XAMPLE 2. Consider that the regulator agent α, for the learning process, uses the following probability distribution over the
set P of service exchanges proposals: π(oﬀer _service) = 0.6 and
π(request_service) = 0.4. Also, consider that α takes the egoism-80
strategy model of Ex. 1 as reference for the learning process.
Figure 2 illustrates the conversion process stated by Theorem 4.
∗
On the top of Fig. 2, observe part� of the
� POMDPαβ state transition
∗
∗
∗
function T : Sαβ × P → Π Sαβ for the oﬀer _service proposal (Table 1(a)). The corresponding part of the function T ∗ for
the request_service proposal (Table 1(b)) is on the bottom of the
figure. The dot lines show how to split the POMDP∗αβ states into
HMM∗αβ states, according to the two types of service exchange proposals. Then, in the middle of the figure, the corresponding resulting� part of� the HMM∗αβ state transition function TX ∗ : SX∗αβ →
Π SX∗αβ is shown. One can observe, for example, that
�
��
�
∗θ
∗+
TX ∗ Sαβ(oﬀer
Sαβ(request)
)
�
��
∗θ
∗+ �
=π(request) ·T ∗ Sαβ
, oﬀer _service Sαβ
= 0.4 · 0.8 = 0.32.

∗†
∗+
∗+
0
any Sαβ(p)
�= Sαβ(oﬀer
) , Sαβ(request) . ΠSXαβ , together with the
∗
∗
functions TX (Table 7) and OX (Table 3), constitute the input
data for the learning process, for which one can use, for example,
the well-knowm Baum Welch algorithm [18].

The following example shows how to obtain a POMDP∗αβ regulation model from a HMM∗αβ that was specialized for a service
exchange strategy model, which was previously unknown by the
regulator agent α, by applying the results of Theorems 5 and 7.
E XAMPLE 3. Considering the input HMM∗αβ constructed in Ex.
2, and a sequence of observations done by α when performing service exchange proposals, the application of the Baum Welch algorithm produces the optimized HMM∗αβ specified by the state transition and observation functions given in Table 8 and 4, respectively.
Figure 3 illustrates the conversion process stated by Theorem 5.
On the middle of Fig. 3, observe part� of the� HMM∗αβ state transition function TX ∗ : SX∗αβ → Π SX∗αβ , extracted from Table 8. The dot lines show how to unify two HMM∗αβ states into

The function TX ∗ is fully presented in Table 7. Applying Theorem 7, the POMDP∗αβ observation function O ∗ : S∗αβ ×P → Π(Ω)

6

Figure 2: The conversion process from T ∗ to TX ∗

Table 5: The POMDP∗αβ state transition function T ∗ of the
egoism-90 exchange strategy model
(a) oﬀer _service
(b) request_service
�
�
∗+
∗−
∗+
∗−
∗θ
∗θ
Π S∗αβ
Sαβ
Sαβ
Sαβ
Sαβ
Sαβ
Sαβ
∗θ
Sαβ
∗+
Sαβ
∗−
Sαβ

0.09
0.00
0.70

0.91
1.00
0.20

0.00
0.00
0.10

0.89
0.08
0.00

0.00
0.90
0.00

0.11
0.02
1.00

Table 6: The new POMDP∗αβ observation function O∗ of the
egoism-90 service exchange strategy model
(a) oﬀer _service
(b) request_service
Π(Ω )
A
R
A
R
∗θ
Sαβ
∗+
Sαβ
∗−
Sαβ

0.94
0.81
0.97

0.06
0.19
0.03

0.11
0.16
0.07

0.89
0.84
0.93

correspondent POMDP∗αβ states, considering the two types of service exchange proposals. The corresponding resulting part�of the�
POMDP∗αβ state transition function T ∗ : S∗αβ × P → Π S∗αβ
for the oﬀer _service and request_service proposals are shown,
respectively, on the top and on the bottom of the figure. One can
observe,
� for example, that��
�
�
��
�
∗θ
∗θ
∗θ
∗θ
T ∗ Sαβ
, oﬀer _service Sαβ
=TX ∗ Sαβ(oﬀer
Sαβ(oﬀer
)
)
�
��
�
∗θ
∗θ
+ TX ∗ Sαβ(oﬀer
Sαβ(request)
= 0.07 + 0.02 = 0.08.
)
The function T ∗ is presented in Table 5. Applying Theorem 7 in
the reverse order, the HMM∗αβ observation function OX ∗ : SX∗αβ →
Π(Ω) (Table 4) can be converted into the POMDP∗αβ observation
function O ∗ : S∗αβ × P → Π(Ω) (Table 6). Table 6 is obtained by
decomposing Table 4 accordingly when unifying the set SX∗αβ into
the set S∗αβ , considering the two kinds of service proposals.
Table 5 and 6 specify one POMDP∗αβ , for a specific ∗, for reg-
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Figure 3: The conversion process from TX ∗ to T ∗
ulating a “new” service exchange strategy, called the egoism-90
service exchange strategy model. The regulation processes will require, in this case, three POMDP∗αβ s, one for each ∗ ∈ {−, θ, +}.

6.

CONCLUSION

System openness implies that the set of possible exchange strategies adopted by the agents may vary widely, so that agents aiming
to regulate their interaction have to learn the social exchange strategies adopted by their partner agents at any time.
The essential problem of an agent aiming to regulate its exchanges
with a partner is, then, to discover the POMDP service exchange
strategy model that it should apply in order to lead to equilibrium
the exchanges of services that it performs with its partner. We have
taken such learning problem to be a problem of learning HMMs for

Table 7: The HMM∗αβ state transition function TX ∗ obtained from the egoism-80 service exchange strategy model
�
�
∗+
∗+
∗−
∗−
∗θ
∗θ
Π SX∗αβ
Sαβ(oﬀer
Sαβ(request)
Sαβ(oﬀer
Sαβ(request)
Sαβ(oﬀer
Sαβ(request)
)
)
)
∗θ
Sαβ(oﬀer
)
∗θ
Sαβ(request)
∗+
Sαβ(oﬀer
)
∗+
Sαβ(request)
s∗−
αβ(oﬀer )
∗−
Sαβ(request)

Π

�

SX∗αβ

�

∗θ
Sαβ(oﬀer
)
∗θ
Sαβ(request)
∗+
Sαβ(oﬀer
)
∗+
Sαβ(request)
∗−
Sαβ(oﬀer
)
∗−
Sαβ(request)

0.120
0.480
0.000
0.072
0.300
0.000

0.080
0.320
0.000
0.048
0.200
0.000

0.480
0.000
0.600
0.480
0.180
0.000

0.000
0.120
0.000
0.048
0.120
0.600

0.000
0.080
0.000
0.032
0.080
0.400

Table 8: The optimized HMM∗αβ state transition function T X ∗
∗θ
Sαβ(oﬀer
)

∗θ
Sαβ(request)

∗+
Sαβ(oﬀer
)

∗+
Eαβ(request)

∗−
Sαβ(oﬀer
)

∗−
Sαβ(ask)

0.07
0.58
0.00
0.03
0.38
0.00

0.02
0.31
0.00
0.05
0.32
0.00

0.56
0.00
0.67
0.66
0.10
0.00

0.35
0.00
0.33
0.24
0.10
0.00

0.00
0.10
0.00
0.01
0.04
0.65

0.00
0.01
0.00
0.01
0.06
0.35

the agents’ exchange processes, and then concerting those models
into POMDPs for such exchange strategies.
The paper formalized in terms of commutative diagrams the relationship between both models, proving the correctness of the conversion procedures. The commutativity of the diagrams was possible due to the isomorphisms that we have constructed between the
state spaces of the models. A schematic application to the regulation of service exchange processes in open MAS was presented,
with examples helping to clarify the formalism.
Several exchange strategies were defined in previous works (see.
e.g., [7, 8, 9, 19]), for which we define POMDPs models which
optimal policies derived BDI plans for the regulation problem. The
conversion procedures presented here, which are based in first principles, were really effective in learning such models.
The regulation of service exchange processes is an important issue in the simulation of social management in environments rich in
service exchanges (e.g., the vegetable urban gardens of Sevilla [6]),
hotels [17]), and in order to help the analysis of social interactions
and workers/partners’ reciprocity for organizational design [10].
Finally, we notice that the paper leaves open the situations where
both agents try to regulate each other, at the same time. This introduces a game-theoretic scenario, which is still ongoing work.
Acknowledgments. Work supported by CNPq (Proc. 305131/109, 560118/10-4, 476234/2011-5, 559743/2010-6, 470288/2011-6,
310105/2011-0) and FAPERGS (Proc. 11/0872-3, 11/0921-0).

7.

0.320
0.000
0.400
0.320
0.120
0.000

[8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

REFERENCES

[18]

[1] P. Blau. Exchange And Power In Social Life. Wiley, New York, 1964.
[2] R. H. Bordini, J. F. Hübner, and M. Wooldrige. Programming MAS
in AgentSpeak Using Jason. Wiley, Chichester, 2007.
[3] K. Cook and T. Yamaguchi. Power relations in exchange networks.
American Sociological Review, 55:297–300, 1990.
[4] A. C. R. Costa and G. P. Dimuro. Introducing social groups and
group exchanges in the PopOrg model. In Proc. of AAMAS’09, pp.
1297–1298, Budapest, 2009.
[5] A. C. R. Costa and G. P. Dimuro. A minimal dynamical organization
model. In V. Dignum, ed., Hand. of Research on MAS Systems:
Semantics and Dynamics of Organizational Models, pp. 419–445.
IGI, Hershey, 2009.
[6] G. Dimuro and E. Jerez. La comunidad como escala de trabajo en los
ecosistemas urbanos. Rev. Ciencia y Tecnología, 10:101–116, 2011.
[7] G. P. Dimuro, A. C. R. Costa, L. V. Gonçalves, and A. Hübner.

[19]

[20]
[21]
[22]
[23]

8

Centralized regulation of social exchanges between
personality-based agents. In COIN II, vol. 4386 of LNAI, pp.
338–355. Springer, Berlin, 2007.
G. P. Dimuro, A. C. R. Costa, L. V. Gonçalves, and D. R. Pereira.
Recognizing and learning models of social exchange strategies for
the regulation of social interactions in open agent societies. Journal
of the Brazilian Computer Society, 17(3):143–161, 2011.
G. P. Dimuro, A. C. R. Costa, and L. A. M. Palazzo. Systems of
exchange values as tools for multi-agent organizations. Journal of
the Braz. Computer Society, 11(1):31–50, 2005.
R. Dur and H. Roelfsema. Social exchange and common agency in
organizations. Journal of Socio-Economics, 39(1):55 – 63, 2010.
R. Emerson. Social exchange theory. In A. Inkeles et al., editors,
Sociology, vol. 2, pp. 335–362. Annual Reviews, Palo Alto, 1976.
M. H. I. Franco, A. C. R. Costa, and H. Coelho. Exchange values
and social power supporting the choice of partners. Pueblos y
Fronteras Digital, 6(9), 2010.
P. Gmytrasiewicz and P. Doshi. A framework for sequential planning
in multiagent settings. Journal of AI Research, 24:49–79, 2005.
F. Grimaldo, M. Lozano, and F. Barber. Coordination and sociability
for intelligent virtual agents. In COIN III, vol. 4870 of LNAI, pp.
58–70. Springer, Berlin, 2007.
G. Homans. Social Behavior – Its Elementary Forms. Harcourt,
Brace & World, New York, 1961.
L. P. Kaelbling, M. L. Littman, and A. R. Cassandra. Planning and
acting in partially observable stochastic domains. Artificial
Intelligence, 101(1-2):99–134, 1998.
E. Ma and H. Qu. Social exchanges as motivators of hotel
employees’ organizational citizenship behavior. International
Journal of Hospitality Management, 30(3):680–688, 2011.
I. L. MacDonald and W. Zucchini. Hidden Markov and Other
Models for Discrete-valued Series. Chapman, Boca Raton, 1997.
D. Pereira, L. V. Gonçalves, G. P. Dimuro, and A. C. R. Costa.
Towards the self-regulation of personality-based social exchange
processes in MAS. In Advances in AI, vol. 5249 of LNAI, pp.
113–123. Springer, Berlin, 2008.
J. Piaget. Sociological Studies. Routlege, London, 1995.
M. R. Rodrigues. Social techniques for effective interactions in open
cooperative systems. PhD thesis, University of Southampton, 2007.
M. R. Rodrigues, A. C. R. Costa, and R. Bordini. A system of
exchange values to support social interactions in artificial societies.
In Proc. of AAMAS’03, pages 81–88, Melbourne, 2003.
M. R. Rodrigues and M. Luck. Effective MAS interactions for open
cooperative systems rich in services. In Proc. AAMAS’09, pages
1273–1274, 2009.

Learning with more than rewards: The Implicit Signalling
of Distributed Punishment
Daniel Villatoro

Giulia Andrighetto

IIIA - CSIC
Bellatera, Barcelona, Spain

ISTC - CNR
Rome, Italy

dvillatoro@iiia.csic.es

Jordi Brandts

Dept. of Business Economics
(UAB)
IAE - CSIC

jordi.brandts@iae.csic.es

giulia.andrighetto@istc.cnr.it

Jordi Sabater-Mir

Rosaria Conte

jsabater@iiia.csic.es

rosaria.conte@istc.cnr.it

IIIA - CSIC
Bellatera, Barcelona, Spain

ISTC - CNR
Rome, Italy

ABSTRACT

1.

Recent studies show that punishment plays a crucial role
in favoring and maintaining social order both in real and
in virtual societies. However, very little attention has been
paid so far to the potential of distributed punishment. With
distributed punishment we refer to the practice that occurs
when a number n of agents, where n > 1, inflicts the target
a material damage, such that each punisher sustains a share
of the punishment cost. The experiments performed in this
work prove that human subjects are not only motivated by
the negative reward associated with punishment. The same
material reward has a diﬀerent eﬀect on the subjects future
compliance depending on the way it is implemented, having
a stronger eﬀect when it conveys an implicit normative message. This provide us with the intuition that human learning is not only aﬀected by the economic rewards. In this
work we put forward the hypothesis that distributed punishment is more eﬀective in human subjects than individual
punishment, because the higher the number of punishers,
the less likely the observers will interpret their behaviors as
dictated by the self-interest and, conversely, the more likely
they will attribute the punishment to impersonal, possibly
normative and legitimate reasons. In support of our hypothesis, we present cross-methodological data, i.e. laboratory
experimental data obtained by using a platform populated
by both humans and virtual agents, and agent-based simulation data. The two experiments, which yield convergent
results, seem to confirm our hypothesis.

Cooperation and norm compliance is a puzzle for both
the social scientist and the game theorist. Solutions to the
puzzle of cooperation are generally found out in punishmentbased social control [17]. Theoretical and laboratory studies
indicate that cooperation and the maintenance of social order typically requires a punishment threat, as the temptation to cheat, free-ride and violate norms is always strong for
autonomous agents [27, 7, 22, 20]. But what is punishment?
Within the classical economic approach to rational action,
punishment is usually modeled as (a) a material damage, i.e.
a cost inflicted to the target by (b) a single agent that (c)
sustains the costs of the punishing action (including those
consequent to possible retaliations) [6]. On the contrary,
ethnographic evidence shows that punishment is often distributed, i.e. performed by many, which share the costs of
acting, and includes gossip and other forms of explicit or implicit communication among punishers [16]. How to account
for the gap between empirical evidence and the expectations
of rationality theory?
As claimed by [18], there are at least two diﬀerent forms of
reaction to a wrongdoing: punishment and sanction. Punishment is a reaction aimed to impose the victim a cost.
Sanction is a norm-oriented punishment, aimed to (a) impose a cost, (b) convey a belief, namely a belief that a norm
exists and was violated by the target, (c) convey a second
belief stating that the cost is consequent to the victim’s violation of that norm. We suggest that sanction is more eﬀective than punishment because it is aimed not only to deter
further violation in presence of the punisher, but also to
develop an autonomous motivation in the target to comply
with the norm even in absence of surveillance. Experimental evidence [12, 4, 21] shows that drawing people’s attention
on a social norm - as sanction does - plays a pivotal role in
eliciting compliance: even a strong personal commitment to
a norm does not predict behavior if that norm is neither
activated nor is a focus of attention (for a detailed analysis see Sec. 4.4). Thus sanction in general is more eﬀective
than mere punishment in promoting cooperation, because
in addition to impose a material cost it also exploits the
motivational power of social norms.

Categories and Subject Descriptors
I.2.11 [Distributed Artificial Intelligence]: Multiagent
Systems

General Terms
Experimentation

Keywords
Incentives for Cooperation, Normative systems, Social simulation, Human-robot/agent interaction, Modeling cognition
and socio-cultural behavior
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INTRODUCTION

But how to tell when a reaction is a sanction rather than
a punishment or vice versa? Often, sanctions are accompanied by an explicit norm-based educational message (like
“you shouldn’t have done that”, “one ought to behave like
this”, etc.). People in a queue will punish someone who tries
to get cute and jump on top by expressing their condemnation explicitly. But educational messages are not always
explicit. Sometimes, they are drawn from the context or
by behavioral implicit communication. What are the indicators that a material punishment is dictated by normative
reasons?
In this work, we focus on the norm signalling power of
distributed punishment and we put forward the hypothesis
that when distributed punishment is more eﬀective than individual punishment, even if the perceived material reward
is the same. The reason is because the higher the number of
punishers, the less likely the observers will interpret their behaviors as dictated by the self-interest and, conversely, the
more likely they will attribute the punishment to general,
impersonal, possibly normative and legitimate reasons. In
other words, our hypothesis is that distributed punishment
is more likely to be interpreted as a sanction than individual
punishment, even when the educational message is implicit
or even absent at all, and this accounts for the gap mentioned above between empirical evidence and the expectations of rationality theory. With distributed punishment we
refer to the practice that occurs when a number n of agents,
where n > 1, inflicts the target a material damage, such that
each punisher sustains a share of the punishment cost. For
example, people in the queue will reproach the nasty guy,
while feeling supported by one another and sharing both
the costs (e.g. the emotional burden) of conveying their reproach and the costs of repressing the cheater’s potential
counter-reaction.
We present cross-methodological evidence supporting our
hypothesis that distributed punishment is more eﬀective than
individual punishment. This hypothesis was tested in a laboratory experiment based on a platform populated by both
humans and virtual agents. In this experiment, we compare
the respective eﬀects of individual versus distributed punishment. Results seem to confirm our hypothesis that the latter
condition favors cooperation more than the former even at
the same cost for the victim, and at the same time prove inadequate the rationality expectation that material incentive
is a suﬃcient mechanism of norm enforcement and social
control. Material incentives are the mechanisms in which
Reinforcement Learning bases its functioning, however we
observe that this category of learning algorithms does not
capture the empirical result obtained with human subjects.
In this work we observe how a cognitive agent architecture
is able to extract the implicit message contained in diﬀerent
types of punishment with the same material values. Notice
that the way the experiment has been implemented prevents
an explanation based on reputation, as participants cannot
identify one another.
The laboratory experiment was replicated in a virtual
environment by means of agent-based simulation, yielding
similar results. The proposed agent architecture is given
with an adaptive mechanism that allowed us to properly explore the power of “moral suasion” of distributed versus individual punishment. Finally, the artificial experiment provided a further setting in which to check the results obtained
through the laboratory experiment, and contribute to gen-
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eralise our model.
The paper is structured in the following way: Sec. 2 describes the approach used in this paper, then in Sec. 3 the
motivation behind the present paper and the related work
are presented. To test the eﬀectiveness of Coordinated Punishment, in Sec. 4, we present a laboratory experiment in
which human subjects interact with virtual agents and they
coordinate to impose punishment. In Sec. 5, the experiment
conducted in the laboratory has been replicated through
agent-based simulation. Finally, in Sec. 7, some conclusions
are presented.

2.

HUMAN-AGENT IN THE LOOP

Quite often multiagent systems are associated only with
computational systems populated by artificial entities. Recently, new topics like augmented reality or ambient intelligence are making evident something that has been always
there in the original definition of what a multiagent system
is: a system composed of multiple interacting intelligent
agents, where intelligent agents include not only artificial
beings but also humans [11, 8]. This means that if we want
to develop artificial agents that evolve in an open multiagent system we have to start thinking that those agents will
interact not only with other artificial entities but also with
human beings. Moreover, the agent usually will not know
the real (artificial or biological) nature of its partner.
This fact has important implications for the way in which
an agent should behave before others. In particular, when
we are talking about social behavior, it is important to have
agents that behave like a human: it is artificial entities that
have to adapt to humans, not the other way around. Consequently, we need agents that understand how humans behave.
Until now, the design of agents that tried to resemble humans in their social behavior was usually approached from
the perspective of Homo Economicus. According to this conception, the agent is a rational entity that is utility driven
and selfish, i.e. it always maximizes its own monetary payoﬀ.
This view, which has been the main stream in economics for
many years, has recently been questioned. Humans are not
always purely selfish and perfectly rational, especially with
respect to social behavior, and simple game theoretical models are found insuﬃcient by a widening share of the scientific
community. Cognitive models can be the solution. However
there has always been a problem associated to these kinds
of models: the large number of parameters often required to
tune the model, especially when one considers the arbitrariness involved in choosing them. The approach proposed in
this paper minimizes this problem by introducing humans
in the loop, both to tune the parameters of the cognitive
model and also to validate it.

3.

MOTIVATION AND RELATED WORK

Self-policing systems are those systems where the participants have the power and the responsibility to control the
behaviors of the rest of their peers, normally without the
intermission of a centralized entity. In order to properly
work, self-policing systems require social norms prescribing
the correct conduct and some mechanisms to enforce these
norms. The P2P Content Sharing Software like Napster is an
example: pro-social swappers would apply a Distributed Denial of Service (DDoS) attack [24] against anti-social peers,

i.e. peers that shared none or a low quantity of files, or bad
quality files. This situation represents a social dilemma, i.e.
a situation in which collective interests are at odds with private interests. Individuals are better oﬀ when make use of
public services, without contributing to their maintenance.
However, if everyone acted according to their narrow selfinterest then these resources would not be provided and everyone would be worse oﬀ.
In social dilemmas, including those faced by simulated
P2P networks, when correctly designed and suﬃciently strong,
punishment represents a viable tool to promote pro-social
behaviors [5]. Recent works have investigated the eﬀect of
punishment in solving social dilemmas with simulation techniques [3], while others have analyzed the types of norms
(and punishment associated to their violations) to be incorporated in electronic institutions [19]. [29] focuses on
the role of punishment in favoring norms’ identification and
[30] has explored the eﬀectiveness of diﬀerent punishment
technologies (i.e. punishment and sanction) in favoring and
maintaining social order.
The aim of this work is to explore the viability of distributed punishment in favoring cooperation. To test it, a
laboratory experiment populated both by humans and virtual agents and reproducing a social dilemma scenario has
been conducted.
The experiment conducted in the laboratory has also been
replicated by agent-based simulation, obtaining convergent
results. As we will describe in Sec. 5, the normative agent
used in the simulation experiment is endowed with an architecture allowing it to capture normative information and
in particular that explicitly or implicitly conveyed by the
sanctioning reactions of others (for important contributions
in the modeling of normative agents see also [29, 9, 15]. Finally, the performance of the normative architecture used
in the agent-based simulations has been contrasted against
that of classical reinforcement learning agents.

4.

DISTRIBUTED PUNISHMENT: MIXING
TOGETHER ARTIFICIAL AND HUMAN
SUBJECTS

To test the viability of distributed punishment in achieving and maintaining cooperation, we conducted a laboratory
experiment reproducing a social dilemma situation. In particular, participants (divided in groups of 4) played a public
goods game in which they had to decide whether to invest
or not their private endowment in a group fund. As shown
in Table 1, payoﬀs are such that it is individually rational
to abstain from investing in the group fund, yet the prosocial group best strategy would be investing in the group
fund because this yields a bonus. The more people invest
in the group fund the larger their share of the bonus. After
having decided whether to contribute or not to the group
fund, participants have the possibility to punish those who
did not contribute.
The experiment consists of four treatments, which diﬀer
with respect to the number of the punishing subjects: (1) no
punishment, (2) the subject is punished by one peer, (3) the
subject is punished by two peers, (4) the subject is punished
by three peers.
The material damage imposed on the punished agent in
treatments 2, 3 and 4 is identical (i.e. it reduces the payoﬀs of the punished subject to zero) and the way the ex-

periment has been implemented prevents the occurrence of
reputational eﬀects, as participants cannot identify one another. Thus, the material and symbolic incentives imposed
in treatments 2, 3 and 4 are the same. As claimed in section 1, we suggest that if subjects react diﬀerently in treatments 2, 3, and 4, this seems to be owed to the growing
probability that the punishment is interpreted by the target
as a sanction, i.e. as conveying a normative message of peer
condemnation.
Since we are interested in exploring the normative eﬀect of
distributed punishment rather than the motives driving individuals to coordinate when punishing, we introduced confederate subjects to achieve coordination among punishers.
To have a completely controlled situation and observe the
subjects’ reactions, three confederates are needed for each
experimental subject. For the sake of resource optimization
(in terms of economic and time expenses), we decided these
confederates had to be virtual pre-programmed agents. Each
human player was set in a group with three pre-programmed
confederate agents, which remained the same for the entire
session. Subjects knew that the experiment would last 40
rounds, but did neither know the existence of virtual entities
nor the identity of the other participants in their group1 .

4.1

Experimental Design

The game consists of 40 rounds, and each round is structured in 3 stages:
1. In the first stage, participants decide simultaneously
and without communication whether or not to contribute to a public good (as shown by the payoﬀs matrix in Table 1, not contributing is the dominant strategy). If they do not contribute the whole amount remains in the player’s own account.
2. In the second stage, participants are informed of their
individual earnings, the decisions of the other participants in their group, and their related earnings. After
being informed, participants are given the opportunity
to punish each other simultaneously. Punishment has
two distinct eﬀects on the payoﬀs of the punisher and
of the punished. It reduces the payoﬀs of the punished to zero. Additionally, the punisher faces a cost
of 10 ECUs, possibly shared among the other agents
punishing the same target. As in stage 1, punishment
decisions are made simultaneously and without communication.
3. In the third stage, after all the decisions are taken,
participants are informed of the decisions of the other
participants in their group and the resulting payoﬀs of
that round are shown.
In order to observe whether monolateral punishment has a
diﬀerent eﬀect on cooperation than distributed one, 4 treatments have been done, in which the number of punishing
confederate agents per group varied:
• 0 Punishers Treatment: Each human subject is assigned to a group with three non-punisher confederate
agents.
1
At the end of the experiment participants were asked to reply to a questionnaire. Only 3 out of the 80 subjects replied
that they might be playing with virtual pre-programmed
agents; the remaining participants did not find out that they
were playing with virtual agents.
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not allowed to participate in more than one session. Prior to
the first round of each session, participants were randomly
arranged in groups of four and told they would be the same
for the entire experiment (following a partner protocol, as
in [14]). Participants could neither see other members of
their groups, nor communicate with them. At the end of
the game, human participants were paid depending on their
performance in the game. The experiment was programmed
by using HIHEREI [8]. As this platform is built on top of
an Electronic Institution, we can easily provide it with the
capability to also perform experiments with virtual agents,
and rapidly change the behavior of the confederate agents.

Table 1: Payoﬀ Matrix for the Distributed Punishment Experiment. C stands for Contribute and D
for Defect.
1st Stage
2nd Stage
round < 10
P r(C) = 0.5 P r(P, Ax ) = 0.25
round >= 10 P r(C) = 0.9 P r(P, AD ) = 0.9
(a) Punisher Confederate

4.3

1st Stage
2nd Stage
round < 10
P r(C) = 0.5 P r(P, Ax ) = 0.25
round >= 10 P r(C) = 0.9 P r(P, Ax ) = 0.0
(b) Non-Punisher Condeferate
Figure 1: Confederate Agents Behaviors.

• 1 Punisher Treatment: Each human subject is assigned
to a group with one punisher confederate agent and
two non-punisher confederate agents.
• 2 Punishers Treatment: Each human subject is assigned to a group with two punisher confederate agents
and one non-punisher confederate agent.
• 3 Punishers Treatment: Each human subject is assigned to a group with three punisher confederate agents.
Punisher and non-punisher virtual confederate agents act
in the following way: during the first ten rounds, the virtual
agents’ behavior is programmed to be exactly the same, then
it changes after the tenth round. From round one to ten, all
virtual actors contribute 50% of the times and punish 25%
of the other agents (independently of how they acted at the
first stage). After the tenth round: (a) all the virtual agents
contribute 90% of the times; (b) non-punishers never punish,
(c) and punishers act only on defectors 90% of the times and
they can punish only if they cooperated at the first stage.
These behaviors are summed up in Figure 1. The behavior
of the confederate agents has been based on experimental
data. We observed that in the first round, roughly 50% of
humans cooperate, and 25% of them punish without following a specific trend. Even though we are aware of the possible consequences of the assumption, the confederate agents
mimic for the first ten rounds of the experiment the behavioral dynamics observed in humans (during the first round).
This initial randomic period will allow us to observe accurately the eﬀect of the diﬀerent punishment treatments.

4.2

Procedures

A total of 80 subjects participated voluntarily in a repeated Public Goods game experiment conducted in a regular Experimental Economics Lab2 . All the four sessions were
conducted in December 2010, with an average of 20 participants. The participants were students from a wide range of
fields of study and interacted anonymously. Subjects were

Results

In Figure 2(a), the average cooperation rates obtained in
the four treatments are shown. Only the behavior of human
subjects is plotted. In the four treatments, from round 0
to 10 human subjects interact with virtual agents that contribute 50 % of the times and punish 25% of the other participants in their group, independently on how they acted at
the first stage. During these first ten rounds, the cooperation
level decreases but does not collapses. Even though humans
are exposed to inconsistent actions, such as cooperators being punished or even worst cooperators being punished by
defectors, the fact that there is a 25% probability of being
punished prevent them from defecting all the times.
After run 10, it is possible to appreciate the eﬀects of the
diﬀerent experimental treatments on the cooperation level.
In the non punishment condition (i.e. 0 punisher treatment),
the cooperation level rapidly collapses. Since the incentive
scheme is structured in such a way that defecting is the
dominant strategy (see Table 1), this result is not surprising. On the contrary, in the three punishing treatments the
cooperation level increases with respect to the first 10 rounds
and is higher than the one obtained in the non punishment
treatment. It is interesting to notice that being punished by
three group members (i.e. 3 punishers treatment) leads to a
higher cooperation level, than by two or just one subjects.
A small diﬀerence between the treatments should be taken
into consideration when analyzing the results: when the
number of punishing actors increases, the probability of a
subject being punished (as each punisher actor punishes 90%
of the times) increases as well. In other words, the defector’s
probability to be punished in each of the treatments is 90%
(1 punisher), 99% (2 punishers) and 99.9% (3 punishers)
respectively.
As shown in Figure 2(b), these diﬀerent probabilities directly aﬀect the ratio of non-punished defectors, which remains below 5% in the 1 punisher treatment, around 2% in
the 2 punishers treatment, and 0,005% in the 3 punishers
treatment. But these diﬀerences are not significant enough
to explain the diﬀerences in cooperation levels shown in Figure 2(a). For this reason, we suggest that the large diﬀerences in the cooperation levels are unlikely to be an eﬀect
of a diﬀerence in the defector’s probability to be punished.
In Sec. 3, we present and discuss a simulation experiment
aimed to check if the the diﬀerent punishment probabilities
implemented aﬀect the results.

4.4

Discussion

As the same material damage is imposed in all the treatments (except for the 0 Punishment Treatment one), we
hypothesize that the explanation for the diﬀerence on the

2
The name of the lab has been avoided in order to ensure
anonymity
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Figure 2: Results of Human Subjects playing with Virtual Confederates

cooperation rates has to be found in additional information
that the punished players receive. The result shown in Figure 2(a), i.e. the fact that the same material incentive has
a diﬀerent eﬀect if imposed only by one punisher or by the
actions of more than one punishers, is at odds with the perspective that looks at punishment only from the classical
economic perspective 3 . This perspective claims that punishment achieves deterrence by modifying the relative costs
and benefits available in a given situation, in such a way
that wrongdoing becomes a less attractive option [23].
According to this perspective, in our previous experiment,
the three punishment treatments should be expected to yield
similar results in terms of cooperation. On the contrary,
our data show that with the same material incentive, the
higher the number of punishers, the higher the cooperation
rates obtained. We claim that the classical economic perspective on punishment is incomplete and suggest that a
more insightful understanding of this enforcing mechanism
is available once the norm-signalling nature of punishment
is identified.
The term sanction has been previously used to indicate a
practice that in addition to imposing a cost also signals the
existence of a norm and that its violation is not condoned.
This signalling task can be achieved by explicit communication (e.g. by scolding wrongdoers), but in many situations
behavioral implicit communication, such as a bad look, is
enough (for an analysis of behavioral implicit communication, see [10]). We suggest that the higher the number of
punishers, the less likely the observers will interpret their
behaviors as dictated by the self-interest and, conversely,
the more likely they will attribute the punishment to impersonal, possibly normative and legitimate reasons. In other
words, our hypothesis is that distributed, punishment is
more likely to be interpreted as sanction than individual
punishment.
The normative information explicitly or implicitly communicated by sanction plays an important role in eliciting pro-social behaviors: as shown by recent neuroscientific
data [25] it has the eﬀect of framing the situation in such
a way that not only motivations to avoid material costs are
activated, but normative motivations as well. The activa-

tion of normative motivations to cooperate thereby leads
pro-social behaviors to increase within the group.
Sanction mixes together material and normative aspects
and consequently it changes the future behavior of individuals by influencing both their cost-avoidance and normative
motivations. In order to decide how to behave, the individual will be driven by a combination of cost-avoidance and
normative goals. The tandem work of cost-avoidance and
normative motivations enables a higher and more durable
cooperation level with respect to an enforcement mechanism that impacts on cost-avoidance motivations only [1].
And the experimental data presented seem to give additional
support to this hypothesis.
To provide more evidence for it, in the next section, an
agent-based simulation is presented and discussed. Agentbased modeling proved particularly apt to test our model, as
it allowed to separately implement the material damage and
the normative information conveyed by punishment, and explore their respective and combined eﬀects on motivating
individuals to abstain from further violations. Finally, it
provided an additional setting on which to check the results
obtained through the laboratory experiment, thus contributing to develop models that are generalizable.

5.

DISTRIBUTED PUNISHMENT: A SIMULATION EXPERIMENT

In order to capture the normative information conveyed by
punishment, our simulation experiments were populated by
agents able to interpret as normative the social information
they are exposed to and to include it into their decisionmaking. The agent architecture used for such task is EMILI-A.
This normative architecture allows agents (a) to recognize
norms; (b) to generate new normative representations and to
act on them; (c) to influence other agents by direct communication and by the use of diﬀerent types of punishment; and
(d) to infer the normative information (explicitly or implicitly) conveyed by punishment. Moreover, these normative
mental representations are not static. Depending on several
social or mental factors a normative representation can gain
or loose its salience over time [2, 21] 4 . The actions’ of others

3
As said in Sec. 4, the way in which the game experiment
has been conducted prevents the occurrence of reputational
eﬀects

4
For a more detailed description of the EMIL-I-A architecture see [1, 30]

13

1

0.8

0.8

0.7
0.6
0.5
0.4
0.3

0.7
0.6
0.5
0.4
0.3

0.2

0.2

0.1

0.1

0
0

5

Human Subjects
EMIL-I-A
Q-Learning

0.9

Cooperation Rate

Cooperation Rate

1

0 Punishers
1 Punishers
2 Punishers
3 Punishers

0.9

10

15

20

25

30

0
35

0

5

Rounds

10

15

20

25

30

35

Rounds

(a) EMIL-I-A Subjects Cooperation Rates

(b) Comparing Humans, EMIL-I-A and RL agents

Figure 3: Simulation Results.

provide information about how important a norm is within a
group. For example, the level of compliance, the amount of
non punished norm violations, the frequency and typology
of punishment, the consistency of the actions performed by
other agents and so on are all signs through which people
can infer how important and and active a social norm is.
EMIL-I-As’ decisions are influenced by an aggregation of
cost-avoidance and normative considerations. More specifically, their decision making consists of the following drives:
(1) self-interested drive: this motivates agents to maximize
their individual utility independent of what the norm prescribes; (2) normative drive: this motivates agents to comply with the norm, independent of external outcomes. This
drive is directly aﬀected by norm salience; the more salient
the norm is, the higher the motivation to comply with it.
The aggregation of both drives - individual and normative will determine the agents’ strategies, resulting in a diﬀerent
performance on cooperation rates with respect to classical
reinforcement learning agents.
In particular, punishment has two distinct eﬀects on EMILI-A’s decisions: the costs it imposes, with the consequent reduction of the agent’s payoﬀs, aﬀects the individual drive of
the agent (thus reducing the probability that the action that
triggered the punishing reaction will be performed again);
while the normative information that punishment explicitly
or implicitly conveys impacts on the norm’s salience and
consequently on the normative drive. When EMIL-I-As observe more than one agent punishing a certain conduct, this
widespread punishing reaction makes the agent create a candidate belief that the targeted action violated a social norm.
Additional information is then needed to confirm this normative canditate belief.
As in the laboratory experiment presented in section 2,
agents are arranged in groups of four. Each group consists
of 1 EMIL-I-A and of 3 pre-programmed confederate agents
(non endowed with the same architecture and that follow
the same behavioral rules of the virtual pre-programmed
confederate agents described in section 4.1). The same public goods game described in section 2 has been played and
the same 4 diﬀerent treatments (no punishment, 1 punisher,
2 punishers, and 3 punishers) are reproduced.
In Figure 3(a), the average cooperation rates5 obtained in
5
We present the results of the average of 1000 simulation
runs per treatment.
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the four treatments are shown. It is interesting to notice that
the cooperation dynamics achieved in the simulation experiment with EMIL-I-As are very similar to the ones obtained
in the experiment with human subjects (see Figure 2(a)).
However, the diﬀerence in the cooperation levels observed
in the three punishment treatments in the laboratory experiment (with a higher level of cooperation when 3 punishers
acted simultaneously) is not as strong as the one achieved
with EMIL-I-A agents. A possible explanation for this difference is that humans in addition to being sensitive to the
fact that three punishers acted together, are also influenced
by the fact that is the group as a whole that reacts against
his conduct. This additional information is not taken into
account by EMIL-I-As.
As discussed in Sec. 4.3, the probability of being punished is diﬀerent depending on the amount of punisher confederates. In order to observe whether EMIL-I-A has been
aﬀected by the diﬀerent punishment probabilities, we contrasted its behavior with other types of agents’ architectures. Namely, with agents driven exclusively by utilitarian
motivations, that would definitely be aﬀected by diﬀerent
punishment probabilities.
From the diﬀerent Reinforcement Learning (RL) architectures, we decide to use a Q-Learning [31] (with a fixed
25% exploration rate) for two reasons: (1) it better represents the learning process of an utility-based human: it will
maintain its strategy while obtaining benefits, and it will
change it and learn otherwise; and (2) its basic parameter
configuration allows for easy performance analysis, yet with
a powerful potential of applications.
In Figure 3(b), it is shown (in the 3 punishers treatment)
that RL agents obtain similar cooperative dynamics to humans, confirming that the utilitarian motivation in humans
is very strong, although the cooperation rates are not as
high as the ones obtained with humans and EMIL-I-As. The
simulation results with RL agents provide us with a methodological validation of the EMIL-I-A architecture, confirming
that the probabilistic eﬀect introduced by the behavior of
the confederates is not determinant in the higher cooperation rates obtained in the 3 punishers treatment. RL agents
- driven only by utilitarian motivations - do not reach the
same cooperation levels as EMIL-I-As and humans. Eventually, over a longer period of time, RL agents would converge
to the same results. While EMIL-I-As reproduce dynamics

very similar to humans, the classical reinforcement-learning
architectures are not as representative.

6.

FUTURE WORKS

The study and analysis of self-regulated environments populated by humans and virtual agents seems to be of crucial
importance for the future of multi-agent systems. Including
humans in the agents paradigm also implies building agents
that fully exploits the cognitive tricks by which humans decision making is aﬀected.
The most immediate extension of our work would be to
conduct new experiments with human subjects with the
same probability of punishment in all three treatments in
order to empirically conform to our hypothesis.
This work has served us to understand the relative eﬀect
of individual and distributed punishment in favouring people’s compliance. As a future task experiments should be
performed to understand the motivations of the punisher.
Costly punishment is known to be a second order dilemma,
but it has been shown that humans are willing to engage
this cost in certain situations [17]. Our future experiments
should provide us with the necessary information to understand what are the motivations, and dynamics, of a punisher.
With respect to the simulation, one of the future contributions should answer the following question: how should the
utility function of a reinforcement learning agent look like in
order to account for the eﬀects of distributed punishment?
This question might be easy to answer by adding some multipliers to the reward to reflect the amount of punishers, but
it would directly lead to a more general question: what is
the simplest utility function that can be designed for a reinforcement learning agent to mimic EMIL-I-A results? The
answer might be trivial to find for special cases, but it would
be interesting to analyze a generalizable utility function.
As a more long term objective, we plan to incorporate into
the model other cognitive mechanisms studied by experimental economists that could apply to virtual communities,
like, for example, communication, reputation or partner selection. These three mechanisms have been widely studied
in the MAS literature [26, 28, 13], although very little attention has been paid to the integration of results obtained by
experimental economics into existing agents architectures.

7.

CONCLUSIONS

In this study, we have provided some experimental evidence to show the viability of distributed punishment in
promoting cooperation. These data provide support for the
hypothesis that punishment is eﬀective in regulating people’s behavior not only through economic incentives, but
also thanks to the normative information it conveys and the
normative request it asks of people. Distributed punishment
is a powerful tool through which messages of peer condemnation and of shared norm defense are (explicitly or implicitly)
conveyed.
In the present work, agent technologies have been used for
two diﬀerent, but essential, purposes. The first one allowed
us to build a experimental platform where human subjects
could participate transparently in an electronic institution
and play against pre-programmed confederate agents. Secondly, the experiment conducted in the laboratory has been
replicated with an agent-based simulation using the EMIL-
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I-A architecture, whose decision making is driven both by
cost-avoidance and normative motivations.
The comparison of the results from the experiments with
humans and of the simulations show that the simulation
model captures the essential features of the human data.
Finally, we have compared the performance of the EMILI-A architecture with other classical reinforcement learning
architectures, observing that the former reproduces behavioral dynamics more similar to humans than the latter ones.
The more general point we want to make is that agent-based
modeling provides a valid methodology for checking whether
the results obtained in laboratory experiments with humans
are consistent with the theoretical cognitive model proposed.

8.
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ABSTRACT

ous Action Learning Automata (CALA). An alternative implementation of LA for continuous action games is the Continuous Action Reinforcement Learning Automaton (CARLA), introduced by
Howell et. al. in [6]. The CALA implementation is inefficient from
a sampling point of view, since it needs to sample both the selected
action and the action corresponding to the mean of the current strategy. This requirement however, is infeasible in many practical settings. The original CARLA implementation has no sampling handicap, but it is much more demanding from the computational point
of view. Recently, Rodríguez et al. [9] performed an analysis of the
CARLA algorithm. The result of this analysis was an improvement
of the CARLA method in terms of computation effort and local
convergence properties. The improved automaton performs very
well in single agent problems, but still has suboptimal performance
with regards to global convergence in multi-agent settings.
The CARLA algorithm has successfully been used for controlling vehicles [6, 5]. However in real world applications such vehicles can be coupled with an implement for a common interest task.
The interacting dynamics will produce convergence to suboptimal
solutions if the subsystems are controlled ignoring the existence of
each other. In such a situation a better exploration of the jointaction space is required.
Exploring Selfish Reinforcement Learning (ESRL), introduced
by [16], is a better exploration method for the joint-action space
of a set of independent LA playing a repeated discrete action game.
The supporting idea of this method is that a set of LA will converge
to one of the Nash equilibria of the game, but not necessarily one
from the Pareto front. ESRL proposes that once the agents converge to a Nash equilibrium, the learners should delete the selected
action from their action spaces and restart learning. This allows
the agents to find all dominant equilibria and agree on the best one.
As the more interesting Nash equilibria are often also stronger attractors, the agents can quite efficiently reach Pareto optimal Nash
equilibria. The problem with applying this approach in continuous
action games, is that it makes no sense for the agents to delete a
single actions. Instead, a vicinity around the action should be identified and excluded.
This paper introduces an extension of the ESRL method to continuous action games. Standard definitions of random variables and

Learning automata are reinforcement learners belonging to the category of policy iterators. They have already been shown to exhibit
nice convergence properties in discrete action games. Recently, a
new formulation for a Continuous Action Reinforcement Learning
Automaton (CARLA) was proposed. In this paper we study the behavior of these CARLA in continuous action games and propose a
novel method for coordinated exploration of the joint-action space.
Our method allows a team of independent learners, using CARLA,
to find the optimal joint action in common interest settings. We first
show that a set of agents using CARLA will converge to a local optimum in a continuous action game. Using this property, we then
introduce a method for coordinating exploration to find the global
optimum of the game. We also validate our approach in a number
of experiments.

Categories and Subject Descriptors
I.2.11 [Artificial Intelligence]: Distributed Artificial Intelligence

General Terms
Algorithms

Keywords
Multi-agent learning, Reinforcement Learning, Teamwork, coalition formation and coordination, Implicit Cooperation

1.

INTRODUCTION

In this paper we present a reinforcement learning technique based
on Learning Automata (LA). LA are policy iterators, which have
shown good convergence results in discrete action games with independent learners. The approach presented in this paper allows
LA to deal with continuous action spaces.
In their book [10], Thathachar and Sastry introduced a formulation of an LA for continuous action games known as Continu∗ the first author is also a member of the Center of Studies in Informatics, Universidad Central "Marta Abreu" de Las Villas
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D EFINITION 2.1. f (i) is locally superior with respect to d (i) if
it has a vicinity V (i) with respect to d (i) such that ∀q(i) ∈V,q(i) �= f (i) :
�
�
�
�
β̄¯ (i) � f (i) > β̄¯ (i) �q(i)

their numerical properties [8] will be used. Section 2 will introduce
necessary background information. The convergence analysis of
CARLA when playing games will be introduced in section 3 and
the need for a better exploration of the joint-action space will be
demonstrated. The extension of the discrete action ESRL method
to continuous action games will then be introduced in section 4
showing an adequate way of identifying the whole region to exclude from the local information that the agents have. Finally, sections 5 and 6 will show the experimental results and conclusions.

2.

We will refer to the most likely joint-action of a locally superior
strategies as a local attractor.

2.2

The learning automaton is a simple model for adaptive decision
making in unknown random environments. The original concept
of an LA originated in the domain of mathematical psychology [1]
where it was used to analyze the behavior of human beings from
the viewpoint of psychologists and biologists [3, 4].
The engineering research on LA started in the early 1960’s [11,
12]. Tsetlin and his colleagues formulated the objective of learning
as an optimization of some mathematical performance index1 [10,
13, 14]:

BACKGROUND

Three important topics will be addressed in this section. First,
we will refer to some standard definitions when dealing with continuous action games in subsection 2.1, then the CARLA method
is introduced in subsection 2.2 and finally we summarize ESRL in
subsection 2.3.

2.1

Continuous action games

Some definitions are necessary before introducing our approach.
We will refer to the action space of agent i as A(i) so the jointaction space on n players is A(1) × · · · × A(n) . In this paper we
are going to use action spaces that are compact subsets of ℜ. The
(i)
strategy of each player
� �is a probability measure on A and will
(i)
(i)
(i)
(i)
be denoted as f
a
for all a ∈ A . We will refer to the

β̄ =

The expected reward when using strategy

f (i)

(1)

A

β (a) d f (a)

�
 �
t 2
γ f (a) + β (a ) αe− 21 ( a−a
λ )
a∈A
t
t
t t
ft+1 (a) =

0
a∈
/A

is defined in (2).

�
�
� �
� �
�
β̄¯ (i) � f (i) = β̄(i) a(i) d f (i) a(i)

�

(3)

The only assumption on A is that it has to be a compact set. The
performance index β̄ is the expectation of β with respect to the distribution f . This distribution includes randomness in a (probabilistic action selection) and randomness in β (rewards can be stochastic).
LA are useful in applications that involve optimization of a function which is not completely known in the sense that only noise corrupted values of the function for any specific values of arguments
are observable [10]. A standard implementation is introduced below.
The implementation we are going to use in this paper is the
Continuous Action Reinforcement Learning Automata (CARLA)
[6] because of its applicability to real-world problems [9]. In [6]
f is implemented as a nonparametric probability density function
(PDF). Starting with the uniform distribution over the whole action space A and after exploring action at ∈ A in time step t the
PDF is updated as shown in (4). Parameters α and λ are refered
to as learning and spreading rate respectively. The first one determines the importance of new observations, the higher the rate the
bigger the change in the PDF from one time-step to another. The
second parameter determines how much to spread the information
of a given observation to� the neighboring actions. Finally, γ is a
+∞
standardization factor so −∞
ft+1 (z) dz = 1

(1)
(n)
space of all possible strategies
� by F ×�· · · × F . The player’s
(i)
(1)
(n)
feedback or reward is β
a ,··· ,a
. Our work will be focussed �on common interest
games
so
we
can
simply call that re�
ward β a(1) , · · · , a(n) . Although all agents share the same reward
function, the expected reward is not the same for all of them since
this expectation is dependent on their individual strategies. The
expected reward for�a given
� � player with respect to the policies of
�
the other agents β̄(i) a(i) � f (1) , · · · , f (i−1) , f (i+1) , · · · , f (n) can be
calculated as shown in (1). Notice that this expectation for every
agent i is based on the strategy of all other agents. When we refer
to this expected value given the�current
� strategies of the players we
will use the short notation β̄(i) a(i) .

� ��
�
β̄(i) a(i) � f (1) , · · · , f (i−1) , f (i+1) , · · · , f (n) =
�
�
�
�
�
�
�
�
(1)
(n) d f (n) a(n)
A(1) · · · A(i−1) A(i+1) · · · A(n) β a , · · · , a
�
�
�
�
�
�
· · · , d f (i+1) a(i+1) d f (i−1) a(i−1) · · · , d f (1) a(1)

Continuous action reinforcement learning
automata

(2)

(4)

Figure 1 shows a sketch of the CARLA action space exploration.
At time-step t0 (Figure 1.a) the learner’s strategy f is the uniform
PDF and action a0 is drawn from it. Then f is updated by adding a
Gaussian bell around a0 and normalized again as shown in Figure
1.b. From the new strategy f the action a1 is drawn and the strategy
is again updated as shown in 1.c. In this example both actions (a0
and a1 received positive rewards so the probabilities were positively
reinforced around them).
Every time the agent selects an action, this action will be drawn
stochastically according to the PDF. Therefore the cumulative density function (CDF) is required [8]. Since the PDF used in the

A(i)

As a Nash equilibrium in discrete action games we use locally
superior strategies [15] which is formally introduced in definition
� �
2.1. A vicinity is defined based on a function d (i) : F (i) A(i) ×
� �
�
�
F (i) A(i) → [0, ∞] of which we only assume that d (i) f (i) , f (i) =
�
�
0 and ∀ f (i) ,q(i) inF (i) , f (i) �=q(i) : d (i) f (i) , q(i) > 0, which implies that
d (i) not necessarily is a distance. V (i) is a vicinity of f (i) with
(i)
respect
to d (i) if� and only
�
� if there
� is a δ > 0 such that V =
(i)
(i)
(i)
(i)
(i)
q ∈ F |d
q ,f
<δ .

1 The

�

original formulation is J (Λ) = Λ R (a, Λ) d f (a) but for consistency reasons, we adapted this formulation to the notation used
in this paper.
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Figure 1: Sketch of CARLA action space exploration. The solid line represents the current PDF while the gray line represents the previous PDF

f

f

(a)

a0 a

Figure 2: The climbing game, a common interest game. The Pareto optimal
Nash equilibrium (a11 , a21 ) is surrounded by heavy penalties

f
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(b)

a0 a

a11
a12
a13
a1

(c)

a11
a13

2.3

t

a23
0
6
5

a21
11
0

a23
0
5

with payoff 7. Whether the agents reach the Pareto optimal Nash
equilibrium with payoff 11 mainly dependes on the initialization
of the action probabilities when learning starts. The agents may
be tempted to play the safe, sub-optimal actions, resulting in joint
action (a13 ,a23 ) with payoff 5.
If the Pareto optimal Nash equilibrium is reached, there is no
room for improvement. However if this Pareto optimal Nash equilibrium is not reached, all agents will benefit from searching for it
in the long run. Suppose for example that the agents of Figure 2
converged to joint action (a12 ,a22 ) corresponding to a payoff of 7
for both agents. Independent learners will not have the tendency
to explore further to reach the better Nash equilibrium, with payoff 11 for both agents, because of the high punishment of -30 that
surrounds this interesting Nash equilibrium.
In order not to get too much punishment before discovering the
best joint action (a11 ,a21 ), the agents should coordinate their exploration. This means that the agents should decide together to
search for a better Nash equilibrium. In ESRL this is achieved by
making the agents exclude the action they converged to and then
restarting learning in the remaining action subspace, which will be
much smaller. In the case of the climbing game presented before,
the joint-action space shrinks from 9 to 4 joint actions as shown in
Figure 3. Again the learning itself can be performed in an independent manner, and this will drive the agents toward another Nash
equilibrium. The average payoff received during this second period
of learning can be compared with the average payoff received during the first period of learning, and as such the two Nash equilibria
found can be compared against each other. This alternation between independent learning and excluding actions can be repeated
until each has exactly one action left.


a < min (A)
 0
γt (Ft (a) + δt Dt (min (A), a)) a ∈ A
Ft+1 (a) =
 1
a > max (A)
where: √
δt = βt (at ) αλt 2π
γt = 1+δ D (min1(A),max (A))
t �t
�
�
�
x−at
t
Dt (x, y) = FN(0,1) y−a
−
F
N(0,1)
λ
λ
12σt
(max (A)−min (A))2

a22
-30
7
0

Figure 3: The climbing game after shrinking the joint-action space. The
Pareto optimal Nash equilibrium (a11 , a21 ) is still not the only one Nash
equilibrium but it is now the most likely to find

a

CARLA method is nonparametric, it is computationally expensive
to generate the CDF every time the function changes. The method
used in this paper for the CDF is the approximation introduced in
[9] shown in expression (5). Notice that FN(0,1) is the standardized normal cumulative density function. Also notice that the λ
parameter is now dynamically changing over time. This is also introduced in [9] as an improvement of the method to speed-up the
convergence. The spreading rate used every time-step is calculated
as a factor of the original parameter λ0 and a convergence measure
based on the standard deviation of the last n actions σt .

λt = λ0

a21
11
-30
0

t

(5)

Exploring selfish reinforcement learners

In this subsection we will briefly explain exploring selfish reinforcement learning2 [16]. The main characteristic of ESRL is
the way the agents coordinate their exploration. Phases in which
agents act independently and behave as selfish optimizers (exploration phase) are alternated by phases in which agents are social and
act so as to optimize the group objective (synchronization phase).
During every exploration phase the LA will converge to a pure
Nash equilibrium. In the synchronization phase the solution converged to in the previous exploration phase is evaluated and removed from the joint-action space. In this way, new attractors can
be explored. The removal is achieved by letting at least two agents
exclude their private action that is part of the solution found from
its private action space. Agents alternate between exploration and
synchronization phases to efficiently search a shrinking joint-action
space in order to find the Pareto optimal Nash equilibrium.
In common interest games at least one Pareto optimal Nash equilibrium exists. Despite the existence of an optimal solution, there
is no guarantee that independent learners converge to such an equilibrium. Only convergence to (possibly suboptimal) Nash equilibria can be guaranteed [2]. Games such as the climbing game
[7], shown in Figure 2 are generally accepted as a hard coordination problem for independent learners3 . In this game, independent learners may get stuck in the suboptimal Nash equilibrium

3.

CONVERGENCE OF CARLA

The convergence proof for a single agent CARLA was introduced in [9]. A similar analysis for continuous action games is
given in appendix A. We show that a set of CARLA will converge
to a local attractor in the joint-action space as long as the parameter α is significantly low for the learners to match their expected
strategies through time. Which of the multiple attractors is selected
will depend on the initialization of the parameters.
In order to better understand let us analyze the following example. The analytical expression of the reward signal is shown in (20)
in appendix B and its contour representation in Figure 4. There are
three attractors in this example. The two local maxima located in
the top left and bottom right corners have larger basins of attraction
while the global maximum at the center has a narrower basin of

2 There is a conflicting interest version of ESRL as well but we only
refer to the common interest for it is the one relevant to our work
in this paper. Future work will be focussed in this direction
3 ESRL can also deal with stochastic payoff games but for simplic-

ity of the explanation we use a deterministic example
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Figure 4: A two players game with three local optima. The contours represents combination of actions with the same reward (also see appendix B).
Notice that the global optimum is located in a narrower region, this region
does not overlap with the other maxima from both agents point of view.

Figure 5: Relation between covariance and exploration. The row on top represents the joint action of the agents. The second row represents the reward
collected for each action by the fist agent. The left-most column collects
samples from time-step 0 to 1000. The column in the center collects samples from time-step 2000 to 3000. The right-most column collects samples
from time-step 9000 to 10000. The last row shows the absolute value of
the covariance between actions and rewards for the first agent through the
10000 time-steps. The intervals corresponding to 0 to 1000, 2000 to 3000
and 9000 to 10000 are shaded.

attraction.
As shown in appendix A if both learners start with the uniform
distribution we expect them to converge to the attractor that fits
expression (6) the best.

∀a∈A(i) :

�+∞

(i)

− 12

β̄t (z) e

−∞

�

(i)
a∗ −z
(i)
λt

�2

dz ≥

�+∞

(i)

− 12

β̄t (z) e

�

a−z
(i)
λt

�2

ric. Figure 5 shows the relation between the exploration and the
covariance between actions and rewards from a single agent point
of view. The parameter setting used for this example is the same
that the one selected in section 3. The first row shows a global view
of the exploration. Three time intervals are shown. The first interval is the start of learning (time-steps from 0 to 1000). The second
interval is when the learners are leaving global exploration (timesteps from 2000 to 3000). Notice this is a good time for deciding
on the extension of the neighborhood to exclude for the learners are
converging to a locally superior strategy and are trapped within its
basin of attraction. The last interval selected is when agents have
converged to the local attractor (time-steps from 9000 to 10000).
The second row shows the local information that the independent
agents take into account. The same time-steps are represented on
each column but in this case we are plotting the selected actions by
horizontal axis and the corresponding reward by the vertical axis.
The bottom row shows the absolute value of the covariance between actions and rewards over the whole learning process. Additionally, in order to have a better idea of how this covariance is
evolving, the solid curve represents its average. The time-steps
corresponding to the three moments introduced above are shaded
in gray. This covariance reaches a low value at the beginning of
learning since lots of explorations are performed by both agents.
When the agents are exploring within the basin of attraction of a
local attractor then the noise in the rewards observed by each agent
is minimal so the covariance reaches its maximum. As agents converge to a locally superior strategy, less exploration is performed so
therefore the covariance value drops down to zero. The safe region
to exclude after the agent’s actions have converged to the local optimum, can therefore be estimated at the moment when the absolute
value of the covariance reaches its maximum value.
A good way of estimating this region is using the percentiles of
the probability density function of the actions. For a given confidence value c we can define a region as shown in expression (7)
where percentile (p, f ) represents the value where the probability
density function f accumulates the probability p. Notice that the

dz (6)

−∞

Since we are only interested in the effect of λ we will use a fixed
value over all time-steps. Two λ values will be explored: 0.04 and
0.007. The learners are expected to converge to either one of the
attractors to the corners (either (0.1,0.9) or (0.9,0.1)) when using
λ = 0.04 and to the global maximum (0.5,0.5) when λ = 0.007. In
order to prevent the learners from deviating too much from their
expected strategies, a very low α is used in this case 0.005. In
a real setup we will never use such a low value. Because of the
low learning rate we run 100 experiments for 30000 time-steps.
When using λ = 0.04, half of the times the learners converged to the
attractor (0.1,0.9) while the other half they converged to (0.9,0.1).
In the second case, when using λ = 0.007, both agents converged
to the global maximum.
We can conclude that in order to make the learners converge to
the best attractor we either need information about the reward function or a better exploration of the joint-action space, as we will introduce in the next section.

4.

ESCARLA

In order to introduce Exploring Selfish Continuous Action Reinforcement Learning Automaton (ESCARLA) let us recall ESRL
introduced for discrete action games for improving global performance. The supporting idea was to exclude actions after every
exploration phase. The problem when facing continuous action
games is that it makes no sense that the agents delete one of their
actions. Instead we consider removing a neighborhood of the action. Now the agent must estimate when it crosses the boundary of
the basin of attraction of the local attractor.
In order to solve this problem we propose to use the absolute
value of the covariance between the actions and rewards as a met-
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Figure 7: Characteristic functions βi and βii . Notice in the first game that the
global optimum is located in a very narrow region, but this region overlaps
with the other maximum in both axis (first and second agent’s axis). The
second game is even more complex since it also has a very narrow optimum
region but it does not even overlap with the other maxima.

Figure 6: Mapping process. The new action space will stay as the previous
one but actions will be mapped in order to avoid the deleted range (0.4,0.7)

initial

exclusion

mapping

A(i)
1

A(i)
1

A(i)
1

0.7

0.7
excluded
range
0.4
0.4

0

0.57

0

0
Figure 8: Average rewards for βi and βii . For the first game, the improvement just delayed the convergence, but still the learners converged to the
global optimum. On the other hand, for the second game, the improvement
clearly led the agents to the global optimum in the third exploration restart.
Average reward is shown on top while the actions are shown on bottom

lower the c the wider the region defined by expression (7), but also
the lower the probability for the actions in the region to have been
properly explored.
�
�
�
�
��
1−c
1−c
percentile
, f , percentile 1 −
,f
2
2

(7)

The proposal here is to let the agents start learning until they all
reach a threshold value of convergence convst p . Then each agent
should delete the region defined by (7) from its action space – examples in the experimental results section will use convst p = 0.95
and c = 0.9. Deleting the action range implies modifying the action
space so we need to map the new one into a compact set again as
shown in Figure 6. This method can introduce some noise in the reward function but since CARLA learners do not require continuity
in the reward function it will not be a problem. Then all agents must
restart the learning process to converge to another attractor. After
enough exploration the agents should compare all the results and
pick up the strategy that gave them the highest score. In engineering applications we may either know the total amount of maxima
of the problem or the desired performance. In such applications
the agents could understand by enough exploration by finding all
different maxima of the problem or by achieving the desired performance. Please note that we are assuming a common interest
game, so therefore the agents can agree on a best combination of
actions. The general algorithm is given next.
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5.
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8000
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EXPERIMENTAL RESULTS

All examples will be introduced by the characteristic function
form [17]. Formally, a characteristic function form game is given
as a pair (N, v), where N denotes a set of players and v : AN −→ ℜ
is a characteristic function that the agents have to optimize with
A ⊂ ℜ being the action space.
In this section, two 2-agent games will be explored. The characteristic functions for them are βi and βii . Analytical expressions are
introduced in (20) in appendix B. These two games are introduced
as complex examples where the basins of attractions are overlaping from both agent point of views. These functions are plotted in
Figure 7.
Figure 8 shows the average rewards collected over time on top
and the actions selected every time-step on bottom. The selected α
was 0.1 while λ0 was set to 0.2. The gray curve shows the result
using the CARLA method. The black curve shows the results when
using the ESCARLA. Notice that every peak in the rewards implies
a restart in the learning. Although a bit slower, the ESCARLA
obtains more accurate convergence to the global optimum.
Figure 9 shows the regions elimination process for the second
game. In the phase one the agents converged to the joint action
(0.32, 0.10) and deleted the region ([0.04, 0.52], [0.01, 0.44]) which
is shown in black. In the second phase they converged to (0.95, 0.9)

ESCARLA algorithm
repeat
explore
synchronize
u n t i l enough e x p l o r a t i o n
select best strategy
Exploration phase
i n i t i a l i z e parameters
repeat
sample a c t i o n
update s t r a t e g y
i f maximum c o v a r i a n c e
t h e n mark i n t e r v a l
un t il convergence
Synchronization phase
e x c l u d e marked i n t e r v a l
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Figure 9: Regions elimination process. While it was very unlikely to find
the global optimum because it was a very narrow region, when the agents
ended the first exploration and restart it again, it was not that unlikely anymore. After the second restart, it was inevitable to find it.

Table 2: Average linear error. Every row shows the average difference between the long-run reward and the current maximum reward. First row for
the previous CARLA, second using the ESCARLA method. ESCARLA
considerably reduces this difference for multi-agent games while it makes
no harm in single-agent. Last column shows the Wilcoxon test significance

β1
β2
β3
β4

2nd phase
0

3rd phase
31

4th phase
1

total percent
64%

and deleted the region ([0.82, 0.99],[0.74, 0.99]). Finally – phase
three –, they easily converged to (0.71, 0.5).
We would like to stress that by squaring the first agent actions in
the second game (see equation (20) on appendix B) makes a distortion in the reward function so the basin of attraction of the local attractor are not symmetric (roles of agents are not interchangeable).
Also notice that the regions eliminated by this first agent are not
homogeneous. Since the extension of the above mentioned basin
of attractions affects directly the performance, then it also affects
indirectly the covariance between actions and rewards. Summing
up, the covariance not only marks the time where the rewards can
be trusted (in the sense that the variance is due to the stochastic
nature of the reward and not due to the exploration of other agents)
but it also gives the agents a good measure of the boundary of the
regions where the equilibria are locally superior, i.e. the basins of
attraction.
Given the stochastic nature of the optimization process and the
interaction of both agents we cannot be sure that the agents will
always find the global optimum after as many exploration phases
as maxima in the game. Two problems may arise, either the global
optimum could be excluded with a suboptimal strategy or the range
of actions excluded in a synchronization phase could cover just a
partial subset of the basin of attraction so probably an extra exploration phase will be necessary. In order to illustrate this issue table
1 shows how many times the global optimum was found in every
exploration phase for the second game after 50 trials. Notice that
the CARLA method results are the same as the ESCARLA in the
first exploration phase.

5.1

ESCARLA
0.0146
0.0100
0.0171
0.0365

sig.
0.352
0.746
0.515
0.001

Random functions will be generated for the characteristic function for the games. The functions will be generated by the union of
Gaussian bells. Single agent functions will use 1 or 2 bells while
multi-agent functions will use between 1 and 6 of these bells. The
number of bells is generated at random. The parameters of the bells
µ ∈ [0, 1] and σ ∈ [0.01, 1] are generated randomly too, as well as
the factor f ∈ [0.5, 1] for which are multiplied the bells to make
them different in amplitude. An extra parameter r ∈ [0.75, 0.95] is
generated for introducing noise in single agent settings. Two ways
for introducing noise in single agent setting are explored with these
functions, adding noisy bells or randomly selecting between them.
The analytical expressions are introduced in (20) in appendix B
50 games were generated from each type of function. The average linear difference between the global maximum of the function
and the final average reward collected by agents over 10000 timesteps are shown in table 2. The same parameter settings from the
previous tests are used. A Wilcoxon test shows that the ESCARLA
performs better than the original method for multi-agent games.
The results of this test can be seen in the last column of the table 2.

Table 1: Convergence to the global optimum per exploration phase

1st phase
0

CARLA
0.0049
0.0092
0.0178
0.0851

6.

CONCLUSIONS

Learning automata are reinforcement learners, belonging to the
category of policy iterators, that exhibit nice convergence properties in discrete action settings. It has been shown that a set of agents
applying independently from each other an LA update scheme can
converge to a Nash equilibrium or even the Pareto optimal Nash
equilibrium in a discrete action game. We extended this performance result to continuous action games by means of the extension
of discrete ESRL to continuous action games improving its global
performance.
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the feedback signal
and the distance measure e
which can
be interpreted as the strength of the relation of actions a and z, the higher
the value of this product, the bigger the relation of these actions. Let us call
(i)
(i)
this composed factor Gt (a, z) and Ḡt (a) its expected value at time-step t
with respect to z. Then equation (10) could be finally formulated as (11).
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The analysis will be performed for normalized reward signals β : ℜ →
[0, 1] – no generality is lost because any closed interval can mapped to this
interval by a linear transformation. The final goal of this analysis is to find
the necessary restrictions to guarantee convergence to local optima.
The sequence of PDF updates is a Markovian process, where for each
(i)
(i)
time-step t an action at ∈ A(i) is selected and a new ft is returned for
(i)
(i)
every learner i. The expected value f¯t+1 of ft+1 can be computed following
equation (8).
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ABSTRACT

world by themselves.1

We present autonomous agents that are designed without
encoding strategies or knowledge of the environment in the agent.
The design approach focuses on the notion of sensorimotor
patterns of interaction between the agent and the environment
rather than separating perception from action. The agent’s
motivational system is also interaction-centered in that the agent
has inborn proclivities to enact certain sensorimotor patterns and
to avoid others. Such motivations result in the agent
autonomously discovering, learning, and exploiting regularities of
interaction afforded by the environment, and constructing
operative knowledge of the environment. Because such agents
have no predefined goals, we propose a set of behavioral criteria
to both judge and demonstrate the agents’ capacities, rather than
performance measurement. A design platform based on NetLogo
is presented. Results show that these agents demonstrate
interesting behavioral properties such as hedonistic temperance,
active perception, and individuation.

Our motivation for studying environment-agnostic agents is both
theoretical and practical. On the theoretical level, we believe that
this study can shed some light on how knowledge emerges in
artificial agents and becomes meaningful to them. This question
relates to the symbol grounding problem [13] and the study of
developmental cognition (e.g., [28]). On the practical level,
environment-agnostic agents will facilitate the development of
agent-based simulations by unburdening the modeler from
encoding knowledge in the agent.

Categories and Subject Descriptors
I.2.6 [Artificial Intelligence]: Learning. I.2.11 [Artificial
Intelligence]: Distributed Artificial Intelligence – Intelligent
agents.

General Terms
Algorithms, Measurement, Design, Experimentation.

Keywords
Intrinsic
motivation;
Autonomous
learning;
Cognitive
development; Enactive cognition; Affordances; Constructivism.

1. INTRODUCTION
This paper presents an argumentation in favor of the concept of
environmental agnosticism as an original and useful concept to
think about autonomous agents. We introduce this concept to
capture the idea that we do not encode our knowledge of the
environment in the agent’s decisional mechanism. A typical
example of such encoded knowledge would consist of a set of
logical rules that specify the agent’s behavior in response to
specific information received from the environment (sensory
input). Another example would consist of modeling the agent’s
environment as a predefined problem space in which reward
values would be associated with predefined problem states and
such values propagated across states [15]1. Instead, we expect
environment-agnostic agents to learn the semantics of
sensorimotor information and the ontological structure of their

25

As we intend to show, designing an environment-agnostic agent
raises the crucial question of defining the agent’s drives. We
employ the term drive to emphasize the difference from
traditional approaches that employ the terms task or goal. Indeed,
we argue that programming an agent to perform a given task or to
reach a given goal generally implies specifying how the agent
interprets its world. For example, behavioral rules presuppose the
semantics of input data, and traditional reward values presuppose
goal assessment criteria. Such presuppositions conflict with the
environment-agnosticism principle because environment-agnostic
agents are precisely expected to learn by themselves how to
interpret their world.
An intuitive distinction between drives and goals may be
expressed by the fact that drives enforce a bottom-up approach
starting from inborn behavioral tendencies toward the possible
construction of higher-level goals, while goals follow a top-down
approach through the decomposition of a problem into sub-goals.
This conception of drives can also be related to the concept of
intrinsic motivation (e.g., [2, 19]) in that the motivation does not
come from an external reward. Yet, we acknowledge that the
nuance may still seem vague and better pertaining to the domain
of philosophy than computer science. At a philosophical level, let
us only note here that we find some resonance with Dennett’s
inversion of reasoning argument [6]. The purpose of this paper is
not to pursue this philosophical discussion any further but to show
that this shift of viewpoint is not mere jargon and rhetoric but can
have a strong impact on the way we develop autonomous agents.
Our intuition in developing environment-agnostic agents is to put
the focus on the interaction between the agent and the
environment rather than only on the agent. When designing
1
The Soar architecture offers an emblematic illustration of these
two types of examples as a rule-based system extended with
reinforcement learning (Soar-RL). We credit the Soar team for
acknowledging this knowledge-oriented bias in both cases.

autonomous agents, we, indeed, must presuppose the possible
range of interactions between the agent and the environment. For
example, in the case of robots, engineers define the robot’s
interactions when designing sensors and effectors. In the case of
natural organisms, phylogenetic evolution selected the organism’s
sensorimotor system. In a similar manner, we predefine
environment-agnostic agents’ interactions in a given environment.
We, however, neither presuppose nor specify how the agent
should interpret such interactions. Instead, the agent has
behavioral drives that define preferred courses of action in the
world. The agent learns regularities of interactions and exploits
such regularities in turn to better fulfill its drives. This mechanism
is explained in more detail in Section 2.
The fact that the agent has no predefined goals raises the question
of how to assess its behavior. This question is discussed in Section
3, and illustrated by experiments in Section 4. Section 5 presents
the design/simulation platform employed for implementing
environment-agnostic agents. Finally, the conclusion discusses the
implications and limitations of the concept of environmental
agnosticism for future work.

2. ENVIRONMENTAL AGNOSTICISM
Fundamentally, we believe designing environment-agnostic
agents entails considering individual sensorimotor patterns as the
atomic elements of cognition, without making an initial
distinction between perception and action. This assumption is
supported by many theories in cognitive science that argue that
perception, cognition, and motion are entangled (e.g., [5, 14, 18,
21]). Specifically, Piaget [22], proposed the term scheme to refer
to sensorimotor patterns. In the rest of this paper, we simply refer
to sensorimotor patterns by the term elementary interactions.
Figure 1 illustrates the elementary interactions along the
interaction timeline. Elementary interactions are represented by
letters (A, B, C, A, D, A …). As introduced in Section 1, these
AGENT’S MEMORY

interactions have no associated semantics implemented in the
agent. Because of the absence of implemented semantics, these
interactions can correspond to anything in the environment, which
is why we characterize the agent as environmentally agnostic. As
opposed to traditional artificial agents, this agent has no channel
by which it would directly “perceive” its environment, but can
only discover the structure of the environment through the
regularities experienced while enacting these interactions.

2.1 Intrinsic drives
In addition to focusing on elementary interactions, we propose
implementing inborn proclivity values associated with such
interactions (in parenthesis in Figure 1). Accordingly, we provide
the agent with a mechanism that tends to seek interactions with
positive proclivity values, and to avoid interactions with negative
proclivity values. Such a mechanism results in the implementation
of primitive intrinsic drives because, subjectively, the agent seems
to simply enjoy interactions that have positive proclivity values,
and to dislike interactions that have negative proclivity values. As
we present later, the difficulty resides in that the agent needs to
learn what interactions will result from its choices.
Proclivity values are related to the notions of intrinsic reward
(e.g., [25]) and value systems (e.g., [21, 26, 27]) in reinforcement
learning. Because of this relation, our approach can be considered
a form of discrete time decision process consisting of learning a
policy function that tends to maximize a reward function over
time. Traditional algorithms of discrete time decision processes,
however, require assumptions incompatible with the agnosticism
principle. For example, Markov Decision Processes (MDP)
algorithms require that the temporal dependency be known a
priori, and that the environment be modeled in the form of states
that the agent can directly recognize. Partially Observable Markov
Decision Processes (POMDP) [1] algorithms offer a way toward
eliminating these hypotheses but they require a state evaluation
function to assesses a believed state from observational data. The

Representation
of the situation

(A(DA))(BC)

A(DA)

…

BC
DA

A(0)

Learn

X(n)

Primitive interaction with
predefined proclivity value

X…Z

Composite interaction

Select
/ Anticipate

Activate

BC

Enact
A(0)

B(-1)

C(5)

A(0)

PAST

D(1)

A(0)

B(-1)

PRESENT

…

Interaction
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Figure 1. Learning and decisional mechanism of an environment-agnostic agent.
The agent’s activity is represented along the interaction timeline. Letters (A, B, C, etc.) represent primitive interactions. Primitive
interactions are associated with proclivity values pre-defined by the designer (e.g., (0), (-1), (5), etc.). Through its activity, the
agent learns hierarchical sequences of interactions (composite interactions) that capture hierarchical regularities of interaction
with a given environment (e.g., (A(DA))(BC)). The agent represents its current situation in the form of these hierarchical
composite interactions. Over time, learned composite interactions allow the agent to predict the consequences of its choices
depending on the current situation, and, therefore to select interactions that have the best chance to maximize the agent’s
proclivity in a given environment (e.g., BC). The agent can learn to enact unsatisfying interactions (e.g., B(-1)) to reach situations
where it can enact even more satisfying interactions (e.g., C(5)).
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state evaluation function needs to be known a priori, which
remains incompatible with the agnosticism principle.
Here, we propose the term proclivity because this term conveys
the idea that interactions are enacted for their own sake, while the
term reward suggests that interactions are enacted for the sake of
their outcome. Enacting interactions for their own sake removes
the need for a pre-assumed model of the world. With proclivity,
knowledge follows from action, while, with reward, action
follows from knowledge. Our approach based on proclivity values
relates more to continuous case-based reasoning [23] or tracebased reasoning [17] (but unsupervised, with no presupposed
knowledge) than to traditional reinforcement learning, as we will
develop in Section 2.2.
Notably, we consider this proclivity value mechanism only as an
initial value system. In the future, we imagine implementing more
elaborated drives, for example drives that may vary according to
the agent’s internal status (e.g., simulating a form of hunger
varying over time).

2.2 Knowledge representation
An agent’s stream of interaction with a given environment
depends both on its decisions and on the unfolding of the
environment. That is, the agent may well decide to try to enact an
interaction with a high value, but this attempt may result in an
actual interaction with a low value, due to unexpected
environmental conditions (e.g., the agent may try to enact an
interaction consisting of moving forward, but this attempt may
result in bumping into a wall). This effect will be further
explained in Section 4 and Figure 2. Because of this, the agent
needs to learn to predict the interactions that result from its
decisions. This raises the question of how to encode the
knowledge that the agent learns.
We recommend representing the agent’s knowledge as sequences
of interactions. This view conforms with Gibson’s [11] notion of
affordance. Gibson suggests that the world is not known
“objectively” but is rather known in terms of possibilities of
interaction, called affordances. Encoding the agent’s knowledge
as sequences of interactions also follows from the fact that our
agent has no other source of information about the environment
anyway.
We devised an algorithm in compliance with these principles,
called the Intrinsically Motivated Schema mechanism (IMOS)
[10]. A significant difference from most existing decision process
algorithms is that IMOS does not require Markov’s hypothesis
that the duration of the temporal dependency be known a priori. It
can learn arbitrarily long episodes of interest by autonomously
finding their beginning and end points. As opposed to partially
observable Markov decision process (POMDP), IMOS does not
require that the set of possible hidden states be defined a priori.
IMOS recursively organizes episodes in a hierarchy of subepisodes, a higher-level episode being a sequence of lower-level
episodes. The proclivity value of a higher-level episode is set
equal to the sum of the proclivity values of its sub-episodes, all
the way down to predefined primitive proclivity values. The
ability to perform such learning stems from the fact that, in the
environmentally agnostic approach, the criteria for selecting
interesting episodes are incorporated within the learning
mechanism in the form of proclivity values. The agent can test
hypothetical episodes and progressively select the most satisfying
episodes with regard to their value.
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Figure 1 illustrates this principle by representing learned
hierarchical episodes of interaction in the agent’s memory
((A(DA))(BC)). The activity at hand reactivates previously
learned episodes that match the current situation (A(DA)) which
in turn, triggers the subsequent interactions that are the most
likely to result in satisfying interactions (as far as the agent can
tell at this point in its development). This matching is possible
because of the consistency between the representation of the
situation and the representation of agent’s procedural experience
(a form of homoiconicity).
Again, we consider this mode of knowledge representation only as
a starting point from which more elaborated representational
structures can be derived. In particular, this mode of
representation can be coupled with additional structures proposed
by other researchers in Piagetian mechanisms, such as synthetic
elements (e.g., [20]) or bare schemas (e.g., [12]). When
implementing such structures, however, the assumptions these
structures make about the environment should be explicitly stated.
Notably, the purely sequential representations that we suggest
here have the advantage of remaining compliant with the principle
of environmental agnosticism because the agent has no a priori
knowledge of how to represent the world “as such”. The agent
only knows and learns interactions.

3. EXPERIMENTAL PARADIGM
As introduced in Section 1, environment-agnostic agents are not
designed to improve their performance over time with regard to a
predefined problem set, task, or goal. Performance, as
traditionally defined, is, therefore, not a property that
appropriately accounts for the expected qualities of such agents.
Instead, environment-agnostic agents are developed for their
qualitative behavioral properties or for their theoretical
implications on the study of developmental cognition. To study
these agents, researchers need to agree on such expected
properties.
This section proposes an initial list of expected properties based
on our experience implementing environment-agnostic agents and
on existing literature. In particular, Oudeyer, Kaplan, and Hafner
[19] noted similar needs to characterize the properties of
intrinsically motivated robots. These authors distinguished
between three categories of criteria: (a) evolution of internal
variables that account for the robot’s learning (e.g., accuracy of
anticipation or level of detail of learned categories); (b) evolution
of external variables that characterize the robot’s behavior (e.g.,
efficiency in the interaction with the environment); (c) evidence
of reaching certain well-known developmental stages with regard
to psychological or ethological theories.

3.1 Internal evaluation criteria
Category (a), the evolution of internal variables, has the advantage
of objectivity because these criteria are based on variables
implemented in the system. The drawback, however, is that each
system has its specific variables, which complicates the
comparison across systems. With these criteria, the authors need
to clearly explain the significance of the variables.
A typical internal criterion is the growth of the variable that
represents the system’s satisfaction, as measured by its value
system. We can formulate this criterion as:
a.1 Principle of objective hedonism.

For example, with the value system introduced in Section 2.1, the
agent’s objective hedonism is demonstrated by the agent’s
increasing ability to perform interactions with high values, and
avoid interactions with negative values.
Notably, the principle of objective hedonism does not require the
agent to reach the optimum value but only good-enough values
(notion of bounded rationality [24]). Because good-enough values
cannot be precisely defined, this principle should be
complemented with qualitative principles that reflect the agent’s
decisional mechanisms more precisely. In particular, the agent
should not simply react towards the highest immediate value. This
can be expressed in the form of the corollary principle:
a.2 Principle of hedonistic temperance.
The agent should learn to enact negative interactions when such
interactions can lead to even more positive interactions.
Conversely, the agent should learn to refrain from enacting
positive interactions when such interactions would lead to more
negative interactions.

3.2 Behavioral criteria
Category (b), behavioral criteria, has the advantage of supporting
comparisons across systems, because these criteria are based on
the external observation of the system’s behavior. The expected
behavior can, however, vary across studies, raising the need for
defining general principles. Assessing the agent’s development
with regard to general principles is the point of the third category
listed by Oudeyer and coauthors (c). Yet, principles proposed by
theories in psychology and ethology appear too vague, and out of
reach for current artificial systems [12]. In the current state of the
art, we need precise behavioral principles that account for the very
beginning of the developmental process.
Surveys in developmental robotics (e.g. [2, 16, 28]) suggest three
widely acknowledged principles:
b.1 Principle of situational categorization.
The agent should exhibit the capacity to categorize aspects of its
situation and to adjust its behavior according to such categories.
b.2 Principle of situational disambiguation.
The agent should distinguish between different situations that
generate the same sensory stimuli (perceptual aliasing, [3]).
b.3 Principle of graceful readaptation.
The agent should readapt gracefully to novel situations rather than
experiencing catastrophic forgetting [7].
Moreover, the interaction-centered
additional principles:

approach

inspires

two

b.4 Principle of active perception.
The agent should learn to enact interactions not only because of
their direct proclivity but also to update its representation of the
current situation so as to take better decisions.
b.5 Principle of individuation.
Different executions of the same system should possibly lead to
individualized instances exhibiting different habits. This principle
accounts for the intuitive distinction between drives and goals
according to which drives should leave room to individual
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choices. Individuation can occur through an “en habitus
deposition” (De Loor [4] citing Husserl).
In summary, the criteria to assess environment-agnostic agents
generally involve temporal analysis—either quantitative (category
a) or qualitative (category b). This indicates a need for
implementation platforms that generate activity traces and support
activity trace analysis. The next section illustrates these principles
by presenting example experiments.

4. EXAMPLE IMPLEMENTATIONS
When implementing an environment-agnostic agent in a specific
environment, the designer chooses the meaning that he or she
assigns to the primitive interactions. For example, he or she may
design a two-dimensional grid where interactions may consist of
moving, turning, bumping into obstacles, touching objects, etc.
An agnostic agent, however, may even ignore that its world has
two dimensions. The designer implements the execution of the
interactions in an interface layer, as depicted in Figure 2.

A(0)

B(-1)
E(-1)

Intention: B

AGENT
Timeline

…
Enacted: E

INTERFACE
Action (e.g., move)

Stimulus (e.g., bump)
ENVIRONMENT

Figure 2. The interface agnostic agent/environment.
The interface between the agent and the environment
generates the actions in the environment (e.g., try to move)
from the intended interactions (e.g., B: move), and either
confirms the intended interaction (B) or generates a
contradictory interaction (e.g., E: bump). The meaning of
the interaction is not implemented in the agent’s decisional
algorithm.
The designer also chooses the primitive interactions’ proclivity
values to generate interesting behaviors. For instance, if a
negative value is associated with the interaction turn, and a
positive value with the interaction move forward, then the agent
tends to move forward, and turns only to ensure even more
moving forward or to avoid subsequent even more negative
interactions (such as bumping a wall). Conversely, with positive
values associated with turning, the agent would learn to spin in
place.
Interesting behaviors come from that an agent’s possibilities of
interaction and their proclivity values are adapted to a specific
environment. In the case of natural organism, we assume that such
adaptation results from phylogenetic evolution. Notably, this
motivational mechanism is neither purely extrinsic (as would be a
reward associated with an object in the environment), neither
purely intrinsic (as curiosity in [2, 19]). Instead, it is interactioncentered and results from the pairing of an agent with an
environment.

4.1 Simple sequential environment
We first demonstrated the intrinsically motivated schema
mechanism in the experiment shown in Figure 3 [10]. In this case,

Primitive interactions
Move forward
Bump wall
Turn 90° right toward empty square
Turn 90° right toward wall
Turn 90° left toward empty square
Turn 90° left toward wall
Touch wall ahead
Touch empty square ahead
Touch wall on the right
Touch empty square on the right
Touch wall on the left
Touch empty square on the left

!
!
"
"
#
#
–
–
\
\
/
/

Val.
10
-10
0
-5
0
-5
0
-1
0
-1
0
-1

Trace:
1! 2\ 3!! 4\ 5\ 6/! 7\ 8/ 9/! 10"! 11#! 12!! 13/! 14/
15!! 16# 17"! 18"! 19!! 20/! 21/ 22" 23! 24"!
25\! 26/ 27!! 28#! 29- 30!! 31!! 32- 33"! 34- 35#!
36\ 37# 38-! 39! 40/ 41"! 42/! 43/ 44- 45/! 46/ 47/
48/ 49# 50\ 51-! 52! 53- 54/! 55\! 56#! 57# 58!
59#! 60/! 61/ 62(//) 63/ 64(//) 65# 66! 67!! 68"
69! 70- 71- 72(//) 73# 74! 75/ 76\! 77-! 78! 79\ 8081\ 82- 83(//) 84# 85! 86/ 87#! 88/ 89# 90! 91\!
92- 93/! 94- 95\! 96" 97! 98\ 99-! 100! 101- 102103/ 104\! 105" 106! 107\ 108- 109(//) 110# 111!
112-! 113! 114- 115/! 116/ 117- 118\! 119" 120! …

Figure 3. Example environment-agnostic agent in a sequential environment (adapted from [10]).
Left: The agent (triangle) in the environment. Filled cells are walls which the agent can bump into. Center: List of the 12 primitive
interactions with their proclivity values. Right: Activity trace of an example run. Steps 116 through 120: the agent has learned how
to recognize and deal with a corner: touch the wall on the left – touch the wall in front – touch the empty square on the right – turn
right – move forward.
The agent had 6 possible choices: try to move forward, turn left,
turn right, touch in front, touch left, and touch right. The
environment generated a single bit in return, which resulted in the
12 possible primitive interactions listed in Figure 3 (center).
Again, the agent had no other way of apprehending its
environment than interaction (no traditional “perceptual system”).
This experiment can be seen online2.
An analysis of this experiment based on the criteria listed in
Section 3 leads to the following findings. This agent met the
principle of objective hedonism (a.1) by learning to enact
interactions of higher value, in particular by learning to avoid
bumping into walls. Yet, the agent demonstrated temperance (a.2)
because it learned to enact turn and touch interactions to ensure
safer moves. The agent also demonstrated its capacity to identify
and discriminate between situations (b.1, b.2) by representing the
situation in the form of sequences rather than with the current
feedback received from the environment (a single bit at each
single point in time). The agent showed active perception (b.4) by
adopting the habit of touching ahead before moving forward, and
not moving forward if it touched a wall. This result is original
because nothing initially differentiated perceptive interactions
from motion interaction from the agent’s viewpoint, except their
cost (value). In essence, the agent learned to use cheap
interactions to gain a better representation of the situation to
ensure safer high-value interactions, which grounded the meaning
of the constructed perception in the agent’s activity.
This agent, however, had difficulties when the environment was
not shaped as a linear route but was rather an open space, because
the agent’s sequential mechanism had trouble capturing spatial
regularities. To address this difficulty, we implemented the
experiment reported next.

4.2 Simple open space environment
In the experiment reported in Figure 4, we implemented
interactions that were sensitive to remote properties of the
environment [8]. This implementation was inspired by the visual
system of an archaic arthropod, the limulus (horseshoe crab). In
particular, two notable properties of the limulus were reproduced:
(a) sensitivity to movement: the limulus’s eye responds to

movement, and the limulus has to move to “see” immobile things;
(b) behavioral proclivity toward targets: male limulus move
toward females, based on vision.
To replicate these behaviors, we simply implemented an interface
that sent dynamic visual features to the agent. In this case, the
primitive interactions were generated from the agent’s action in
the environment (move and turn), associated with the dynamic
features resulting from the changes in the agent’s visual field
(target appear, closer, reached, and disappear). The behavioral
proclivity toward targets was implemented by giving positive
values to interactions in which the target appeared or enlarged in
the visual field, and negative values when the target disappeared
from the visual field (Figure 4, center). Note that the agent had no
way to accurately predict when the target would disappear from
its visual field as it moved forward.
This experiment demonstrated hedonist temperance (a.2) and
active vision (b.4). In some instances, the agent learned to move
forward until the target disappeared from its visual field as the
agent passed it (active vision, b.4), then made a U-turn (hedonist
temperance, a.2) and turned to realign itself with the target (in
bold in Figure 4, right). In other instances, the agent learned to
move toward the target in stair steps until it aligned itself with the
target (trail shown in Figure 5). Once learned, an agent instance
kept the same strategy when new targets were introduced in the
board. This demonstrates the principle of individuation (b.5).
Videos of these behaviors are available online3. These behaviors
can also be reproduced in the simulation platform described in
Section 5.
In this experiment, the agent exhibited adaptation to a spatial
environment by simply capturing sequential regularities, but
without capturing spatial regularities. For example, the agent did
not learn the persistence of objects in space: it stopped pursuing a
target in configurations where the target became hidden behind
walls. Additionally, this agent was unable to adapt its behavior to
different objects in the environment, for example, seeking food
when hungry and water when thirsty. Such issues of spatial
regularity learning and object persistence learning constitute a
topic of research that we are currently exploring [9].

2

http://e-ernest.blogspot.com/2010/12/java-ernest-72-invacuum.html
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Primitive interactions
Move forward
Bump wall
Turn 90° right to empty square
Turn 90° right to adjacent wall
Turn 90° left to empty square
Turn 90° left to adjacent wall
Additional value for each eye
Appear
Closer
Reached
Disappear

Values
(>) 0
[>] -8
(v) 0
[v] -5
(^) 0
[^] -5
* 15
+ 10
x 15
o -15

Trace:
1 2(> |+) 3(> |+) 4(> |+) 5(> |+) 6(> |+) 7(> |o) 8(v |*)
9(v*|o) 10(>+| ) 11(^ |*) 12(^o| ) 13(^ |o) 14(^*| ) 15(>o| )
16(>) 17(>) 18(^*| ) 19(vo| ) 20(v) 21(^) 22(>) 23(^*| )
24(^o|*) 25(^ |o) 26(^) 27(v) 28(v |*) 29(^ |o) 30(^) 31(>)
32(^*| ) 33(^o|*) 34(v*|o) 35(>+| ) 36(^o|*) 37(v*|o)
38(>+| ) 39(^ |*) 40(v |o) 41(>o| ) 42(>) 43(^*| ) 44(^o|*)
45(> |+) 46(> |+) 47(> |o) 48(v |*) 49(v*|o) 50(>+| )
51(^ |*) 52(>+|+) 53(v |o) 54(vo| ) 55(v |*) 56(v*| )
57(v |o) 58(^ |*) 59(>+|+) 60(>+|+) 61(>+|+) 62(>x|x)
63(>o|o) 64(v) 65(v) 66(v) 67[v] 68(^) 69[v] 70(v) 71(v)
72(v) 73[v] 74[>] 75(^*| ) 76(^o|*) 77(> |+) 78(> |+)
79(> |+) 80(> |+) 81(> |+) 82(> |o) 83(v |*) 84(v*|o)
85(>+| ) 86(^ |*) 87(>+|+) 88(>x|x) 89(^o|o) ...

Figure 4. Example environment-agnostic agent in an open space environment (adapted from [8]).
Left: The agent in the environment. The agent’s visual system is made of two pixels that can only detect blue cells (targets). Each
pixel covers a 90° span. Center: primitive interactions: move, or turn 90°, plus dynamic features possibly returned by each eye:
appear, closer, reached, disappear. Right: Activity trace. An interaction consists of associating the agent’s action with the signal
sent by the eyes, separated by the symbol “|”. Step 62: the agent finds and “eats” the first target. Step 75: a second target is
inserted in the environment. Steps 77 to 88 (bold) demonstrate the learned behavior: Steps 77-81: the agent goes on a straight
line with the target enlarging in its right eye’s field. Step 82: the target disappears from the agent’s right eye’s field as the agent
passes it. Steps 83-86: the agent makes a U-turn, returns back one step, and turns left towards the target. Step 87: the agent is
aligned with the target and moves forward. Step 88: the agent reaches the target. Once learned, this “strategy” is repeated to
reach other targets that the experimenter randomly introduces in the environment.

5. DESIGN/SIMULATION PLATFORM
Evaluating agnostic agents using the principles and criteria
described in Sections 2 and 3 demands a flexible agent simulation
platform to easily set up and run experiments. Such a platform
should provide the means to parameterize experiments as well as
offer mechanisms to detect patterns of agent behaviors in order to
assess the agent's performance. We decided to use NetLogo [29]

because we find it one of the simplest, most powerful, and most
widely used agent simulation platforms available.
In a typical NetLogo simulation, the world consists of patches, i.e.
components of a grid, and turtles that are agents that “live” and
interact in that world. Modeling complex agents and environments
is greatly facilitated by the fact that each entity participating in the
simulation can carry its own state, stored in a set of system and/or

Proclivity Values

Execution Trace

Initial Conditions

Batch Experiments

Figure 5: The NetLogo implementation of the IMOS agnostic agent. The platform allows the user to easily draw qualitative
results. In the image, the diagonal strategy is shown by the trail left behind by the agent. The user can also set up a series of
experimental runs (batch experiments) to observe the agent’s long-term behavior.
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user defined variables, allowing great flexibility in the simulations
that can be implemented. Moreover, a simulation domain specific
programming language permits implementation of any “sensors”
or “actuators” that the experiment requires. Thus, a large range of
worlds and a variety of agents can be simulated in order to
evaluate design choices and test ideas in agent systems.
The intrinsically motivated schema mechanism [10] was
integrated in NetLogo through an appropriate Java module, that
we called the IMOS extension (Interaction MOtivation System).
Thus, the environment and the interface (as defined in Section 4
and illustrated in Figure 2) are implemented in standard NetLogo,
whereas the agents’ decision/learning mechanism is handled by
the IMOS extension. This architecture facilitates implementation
of an unlimited number of different experimental settings by
simply encoding the agent/environment related models, as well as
effortlessly changing the agent parameters (e.g. proclivity values)
in order to see how these parameters affect the agent’s behavior.
Finally, the NetLogo primitives offer an easy visualization of the
agent's motion in the world (trails) that leads to a clear detection
of patterns of interaction in the agent's behavior (Figure 5).
Although, all the above could be implemented in any
programming language, the simulation Domain Specific
Language (DSL) that NetLogo offers makes the task of encoding
simulation environments including controls, monitors etc., simple.
The implementation of the open space environment described in
Section 4.2 is depicted in figure 5. Through the interface, the user
can change the full set of experimental parameters in order to
investigate their impact on the learned behavior. Such
experimentation can lead to rather interesting observations. For
example, using the platform, we were able to investigate how
proclivity values affect the agent's interaction with the
environment and also to investigate the impact of initial
conditions, i.e. the initial locations of the agent and the target, on
the different “strategies” learned by the agent in order to approach
the target.
In the experiment in Section 4.2, the agent had a rather limited
way of navigating through the environment, simply by moving
between grid positions and turning by 90 degrees each time. In
order to assess the algorithm's robustness and performance in a
higher resolution environment, we simply changed some of the
sensors and effectors (turning angle, cone of vision and movement
capabilities) of the agent in the NetLogo part of the simulation,

with proclivity values and the learning algorithm remaining the
same as in the original experiment. As seen in figure 6, the agent
managed to learn a similar strategy to approach the target,
supporting further the argument regarding the robustness of the
learning algorithm and the approach.
Thus, in more than one respect, NetLogo proved to be an
excellent platform for evaluation and testing of the agnostic agent
approach presented in this paper. The whole experimental
platform, together with the Java library module, is available
online4.

6. CONCLUSION
We propose an approach to designing autonomous agents with
minimal preconception of their environment. We characterize
such agents as environmentally agnostic. This approach focuses
on the notion of sensorimotor patterns of interaction between the
agent and the environment rather than on the usual notions of
perception and action.
The sensorimotor approach allows the implementation of an
interaction-centered motivational mechanism. With this
mechanism, the agent has inborn proclivities to enact
sensorimotor patterns with high values and to avoid sensorimotor
patterns with negative values. To do so, the agent needs to
discover, learn, and exploit regularities of interaction afforded by
the environment, which results in the autonomous construction of
operative knowledge.
The interaction-centered motivational mechanism contrasts with
traditional problem-solving or reinforcement-learning approaches
in that it implements drives rather than goals. We argue that the
fulfillment of drives should be assessed through activity analysis
rather than performance measurement. We propose a list of
developmental principles that should be observed in the agent’s
activity, in particular: objective hedonism, hedonistic temperance,
active perception, and individuation.
Experiments show agents that meet the developmental principles
in rudimentary settings. We provide the algorithm as a NetLogo
extension to demonstrate that the agent’s decisional process is
independent from the environment that the designer chooses to
implement. These experiments constitute an initial investigation
of the principles of environment-agnosticism but the resulting
behaviors are still rudimentary and many issues remain. In
particular, we are now studying how environment-agnostic agents
can learn spatial regularities and knowledge of persistent objects
in the environment.
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ABSTRACT

are several representations with diﬀerent levels of performance. Often, the feature space is built around “interest
points” of the scene. The interest points are obtained with
detectors, then, for each “interest point” a descriptor is computed.
Currently, researchers are beginning to work with reinforcement learning in computer vision. For instance, several
approaches have been proposed in the image segmentation
field [19, 21, 22]. In all these cases, the reinforcement learning has been used to tackle the threshold tuning reaching a
similar performance than the state of the art approaches.
There are also some works in the face recognition problem.
For instance, in [8] the authors proposes to learn the set of
dominant features for each image to recognize the faces using
a reinforcement learning based technique.
In the VOR domain, [13] presents a method using bottomup and top-down strategies joining Reinforcement Learning
and Ordinal Conditional Functions. A similar approach has
been proposed in [6], which joins Reinforcement Learning
with First Order Logic. In [10] and [11], a new method for
extracting image features is presented. It is based on “interest points” detection, and uses reinforcement learning and
aliasing to distinguish the classes. Finally, in [2] the reinforcement learning method is used to select the best classification in a Bag of Features approach. On the contrary
to previous works, in the current work we propose the use
of a reinforcement learning based method to learn the best
descriptor for each image.
One of the most recent and widely used approach for VOR
is Bag of Features (BoF) [4, 5]. Figure 2(lef t) shows an illustration of the BoF architecture. In general, a BoF approach
consists of four steps detailed next. In the first step, feature
extraction is carried out by image feature descriptors. In
[15] the performance of descriptors is analysed. The second
step is the creation of a dictionary using visual words from
a training set; and the third step is the image representation. Both steps are solved with a Vocabulary Tree (VT)

This paper presents a novel method that allows learning the
best feature that describes a given image. It is intended
to be used in object recognition. The proposed approach
is based on the use of a Reinforcement Learning procedure
that selects the best descriptor for every image from a given
set. In order to do this, we introduce a new architecture
joining a Reinforcement Learning technique with a Visual
Object Recognition framework. Furthermore, for the Reinforcement Learning, a new convergence and a new strategy
for the exploration-exploitation trade-oﬀ is proposed. Comparisons show that the performance of the proposed method
improves by about 6.67% with respect to a scheme based
on a single feature descriptor. Improvements in the convergence speed have been also obtained using the proposed
exploration-exploitation trade-oﬀ.

Categories and Subject Descriptors
I.2.11 [Artificial Intelligence]: Distributed Artificial Intelligence—Intelligent agents; I.4.8 [Image Processing and
Computer Vision]: Scene Analysis —Object recognition

General Terms
Algorithms, Performance, Experimentation

Keywords
Reinforcement Learning, Object Recognition, Q-Learning,
Visual Feature Descriptors

1.

BACKGROUND

Usually, in Visual Object Recognition (VOR), the scenes
are represented in feature spaces where the classification
and/or recognition tasks can be done more eﬃciently. There
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(τ :S xA → �) are not known a priori. The optimal policy
is π ∗ = argmaxa� Q(s, a� ), where Q is the evaluation function the agent is learning. Note that since δ and/or τ are
nondeterministic, the environment should be represented in
a nondeterministic way. Hence, we can write the Q in a
nondeterministic environment as follows:

Agent
rt , sz+1

ah

Environment

Qn (sz , ah ) ←− (1 − αn )Qn−1 (sz , ah )+

Figure 1: Scheme of interaction between the agent
and the environment

αn [r + γ max
Qn−1 (sz+1 , a� )],
�
a

[17]. The VT defines a hierarchical tree by k-means clustering. In the algorithm, k defines the branch factor (number of
children of each tree-node) and the process is recursive until
reaching a maximum depth. At any tree level, each cluster
is defined by a dictionary of visual words. The fourth step
is the classification.
The BoF approach does not specify the descriptors and
the classification algorithms. One solution for determining
the descriptors is concatenating all of them, but this solution
introduces noise as well as increase the CPU time. Furthermore, since each image could have diﬀerent characteristics
of color, texture, edges, etc.; images from the same database
could behave diﬀerently when we apply the same descriptor.
This paper proposes a new approach for enhancing the
BoF. The key idea is the introduction of the Reinforcement
Learning technique [20] to learn the best descriptor for each
image. Then, these descriptors are used in a VT scheme,
which is used by a Support Vector Machine (SVM) algorithm for the classification. The reminder of the paper is organized as follows. Section 2 summarizes the Reinforcement
Learning technique. Then, Section 3 presents the proposed
method. Experimental results are provided in Section 4.
Finally, conclusions and future work are given in Section 5.

2.

αn =

1
,
1 + visitsn (sz , ah )

(1)

(2)

where 0 ≤ γ < 1 is a discount factor for future reinforcements. The Eq. (2) is the value αn for a nondeterministic
world and visits is the number of iterations visiting the Qtable at the tuple (sz , ah ) [16].
Since, in this problem is not feasible to update the Qtable using the Eq. (1), because the current state (sz ) is
only aﬀected by the previous visits (first order MDP), the
expression in Eq. (1) is modified by Eq. (3).
Qn (sz , ah ) ←− (1 − αn )Qn−1 (sz , ah )+
αn [r + γ max
Qn−1 (sz , a� )],
�
a

(3)

where 0 ≤ γ < 1 and αn is defined as in Eq. (2).

3.

PROPOSED METHOD

This paper proposes a new method where the agent learns
the best descriptor for each image. Figure 2 shows an illustration of the proposed scheme. The most important elements of the proposed approach are detailed in this section.
First, the elements defining the tuple are introduced. Then,
the proposed convergence strategy is presented. Next, the
exploration-exploitation trade-oﬀ to select the actions is introduced. Finally, the training stage is summarized. Note
the proposed method does not follow a classical RL based
scheme where an action (ah ) and a reward/punishment (rz ),
for a given state, produce a new state. In our case, after applying a given action, the Q-table is updated but it does not
result in a new state, hence a new image is considered. The
diﬀerent stages are detailed next.

REINFORCEMENT LEARNING

Reinforcement learning (RL) is a learning method based
on trial and error, where the agent does not have a prior
knowledge about which is the correct action to take. The
underlying model that RL learns is a Markov Decision Process (MDP). A MDP is defined as a tuple �S, A, δ, τ �, where:
S is the set of states; A is the set of actions; δ is a transition function δ:S xA → S ; and τ is a reward/punishment
function τ :S xA → � .
The agent interacts with the environment and selects an
action. Applying the action (ah ) at state(sz ), the environment gives a new state (sz+1 ) and a reward/punishment (rt )
(see Fig. 1). In order to maximize the expected reward, the
agent selects the best action ah based on the τ (sz , ah ) provided by τ :S xA → �.
Diﬀerent methods have been proposed in the literature
for solving the RL problem: dynamic programming, Monte
Carlo methods, and temporal diﬀerence learning. In the
current work a temporal diﬀerence learning based method
has been selected since it does not require a model and it is
fully incremental [23]. In concrete, our framework is based
on the Q-learning algorithm [25]. In this case, the agent
learns the action policy π:S −→A, where π maps the current
state sz into an optimal action ah to maximize the expected
long term reward.
The Q-learning proposes a strategy to learn an optimal
policy π ∗ , when the δ function (δ:S xA → S ) and τ function

3.1

Tuple definition

The tuple that defines our MDP is �S, A, δ, τ �. The variables of the tuple are:

3.1.1

State definition, S

In our case, the state is a representation of the image.
Many diﬀerent image features can be used as a state. In
our experiments, we convert the color image to grey scale
image. Then, we extract mean, standard deviation and median values from that image (Fig. 3(a)). After that, the process is applied again by splitting the image into four equally
sized squared blocks, and, for each sub-image, we extract
again the mean, standard deviation and median values (as
depicted in Fig. 3(b)). Additionally, the number of corners
(Fig. 3(c)) and the number of blobs (Fig. 3(d)) using the
whole grey scale image (Fig. 3(a)) are extracted. The corners are obtained using a Harris corner detector [9], while
blobs are obtained converting grey scale image to black and
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Figure 2: Illustration of the proposed scheme for image classification using Q-learning
white using OTSU threshold [18] and then, the labelling algorithm (bwlabel) with a connectivity of 8 neighbours [7] is
applied. The result gives a vector of 17 dimensions with the
following shape:
� meanL1 , stdL1 , medianL1 , mean(1,1)L2 , std(1,1)L2 , ... ,
median(2,2)L2 , ncorners, nblobs � .
This state definition is highly discriminative among images. Since the database could contain thousand of images,
the size of the Q-table could be huge. To solve this problem,
we propose a k-means clustering of the vectors and use the
centroid of each cluster as a state (S = {sz }0<z<ncentroids ),
instead of using all the vectors’ components. The size of the
Q-table is determined by the number of clusters.

3.1.2

(a)

(b)

(c)

(d)

Action definition, A

In the current work, the actions A = { ah }0<h<u are descriptors, where u is the size of the descriptor set. In other
words, our agent learns which descriptor gives the best information for each image. Our architecture is flexible and
does not depend on a particular set of descriptors. In the
current work, the descriptors used as actions are based on
gradients, blobs and patterns, although other combinations
could be also used. The four descriptors selected to test the
proposed architecture are as follow:

Figure 3: Illustration of an image of the database.
(a) Original gray level image. (b) Image split up into
four equally sized squared blocks. (c) The corners
detected in the image. (d) The blobs detected in the
image.

• SIFT (Scale-Invariant Feature Transform): finds scale
invariant regions using the magnitude of the gradient
[14].

• PHOW (Pyramid Histogram Of visual Words): is a
variant of dense SIFT descriptors, extracted at multiple scales [3].

• Spin: the descriptor makes a histogram of quantized
pixels locations and intensity values. This descriptor
finds textures [12].

3.1.3 δ function

• SURF (Speeded Up Robust Feature): is based on sums
of 2D Haar wavelet responses and is eﬃciently computed using integral images [1].

The classical Q-learning formulation involves a δ function,
which for a given state (sz ) and an action (ah ), it returns a
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new state (δ : SxA → S).
In our case, given an image from the given data set (Isz ),
the δ function does not give a new state, instead, the output
is a new representation of the image (Is� z ). Also, two different images at the same state (centroid) and applying the
same action, usually, leads to diﬀerent representation (see
the example in Fig. 4). For this reason, the δ function is
nondeterministic.

a nondeterministic function. During the process, we cannot
ensure that two images at the same state (sz ) and doing the
same action (ah ) lead to the same τ (sz , ah ) [16].
For example, in Fig. 4 using the action SIFT over the
three images gives the same reward because the VT correctly
classifies all of them. But, if we repeat the same example
changing the action SIFT by SURF, the first image (Fig.
4(a)) is within the class apple but the VT returns tomato.
For the second image (Fig. 4(c)), the VT hits the class.
Finally, the third image (Fig. 4(e)) is a tomato but the
VT returns apple. Hence, using SURF, for the image (Fig.
4(c)) results in a reward but in the other two images (Fig.
4(a) and Fig. 4(e)) the process gives a punishment. In the
current implementation τ is defined as (+1000) when the
image is correctly classified and (−1000) when it is wrongly
classified.

3.2
(a) apple

Convergence

The theorem “Convergence of Q-learning for nondeterministic Markov decision processes” [16] shows that a nondeterministic MDP converges when there is a bounded reward
(∀(s, a), |r(s, a)| ≤ c and 0 < αn ≤ 1). Eq. (4) is true in the
ith iteration when n −→ ∞ with probability 1.

(b)

∞
�
i

(c) apple

αn (i, s, a) = ∞,

i

[αn (i, s, a)]2 ≤ ∞.

(4)

In our framework, the agent interacts with a nondeterministic environment, so, the convergence is very expensive in
time. For example, in [16] we can see that the Tesauro’s TDGAMMON needs for training 1.5 million of backgammon
games iterations and each of them contains tens of stateaction transitions. As the convergence can last for weeks,
we need some criteria to stop the training. Thus, in the
current work it is proposed to stop the training when the
following criterion is achieved:

(d)

w
�

i=n−w

(e) tomato

∞
�

|Qn+1 (s, a) − Qn (s, a)|i < θ,

(5)

the sliding window provides a restricted convergence. Where,
w is the size of the sliding window and θ is the admitted error.

(f)

Figure 4: (lef t − column) Illustration of three images
from the database. Although these images belong
to diﬀerent classes, their centroid lies in the same
position. Hence, they are classified into the same
cluster. (right − column) The image patches obtained
applying the same action: SIFT.

3.3

Exploration-exploitation trade-off

This section presents the action selection; in general, it is
referred to as exploration-exploitation trade-oﬀ. If the agent
uses only the exploration strategy it could fall into a local
maximum. To avoid this problem, the RL learns some steps
with an exploitation strategy.
An ε-greedy scheme is generally used as an exploitation
strategy. In this paper, we propose a method to compute ε
adaptively. We propose the measurement of the error as the
parameter for switching the strategy. We define the error
as e = f (it), where f is defined as: f (it) = |Qit − Qit−1 |;
and, for each iteration we store this error. The ideal process
reduces the error for each iteration, but sometimes the error
increases (see Fig. 5).
We propose to calculate eit and use this value as a switching indicator: eit − eit−1 > threshold. However, to avoid
switches when the error is a small spike, we propose to consider also the error in the neighborhood of current iteration.

Once δ function is applied the learning process continues
with the classification step. The BoF uses the new representation of the image(Is� z ) to classify the object through the
VT and SVM. Once the object has been classified, the iteration is finished and the process continues through a new
image as a new iteration.

3.1.4

τ function
The agent decides the class of the image. The τ function
returns a reward when the decision of the agent matches the
ground truth, and, when the decision of the agent diﬀers,
the function returns a punishment. The τ function is also
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Figure 5: Behavior of eit , till convergence is reached,
for diﬀerent iterations.
Hence, a sliding windows (w� ) is used as indicated in Eq.
(6). In other words, if the following condition is fulfilled
current strategy is switched to exploitation trade-oﬀ.
�

w
�
i=0

eit−i >

�
w
+1
�

eit−i ,

(6)

i=1

where, like in Eq. (5), w� is the size of the sliding windows
(in the current implementation w� = 5).

3.4

Training

In order to train and test our approach, we have considered an image database and a set of descriptors widely used
in the computer vision literature [1, 3, 12, 14]. The image
database is split up into three sets: vocabulary tree training
set (VTTS), Q-table training set (QTTS), and testing set.
The first training is using the VTTS, a tree is built for
each descriptor (Tah ) using a BoF approach with VT and
SVM [24].
The second training starts initializing the Q-table and
the method is depicted in Fig. 2. Given an image from
QTTS, the agent extracts the state (sz ) and using the Qtable and the exploration-exploitation strategy decides the
action (ah ). The agent extracts the features using the descriptor (ah ) and classifies the image into one class. To
do the classification, we use the pair (Tah , ah ). When the
agent obtains a class, the agent compares this class with the
ground truth and obtains the reward/punishment rt through
τ (sz , ah ). Finally, the agent computes the convergence (Eq.
(5)) and then, the agent updates the Q-table using Eq. (3).

4.

Figure 6: Illustration from ETH database

Given a testing image, the process extracts the state and
selects the action. To select the best action, the process
searches the maximum value in the Q-table for this state.
But sometimes, the Q-table does not have an unique maximum, to solve this problem, we introduce a vector with
weights. The vector of weights is multiplied by the Q-table
to obtain more distance between the actions.
In order to compare the results, we have measured the
performance of each action (Table 1). Firstly, using as an
action always the same descriptor. Secondly, the descriptor
resulting from Q-learning is used. Note that other strategies
could be considered for the comparisons, for instance considering as an action all the descriptors at once. However, this
kind of strategy will introduce noise as well as will increase
the CPU time.
The best result using a single descriptor as an action for
the ETH database is PHOW with a performance of 74.81%.
The proposed Q-learning scheme has been evaluated using

RESULTS

The ETH database has been used to evaluate the proposed approach. Nine classes from that database have been
selected: apple, car, cow, cowcup, cup, dog, horse, pear and
tomato. Figure 6 shows some images of the database.
We have used 45 images per class, which were split into
three sets: 15 images for training VT, 15 images for training
the Q-table and finally, 15 images for testing. We have repeated the experiments fifteen times, using this three image
sets. The process of testing starts when the Q-table achieves
the convergence (Eq. (5), with θ = 0.4 ).
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5.

Table 1: Performance for each action and using the
Q-table (Performance: percentage of success during
the classification)
Action

Performance

Spin
SIFT
SURF
PHOW
Q-learning

60.00%
61.48%
62.96%
74.81%
81.48%

CONCLUSIONS AND FUTURE WORK

In this paper a novel method to learn the best descriptor
for each image in a database has been presented. A new
architecture joining the Reinforcement Learning and Bag
of Features is proposed. Additionally, a new explorationexploitation strategy is introduced. The proposed approach
has been validated using the ETH database. Its performance has been compared with respect to a single descriptor scheme. The best descriptor for the ETH database is
PHOW with 74.81% of performance, while the proposed method reaches 81.48%. Therefore, the results are improved in
almost 7% using the proposed method. Additionally, a strategy for exploration-exploitation is proposed that makes the
convergence faster than using random switches.
Future work will be focused on the exploration of other
state definition, and also, on the increase of the set of descriptors (e.g., H-mat, GIST, Centrist, etc. are some of the
descriptors to be considered). The proposed method will be
tested with databases containing diﬀerent backgrounds. Finally, the possibility of selecting the actions without random
values will be studied.
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7.

Figure 7: Confusion matrix with ε = 0.5 explorationexploitation strategy; it achieves a performance of
81.48%
two diﬀerent exploration-exploitation strategies. Firstly, an
exploration-exploitation trade-oﬀ with ε = 0.5 has been
used. It reaches a performance of 81.48%. The value ε
has been set empirically; actually, other values have been
tested (e.g., 0.2) reaching the similar results but increasing
the number of iterations and consequently the CPU time.
Figure 7 shows the confusion matrix.
The second experiment was done with the explorationexploitation strategy presented in Section 3.3; in this case
we also reach the same performance (81.48%). However, it
should be noticed that the proposed approach converges in
less iterations as depicted in Table 2, which shows the number of iterations needed for each exploration-exploitation
strategy. The usual strategy needs more than 40.000 iterations to arrive at the same convergence state.
Table 2: Number of iterations for each strategy using θ = 0.4
Strategy

Number of iterations

ε = 0.5
History of the error

168.419
127.710
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ABSTRACT

internal knowledge representation from the source task, which is
too strong an assumption to make in teaching.
Another related area is learning from experts [4, 12], where agents
may imitate experts or ask for their advice. This setting puts the student in charge of the process; our work gives more control to the
teacher, because the teacher is the agent with more initial knowledge. Our setting also focuses on non-expert teachers whose knowledge may not be complete.
We introduce a family of teaching methods and conduct a set
of experiments to evaluate and compare them. Experiments take
place in both discrete and continuous tasks, and with varying levels
of teacher expertise.
Empirical results from this study highlight a number of insights
into inter-agent teaching. First, teachers can make better decisions
about when to give advice if they are able to judge their own confidence in their knowledge. Second, teachers can also make better
decisions if they are able to ask about the student’s confidence and
compare it to their own. Third, there are multiple factors that affect the relative performance of different teaching algorithms: the
domain, the teacher’s level of expertise, and even the student’s exploration strategy.
The primary contributions of this paper are to suggest effective
algorithms for teaching, to highlight interesting empirical observations, and to provide an open-source framework for evaluating
teaching methods. Our hope is that this paper enables and inspires
the agents community to develop further methods by which agents
can teach other agents.

Research on agents has led to the development of algorithms for
learning from experience, accepting guidance from humans, and
imitating experts. This paper explores a new direction for agents:
the ability to teach other agents. In particular, we focus on situations where the teacher has limited expertise and instructs the
student through action advice. The paper proposes and evaluates
several teaching algorithms based on providing advice at a gradually decreasing rate. A crucial component of these algorithms is
the ability of an agent to estimate its confidence in a state. We also
contribute a student/teacher framework for implementing teaching
strategies, which we hope will spur additional development in this
relatively unexplored area.

Categories and Subject Descriptors
I.2.6 [Learning]: Miscellaneous

General Terms
Algorithms, Performance

Keywords
Reinforcement Learning, Inter-agent teaching, Transfer Learning

1. INTRODUCTION
Agents are becoming increasingly common in industry, education, and domestic environments. Significant advances have been
made in autonomous learning and learning with human guidance.
However, less attention has been paid to the question of how agents
could best teach each other. For instance, an existing robot in a factory should be able to instruct a newly arriving robot, even if it is
from a different manufacturer, has a different knowledge representation, or is not optimal itself.
This paper investigates a variety of teaching methods in sequential decision tasks. In particular, we consider a reinforcement learning student that must learn from autonomous exploration of the environment under the guidance of another agent. In order to minimize inter-operability requirements, the teacher and student are
presumed not to know each others’ internal workings; teachers can
only help students by suggesting actions. Furthermore, the teacher
may have limited expertise in the student’s task, so it should be
careful not to over-advise the student. The primary question we
address is: how should the teacher decide when to give advice?
The teaching context is related to the more well-studied problem
of transfer learning [16, 17, 18], in which an agent uses knowledge
from a source task to aid its learning in a target task. However,
transfer algorithms often assume that agents can directly access the

2.

BACKGROUND AND RELATED WORK

This section provides a summary of important background information, and a survey of existing work in relevant areas.

2.1

Reinforcement Learning

This paper focuses on reinforcement learning (RL), a popular
formulation for sequential decision tasks [7, 14]. RL tasks are typically framed as Markov decision processes (MDPs) and defined by
the 4-tuple of state set, action set, transition function, and reward
function: {S, A, T, R}. A learner chooses which action to take in a
state via a policy, π : S �→ A, which is modified over time. A better policy gives the learner better performance, which is defined as
the expected (discounted) total reward. To learn an optimal policy,
agents need to balance exploration and exploitation.
Many RL algorithms are based on building an action-value function, Q : S × A �→ R, which maps state-action pairs to their expected return. In large or continuous state spaces, agents typically
factor the state into features: s = �x1 , x2 , . . . , xn �. In such cases,
RL methods typically use function approximation to represent the
Q-function, which produces state space abstraction.
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2.2 Humans Teaching Agents

3.

Some methods for humans teaching agents are relevant to the
current work. For instance, Learning from Demonstration (LfD) [2]
includes a broad category of work that focuses on agents learning to mimic a human demonstrator. Much of the existing LfD
research focuses on compensating for variance/errors in actions
demonstrated by humans and determining where the estimate of
the human action is accurate. LfD methods are naturally centered
on the student, whereas the current work centers on a (non-human)
teacher.
Inverse reinforcement learning [1] is another increasingly popular paradigm. In this setting, an agent must act in an MDP without
a reward signal. The agent observes a human, tries to infer the human’s reward function, and then maximizes this function. In contrast, in this work we assume the MDP does have a reward signal,
and we do not assume that the student will do best by imitating the
teacher.
There is a wide range of other work on providing human help
to an agent, such as giving high-level programmatic advice [10].
These methods may inform future work with agent teachers, but
they would require teachers and students to be able to communicate
more than just immediate action advice.

Our goal in this paper is to explore ways that agent teachers can
help agent students to learn sequential decision tasks. A core assumption is that agents cannot necessarily understand each others’
internal workings and thus are limited to teaching via communication, rather than other forms of knowledge transfer (e.g., directly
copying a Q-function). This, of course, is the case when humans
teach each other as well.
Humans often teach skills by guiding students’ actions completely at first, then reducing guidance gradually as students become more capable. We propose a similar approach for agent teachers, and we begin by applying Probabilistic Policy Reuse [5, 6].
PPR allows an agent to learn a task faster by taking advantage
of an existing policy. The PPR method, described in Algorithm 1,
changes only the action selection step of the learning process. With
probability ψ, the agent exploits an old policy; the rest of the time,
it uses normal �-greedy action selection. The value of ψ decays
over time according to a decay rate v so that the agent makes less
use of old policies as it improves its own.

2.3 Agents Teaching Agents
In transfer learning (TL), an agent uses knowledge from a source
task to aid its learning in a target task [16, 17, 18]. Often, the agent
is allowed to copy source-task knowledge directly, and then continues to learn from that starting point. In contrast, this work assumes that a student agent cannot directly transfer all knowledge
completely and immediately from its teacher, because their internal knowledge representations are not known a priori, or are even
incompatible.
Probabilistic policy reuse (PPR) is a TL technique in which the
agent uses a transferred policy with probability ψ, explores with
probability �, and exploits the current policy with probability 1 −
ψ − � [5, 6]. By decaying ψ over time, the agent can initially
leverage transferred knowledge, and then learn to improve upon it.
The PPR framework will be used later in this paper for balancing
the need to exploit the teacher’s knowledge with the need for the
student to learn autonomously.
Ask For Help is a method for agents to learn from other expert
agents [3, 4]. In this system, an agent asks for advice when its
confidence in a state is low. Our work builds upon the idea of making decisions based upon confidence in a state, but we consider the
teacher’s confidence as well as the student’s. Another difference is
that we have the teacher make the advice decisions, since it is more
knowledgeable than the student.
Experience replay [9] has been successfully used to share recorded
experiences between agents in Q-Learning and in batch reinforcement settings [8], but it requires the teacher to store experience
samples, and the student must have an identical state representation. Tan [15] extends this idea, allowing agents to share episodes
and entire policies, but is also restricted to Q-learning agents with
identical representations.
Learning by watching [19] is another example of experience sharing, improved upon by imitation learning, which allows agents to
have different action sets but still requires them to have the same
state representation [12].
Others, including Nunes and Oliveira [11], have considered groups
of agents simultaneously learning in a single environment, where
agents share experience among themselves. In contrast, this work
focuses on teaching rather than cooperative learning.
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METHODS

Method 1 Probabilistic Policy Reuse: learning a new policy with
assistance from an old policy
1: Load old policy πold
2: Initialize new policy πnew
3: Set ψ = 1
4: for each training episode do
5:
for each state s do
6:
if random(0,1) < ψ then
7:
Take action πold (s)
8:
else if random(0,1) < � then
9:
Take a random action
10:
else
11:
Take action πnew (s)
12:
end if
13:
Update policy
14:
end for
15:
Decay ψ = ψv
16: end for
PPR has some good characteristics for teaching. It allows a
teacher to give advice frequently at first and less frequently over
time. However, recall another core assumption we make: teachers do not always have complete expertise. They may have more
knowledge in some states than others and could even have some
incorrect knowledge. This can also be true in human teaching as
well, though we may be less likely to admit it.
For a teacher with limited expertise, PPR may not be the optimal teaching algorithm. A PPR teacher provides action advice
with a global probability ψ that is uniform across all states. If the
teacher is more confident in some states than others, it makes more
sense for advice probabilities to be higher in some states than others. We therefore propose several new algorithms that use teacher
confidence to make advice probabilities state-specific.
We will consider the student’s confidence eventually as well.
However, we focus first on the teacher’s confidence, because of
the issue of limited expertise.

3.1

Measuring Confidence

To support these new algorithms, we need a way to estimate an
agent’s confidence in a state. A common approach to this problem is Q-value interval estimation, where confidence is measured
by the difference between the highest and lowest Q-values in a
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Average Confidence

A state-specific advice probability should have several general
properties. First, it should decay over time. Second, it should be
higher in states where the teacher is more confident. Third, teachers
with lower confidence levels should give less advice overall than
teachers with higher confidence levels. Fourth, for high-performing
teachers, the state-specific probabilities should all start to converge
to ψ.
Note that we calculate an advice probability in each state, not
just a binary decision on whether or not to give advice. This allows
the teacher to smoothly decrease its guidance over time, and cleanly
integrates with the PPR framework.
We propose three algorithms that meet these specifications in
different ways. In a state s, a teacher must compute a probability
of giving advice p(s). Let ct (s) represent the teacher’s confidence
in that state.
Our first algorithm computes:
�
0 if ct (s) < 1
p(s) =
ψ if ct (s) ≥ 1

Update Counting
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Figure 1: This graph shows how an agent’s average confidence
per state changes while learning to navigate a maze, using two
different confidence measures.

We label this algorithm conditional-PPR, since its advice is conditional upon having at least some confidence. We use the threshold
ct (s) = 1 as the confidence cutoff in order to draw the line clearly
between no knowledge and some knowledge. This approach provides a simple but logical alternative to PPR that allows a teacher
to avoid giving advice in unfamiliar states. For a teacher who is
confident in all states, this algorithm becomes equivalent to regular
PPR.
Our second algorithm computes:
�
0
if ct (s) < 1
p(s) =
ct (s)+f
ψ max(c
if ct (s) ≥ 1
t )+f

state [4]. However, the interval-estimation measure produces counterintuitive results in some domains.
For example, consider an agent learning to navigate a maze. The
agent gains confidence as it first discovers paths to the goal state,
but after a while it begins to lose confidence, as shown in Figure 1.
This is because maze states are highly connected — the true Qvalues of actions in these states are not very different. Interval estimation is therefore not a stable confidence measure for maze-like
domains. Since such domains are used in our experiments, we do
not use interval estimation.
Instead, we introduce visit counting, an approach that measures
confidence in terms of the number of times an agent has visited
a state. It is easily implemented in discrete settings by keeping a
table of state visit-counts. When an agent visits a state s, it increments the visit-count v(s), and its confidence in that state is v(s).
However, the visit-counting approach is also adaptable to continuous settings. For instance, when using tile-coding, we can use
tile visit-counts, rather than state visit-counts. When an agent visits a state with active tiles �t1 , t2 , . . . , tn �, it increments the tile
visit-counts
v(t1 ), v(t2 ), ..., v(tn ), and its confidence in that state
�
is i v(ti )/n.
However, we note that visiting a state does not always give an
agent more knowledge about it. It seems clear that knowledge is
gained only if the agent makes a non-zero Q-value update. It may
be possible to be even more restrictive than this, depending on the
domain and the learning algorithm. If small negative rewards are
received at each step by default, true knowledge gains may be represented only by positive Q-value updates. Or, if an agent uses optimistic Q-value initialization, knowledge gains may be represented
only by negative Q-value updates.
We therefore suggest a metric that we label update counting, in
which confidence is measured by the number of times an agent has
made a non-trivial Q-value update in a state. The definition of “nontrivial” is necessarily domain-dependent and agent-dependent. Update counts extend to continuous settings with tile coding the same
way that visit-counts do. This measure has more intuitive behavior
than interval estimation, as Figure 1 shows.

Here max(ct ) represents the maximum confidence level the teacher
has experienced in any state during its training.
We label this algorithm proportional-PPR, since its advice probability is proportional to confidence. In states with higher confidence, it gives advice with a higher probability, up to a maximum
of ψ. This approach allows the teacher to scale its level of guidance
more precisely in different states.
The floor parameter f ≥ 0 can be used to shrink the range of
probabilities this function produces. As f increases, the minimum
advice probability for states with non-zero confidence rises. In the
limit, this algorithm becomes equivalent to conditional-PPR.
Our third algorithm computes:
�
0 �
� if ct (s) < 1
p(s) =
s (s)
min 1 − ctc(s)+d
,ψ
if ct (s) ≥ 1
Here cs (s) represents the student’s confidence in state s.
We label this algorithm relative-PPR, since its advice probability depends on the relationship between the student’s confidence
and the teacher’s confidence. In states where the teacher has much
higher confidence than the student, it gives advice with a higher
probability, up to a maximum of ψ. As the student’s confidence
in a state grows, the advice probability decreases, and eventually it
stops altogether.
The delay parameter d ≥ 0 can be used to slow down this process. As d increases, teachers require students to reach higher levels of confidence before they stop giving advice. In the limit, this
algorithm also becomes equivalent to conditional-PPR.
This approach combines the probability concepts of PPR, the
confidence concepts of Ask-For-Help, and the additional concept of
comparing student and teacher confidence. Of our three algorithms,
it determines advice probabilities in the most sophisticated way.

3.2 State-Specific Probabilities
We now describe several new teaching algorithms that extend
PPR for use with non-expert teachers. These algorithms all make
use of a global probability ψ, but they also use confidence measures
to compute state-specific advice probabilities.

43

XXXXXXXXXXXXXXXXXXXX
X XXX X
X X
XX X X X X X X X X
X
XXX
X
X
XXX
X
X XXX
X X
X X
X
X
X XX X
X XX
X X
X
X
XX X X
X X
XX
X
X
X X
X
X XXXX
XX
XX
X
X X XX
X
X
X
XXXXX
XX X
XX XX X XX
XX
XXXX
X
X X XX XX XX
X
X XXX
XXXX X
X X
X
X
XXX
X
XXOOO @X
XXXXXXXXXXXXXXXXXXXX

Mountain Car

mountain height

XXXXXXXXXXXXXXXXXXXX
X XXX X
X X
XX X X X X X X X X
X
XXX
X
X
XXX
X
X XXX
X X
X X
X
X
X XX X
X XX
X X
X
X
XX X X
X X
XX
X
X
X X
X
X XXXX
XX
XX
X
X X XX
X
X
X
XXXXX
XX X
XX XX X XX
XX
XXXX
X
X X XX XX XX
X
X XXX
XXXX X
X X
X
X
XXX
X
XX
@X
XXXXXXXXXXXXXXXXXXXX

1
0.8
0.6
0.4
0.2
0
-0.2
Start
-0.4
-0.6
-0.8
-1
-1.2 -1 -0.8 -0.6 -0.4 -0.2
x

Goal

0

0.2 0.4 0.6

Figure 3: This figure shows the traditional mountain car environment, where x is the agent’s location.

Figure 2: This figure shows the maze world (left) and the cliff
world (right). Wall cells are labeled X, cliff cells are labeled O,
and the @ is the goal cell.

To produce teachers with limited expertise, we do not allow them
to train until their policies converge. Instead, we train teachers for
only 10, 20, or 30 episodes. In all the domains, we allow teacher
episodes to be as long as necessary for the teacher to reach a goal
state. Otherwise, two teachers who have trained for 10 episodes
could have very different confidence levels, which would be a large
source of unnecessary variability in the experiments.
Each teacher then gives advice to students using the four teaching algorithms we have discussed: regular PPR, conditional-PPR,
proportional-PPR, and relative-PPR. We use the update-count metric for estimating confidence. For the maze and cliff worlds, we
use state visit-counts that are incremented when a visit to a state
produces a non-zero Q-value update. For mountain car, we use tile
visit-counts that are incremented when a visit to a state produces a
positive Q-value update.
Each teaching algorithm also has parameters that must be set.
They all share the decay-rate parameter v; proportional-PPR also
has the floor parameter f and relative-PPR has the delay parameter d. Since appropriate values for these parameters are domaindependent, we determine a set of 3 reasonable choices for each
parameter in each domain and select the best of those settings.
To produce smooth learning curves for the students, we average
the performance of 100 students for each experiment. To lend perspective to the student learning curves, we also show curves for independent agents and direct-transfer agents. Independent agents
learn without a teacher, and should therefore learn more slowly
than any student. Direct-transfer agents copy the teacher’s entire
Q-function, and should therefore learn more quickly than all other
students. In fact, because they have direct access to their teacher’s
brains, direct-transfer agents should represent a bound for student
performance.
To compare the algorithms quantitatively as well as visually, we
compute areas under learning curves and perform paired t-tests to
check for significant differences between algorithms.

4. EVALUATION
To evaluate and compare these teaching algorithms, we perform
teaching experiments in three domains: maze world, cliff world,
and mountain car. The goal in all of these domains is to complete
episodes using a minimum number of steps.
Our maze world comes from the Ask-For-Help work [4]. It is a
20x20 grid in which each open cell is a different state, and the agent
starts in a random state. Actions corresponding to the four cardinal
directions allow the agent to move between cells. The reward function is 0 for every transition except one in which the agent enters
the goal cell. Reaching the goal ends the episode, and there is no
limit to the number of steps an agent can take.
Our cliff world is identical to the maze world, except that it contains cells that represent pits, arranged in a row like a cliff. If an
agent enters a cliff cell, it gets reset back to its starting position.
Figure 2 shows an illustration of the maze and cliff environments.
Mountain Car is a benchmark RL task, commonly used to test
algorithms in a simple continuous state task [13]. The car starts
near the bottom of the hill with zero velocity, and must drive to the
top of the hill. However, its motor is underpowered, so the car must
build up enough energy to reach the goal by moving back and forth.
Figure 3 shows an illustration of this environment.
States in this domain are described by two continuous features:
the car’s position and velocity. The agent has three actions: accelerate in the +x direction, accelerate in the -x direction, or do not
accelerate at all. The transition function is a simple physics simulation involving position, velocity, acceleration, and gravity. The
car is given a reward of -1 at every step until it reaches the goal location. Reaching the goal ends the episode, but there is also a limit
of 1000 steps per episode.
We train agents in these worlds with learning algorithms that
are appropriate to their setting. In the maze world, we use simple
tabular Q-learning. In the cliff world, we use tabular Sarsa, since
the Sarsa variant of Q-learning is better for handling state spaces
where exploration can be extremly costly [14]. In mountain car, we
use Sarsa(λ) with 16 tile codings to handle the continuous features.
In each learning algorithm, we use default parameters for these
domains that produce reasonable learning curves for independent
agents. For the maze and cliff, these are α = 0.15, � = 0.05,
and γ = 0.99. For mountain car, they are α = 0.25, � = 0.05,
γ = 1.0, and λ = 0.25.

4.1

Maze World Results

Figures 4, 5, and 6 show how students learn from teachers with
varying levels of expertise in the maze world. As expected, teachers
with more training are more helpful to their students. However, the
PPR algorithm provides some benefits to students at all levels of
training, and our state-specific versions produce similar results.
At the lowest training level, regular PPR is more beneficial than
the rest, and this difference is statistically significant. This result
is surprising, since it means that giving advice in unfamiliar maze
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Figure 6: Maze world performance of students whose teachers
had 10 episodes of training
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Figure 4: Maze world performance of students whose teachers
had 30 episodes of training
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Table 1: Best parameter settings in the maze world
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be preferable in this domain simply for their advice efficiency.
The maze world contains no critical decision points; there is
no state in which a particular action is crucial to take or avoid.
Teachers can therefore give some non-optimal advice in this domain without causing harm. This is the reason that regular PPR
performs comparably to state-specific versions in the maze world.
Our next experiments in the cliff world will tell a different story.
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Figure 5: Maze world performance of students whose teachers
had 20 episodes of training

states is somehow helpful. Further inspection reveals that advice
in these states is random, and thus equivalent to exploration. This
changes the student’s exploration rate from constant � to something
correlated with decaying ψ. If we let all the students use � = ψ,
the difference between regular PPR and the other approaches disappears. This indicates that the student’s exploration rate can have
a significant impact on the effectiveness of a teaching algorithm.
We find that reasonable parameter settings in the maze world are
v ∈ {0.9, 0.99, 0.999}, f ∈ {10, 100, 1000}, and d ∈ {0, 10, 100}.
Table 1 shows the best settings for each algorithm. Note that the
floor parameters for proportional-PPR tend to be the higher ones,
which makes that approach comparable to conditional-PPR. This
means a teacher in the maze world does best using even small
amounts of knowledge to their fullest degree. The delay rate d
for relative-PPR is not particularly important; all the choices produce similar results. This means relative-PPR is not very sensitive
to parameter selection in this domain.
One other important difference between the teaching algorithms
in the maze world is the amount of advice they provide to students.
Table 2 shows the average number of times each algorithm gives
advice while training the students. The state-specific approaches
give drastically less advice than regular PPR. They may therefore
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Cliff World Results

Figures 7, 8, and 9 show how students learn from teachers with
varying levels of expertise in the cliff world. In these experiments,
all of the state-specific algorithms are more beneficial than regular
PPR, and these differences are statistically significant.
The reason for this change is that cliffs make it dangerous to give
advice in unfamiliar states, as is done by regular PPR. States near
cliffs are critical decision points. Some teachers become familiar
with the states near the cliff during their limited training, but others
do not. Our algorithms allow only the confident teachers to give
advice in those states. The more critical decision points are in a
domain, the more superior state-specific approaches should be for
teachers with limited expertise.
Reasonable parameter settings in the cliff world are the same
as in the maze world. Table 3 shows the best settings for each
algorithm. The amounts of advice given by teachers in the cliff
world are shown in Table 4. As in the maze world, the state-specific
approaches give drastically less advice than regular PPR.

PPR
conditional-PPR
proportional-PPR
relative-PPR

Training = 30
55,728
1,275
2,496
592

Training = 20
112,505
2,025
1,121
353

Training = 10
209,512
617
623
225

Table 2: Amounts of advice given by teachers while training
the students in the maze world
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Figure 9: Cliff world performance of students whose teachers
had 10 episodes of training
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Figure 7: Cliff world performance of students whose teachers
had 30 episodes of training
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Table 3: Best parameter settings in the cliff world
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We find that reasonable parameter settings in mountain car are
v ∈ {0.99, 0.97, 0.95}, f ∈ {100, 1000, 10000}, and finally d ∈
{10, 100, 1000}. Table 5 shows the best settings for each algorithm. Note that the parameters for relative-PPR are more important in this domain; the performance of the approach varies more
than it does in the maze and cliff worlds.
The amounts of advice given by teachers in mountain car are
shown in Table 6. The state-specific approaches use only slightly
less advice than regular PPR. Since teachers tend to have at least
some confidence in nearly all states, they give substantially more
advice.
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Figure 8: Cliff world performance of students whose teachers
had 20 episodes of training

4.3 Mountain Car Results

5.

Figures 10, 11, and 12 show how students learn from teachers
with varying levels of expertise in mountain car. In these experiments, conditional-PPR and proportional-PPR produce similar results to regular PPR. However, relative-PPR is more beneficial, and
these differences are statistically significant.
These results can be best understood by looking at the confidence mechanics in mountain car. Since it is a tile-coding domain,
update counts are assigned to tiles rather than states, and an agent’s
confidence in a state is the average update-count of the state’s active tiles. One effect of spreading confidence across tiles is that
confidence tends to grow quickly throughout the state space. Unseen states can still receive confidence if their component tiles have
been seen (due to visiting nearby states). It does not take long for
an agent to have at least some confidence in nearly all states.
In this situation, conditional-PPR and proportional-PPR should
approach equivalency with regular PPR, and their performance reflects this. Relative-PPR is better equipped to handle these confidence mechanics, because it takes both teacher and student confidence into account. It backs off quickly in states where the student
gains confidence quickly, but keeps giving advice in the less common states.

The literature on learning agents naturally focuses on algorithms
that agents can use to learn. This paper contributes an initial study
of algorithms that agents can use to teach. It focuses on agents
teaching other agents in sequential decision tasks. We assume a
broadly applicable setting, in which teachers and students interact
through action advice and in which teachers have limited expertise.
This paper contributes a family of teaching methods for advising
students. The algorithms are based on Probabilistic Policy Reuse,
but they use the concept of agent confidence to make advice probabilities state-specific. Empirical results show that state-specific
methods, particularly one that takes both teacher and student confidence levels into account, are effective in the teaching setting.

FUTURE WORK AND CONCLUSIONS

PPR
conditional-PPR
proportional-PPR
relative-PPR

Training = 30
53,509
1,562
3,060
728

Training = 20
30,489
2,547
2,527
1,255

Training = 10
114,102
962
1,664
416

Table 4: Amounts of advice given by teachers while training
the students in the cliff world
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There are many potential directions for future work in this area.
Teachers could explicitly reason about the expense of communication versus the expected gain, which would be appropriate in domains where communication has a non-zero cost. Teachers could
use student experience to adjust their confidence levels. There
could also be multiple teachers, with different areas of expertise,
that must coordinate with each other.
Students could also be given more active roles than they currently have in this work. For instance, a student could estimate its
teacher’s performance and decide whether or not to use the advice
it receives in a certain area of the state space, or select which advice
to follow when multiple teachers are present.
Finally, algorithms that allow agents to teach each other may also
inform strategies for agents to teach humans. Agents could make
particularly patient teachers, and using some of the ideas in this paper, they could also be responsive to student learning. For instance,
an agent teacher could attempt to estimate a human’s confidence
through visit counts, reaction times, and other non-verbal cues, and
then use this estimate to decide whether to provide advice.
We hope that this paper encourages others to continue studying
inter-agent teaching, as well as providing a set of algorithms and
results to serve as benchmarks.
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ABSTRACT

Recent work has justified the use of these methods in
multi-agent reinforcement learning and so now our interest
shifts towards how to encode knowledge commonly available. Previous research, again from the single-agent literature, translated knowledge encoded as STRIPS operators
into a potential function for reward shaping [12]. In this
paper we will discuss our attempts to use this approach in
MAS with either coordinated plans made together or greedy
plans made individually. Both are beneficial to agents but
the former more so. However, planning together will not always be possible in practice and, therefore, we also present
a subsequent investigation into how to overcome conflicted
knowledge in individual plans.
The next section begins by introducing the relevant background material and existing work in multi-agent reinforcement learning, reward shaping and planning. Section 3 goes
on then to describe our novel combination of these tools.
The bulk of experimentation and analysis is in Sections 4,
5 and 6. Finally, in the closing section we conclude with
remarks on the outcomes of this study and relevant future
directions.

Recent theoretical results have justified the use of potentialbased reward shaping as a way to improve the performance
of multi-agent reinforcement learning (MARL). However,
the question remains of how to generate a useful potential
function.
Previous research demonstrated the use of STRIPS operator knowledge to automatically generate a potential function
for single-agent reinforcement learning. Following up on this
work, we investigate the use of STRIPS planning knowledge
in the context of MARL.
Our results show that a potential function based on joint
or individual plan knowledge can significantly improve MARL performance compared with no shaping. In addition, we
investigate the limitations of individual plan knowledge as a
source of reward shaping in cases where the combination of
individual agent plans causes conflict.

Categories and Subject Descriptors
I.2.6 [Artificial Intelligence]: Learning; I.2.11 [Artificial
Intelligence]: Distributed Artificial Intelligence—Multiagent Systems

2.

BACKGROUND

General Terms

In this section we introduce all relevant existing work upon
which this investigation is based.

Experimentation

2.1

Keywords

Reinforcement learning is a paradigm which allows agents
to learn by reward and punishment from interactions with
the environment [25]. The numeric feedback received from
the environment is used to improve the agent’s actions. The
majority of work in the area of reinforcement learning applies a Markov Decision Process (MDP) as a mathematical
model [19].
An MDP is a tuple �S, A, T, R�, where S is the state space,
A is the action space, T (s, a, s� ) = P r(s� |s, a) is the probability that action a in state s will lead to state s� , and
R(s, a, s� ) is the immediate reward r received when action
a taken in state s results in a transition to state s� . The
problem of solving an MDP is to find a policy (i.e., mapping
from states to actions) which maximises the accumulated
reward. When the environment dynamics (transition probabilities and reward function) are available, this task can be
solved using dynamic programming [3].
When the environment dynamics are not available, as with
most real problem domains, dynamic programming cannot
be used. However, the concept of an iterative approach remains the backbone of the majority of reinforcement learn-

Reinforcement Learning, Reward Shaping

1.

INTRODUCTION

Using reinforcement learning agents in multi-agent systems (MAS) is often considered impractical due to an exponential increase in the state space with each additional
agent. Whilst assuming other agents’ actions to be part of
the environment can save from having to calculate the value
of all joint-policies, the time taken to learn a suitable policy can become impractical as the environment now appears
stochastic.
One method, explored extensively in the single-agent literature, to reduce the time to convergence is reward shaping.
Reward shaping is the process of providing prior knowledge
to an agent through additional rewards. These rewards help
direct an agent’s exploration, minimising the number of suboptimal steps it takes and so directing it towards the optimal
policy quicker.
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ing algorithms. These algorithms apply so called temporaldiﬀerence updates to propagate information about values of
states, V (s), or state-action pairs, Q(s, a) [24]. These updates are based on the diﬀerence of the two temporally different estimates of a particular state or state-action value.
The SARSA algorithm is such a method [25]. After each
real transition, (s, a) → (s� , r), in the environment, it updates state-action values by the formula:
Q(s, a) ← Q(s, a) + α[r + γQ(s� , a� ) − Q(s, a)]

edge. The assumption is that the developer has no knowledge of how the agent(s) should behave. However, more
often than not, this is not the case. As a group we are interested in knowledge-based reinforcement learning, an area
where this assumption is removed and informed agents can
benefit from prior knowledge. One common method of imparting knowledge to a reinforcement learning agent is reward shaping, a topic we will discuss in more detail in the
next subsection.

(1)

2.2

where α is the rate of learning and γ is the discount factor.
It modifies the value of taking action a in state s, when
after executing this action the environment returned reward
r, moved to a new state s� , and action a� was chosen in state
s� .
It is important whilst learning in an environment to balance exploration of new state-action pairs with exploitation
of those which are already known to receive high rewards. A
common method of doing so is �−greedy. When using this
method the agent explores, with probability �, by choosing a
random action or exploits its current knowledge, with probability 1 − �, by choosing the highest value action for the
current state [25].
Temporal-diﬀerence algorithms, such as SARSA, only update the single latest state-action pair. In environments
where rewards are sparse, many episodes may be required for
the true value of a policy to propagate suﬃciently. To speed
up this process, a method known as eligibility traces keeps a
record of previous state-action pairs that have occurred and
are therefore eligible for update when a reward is received.
The eligibility of the latest state-action pair is set to 1 and all
other state-action pairs’ eligibility is multiplied by λ (where
λ ≤ 1). When an action is completed all state-action pairs
are updated by the temporal diﬀerence multiplied by their
eligibility and so Q-values propagate quicker [25].
Applications of reinforcement learning to MAS typically
take one of two approaches; multiple individual learners or
joint action learners [4]. The latter is a group of multiagent specific algorithms designed to consider the existence
of other agents. The former is the deployment of multiple
agents each using a single-agent reinforcement learning algorithm.
Multiple individual learners assume any other agents to
be a part of the environment and so, as the others simultaneously learn, the environment appears to be dynamic as
the probability of transition when taking action a in state
s changes over time. To overcome the appearance of a
dynamic environment, joint action learners were developed
that extend their value function to consider for each state the
value of each possible combination of actions by all agents.
Learning by joint action, however, breaks a common fundamental concept of MAS. Specifically, each agent in a MAS
is self-motivated and so may not consent to the broadcasting
of their action choices as required by joint action learners.
Furthermore, the consideration of the joint action causes an
exponential increase in the number of values that must be
calculated with each additional agent added to the system.
For these reasons, this work will focus on multiple individual learners and not joint action learners. However, it is
expected that the application of these approaches to joint
action learners would have similar benefits.
Typically, reinforcement learning agents, whether alone or
sharing an environment, are deployed with no prior knowl-

Multi-Agent and Plan-Based Reward
Shaping

The idea of reward shaping is to provide an additional reward representative of prior knowledge to reduce the number
of suboptimal actions made and so reduce the time needed
to learn [17, 20]. This concept can be represented by the
following formula for the SARSA algorithm:
Q(s, a) ← Q(s, a) + α[r + F (s, s� ) + γQ(s� , a� ) − Q(s, a)] (2)

where F (s, s� ) is the general form of any state-based shaping
reward.
Even though reward shaping has been powerful in many
experiments it quickly became apparent that, when used
improperly, it can change the optimal policy [20]. To deal
with such problems, potential-based reward shaping was
proposed [17] as the diﬀerence of some potential function
Φ defined over a source s and a destination state s� :
F (s, s� ) = γΦ(s� ) − Φ(s)

(3)

where γ must be the same discount factor as used in the
agent’s update rule (see Equation 1).
Ng et al. [17] proved that potential-based reward shaping,
defined according to Equation 3, does not alter the optimal
policy of a single agent in both infinite- and finite- state
MDPs.
However, in multi-agent reinforcement learning the goal
is no longer the single agent’s optimal policy. Instead some
compromise must be made and so agents are typically designed instead to learn a Nash equilibrium [16, 22]. For
such problem domains, it has been proven that the Nash
equilibria of a MAS are not altered by any number of agents
receiving additional rewards provided they are of the form
given in Equation 3 [8].
Recent theoretical work has extended both the singleagent guarantee of policy invariance and the multi-agent
guarantee of consistent Nash equilibria to cases where the
potential function is dynamic [9].
Reward shaping is typically implemented bespoke for each
new environment using domain-specific heuristic knowledge
[2, 7, 20] but some attempts have been made to automate
[11, 15] and semi-automate [12] the encoding of knowledge
into a reward signal. Automating the process requires no
previous knowledge and can be applied generally to any
problem domain. The results are typically better than without shaping but less than agents shaped by prior knowledge.
Semi-automated methods require prior knowledge to be put
in but then automate the transformation of this knowledge
into a potential function.
Plan-based reward shaping, an established semi-automated
method in single-agent reinforcement learning, uses a STRIPS
planner to generate high-level plans. These plans are encoded into a potential function where states later in the
plan receive a higher potential than those lower or not in
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the plan. This potential function is then used by potentialbased reward shaping to encourage the agent to follow the
plan without altering the agent’s goal. The process of learning the low-level actions necessary to execute a high-level
plan is significantly easier than learning the low-level actions to maximise reward in an unknown environment and
so with this knowledge agents tend to learn the optimal policy quicker. Furthermore, as many developers are already
familiar with STRIPS planners, the process of implementing potential-based reward shaping is now more accessible
and less domain specific. [12]
In this investigation we explore how multi-agent planning,
introduced in the following subsection, can be combined with
this semi-automatic method of reward shaping.

2.3

Multi-Agent Planning

Figure 1: Multi-Agent, Flag-Collecting Problem Domain

The generation of multi-agent plans can occur within one
centralised agent or spread amongst a number of agents [21,
26].
The centralised approach benefits from full observation
making it able to, where possible, satisfy all agents’ goals
without conflict. However, much like joint-action learning,
this approach requires sharing of information, such as goals
and abilities, that agents in a MAS often will not want to
share.
The alternative approach, allowing each agent to make
their own plans, will tend to generate conflicting plans. Many
methods of coordination have been attempted including,
amongst others, social laws [23], negotiation [26] and contingency planning [18] but still this remains an ongoing area
of active research [6].
In the next section we will discuss how plans generated by
both of these methods can be used with plan-based reward
shaping to aid multiple individual learners.

3.

MULTI-AGENT, PLAN-BASED REWARD
SHAPING

Based on the two opposing methods of multi-agent planning, centralised and decentralised, we propose two methods
of extending plan-based reward shaping to multi-agent reinforcement learning.
The first, joint-plan based reward shaping, employs the
concept of centralised planning and so generates where possible plans without conflict. This shaping is expected to
outperform the alternative but may not be possible in competitive environments where agents are unwilling to cooperate.
Alternatively, individual-plan-based reward shaping, requires no cooperation as each agent plans as if it is alone in
the environment.
Unfortunately, the application of individual-plan-based reward shaping to multi-agent problem domains is not as simple in practice as it may seem. The knowledge given by
multiple individual plans will often be conflicted and agents
may need to deviate significantly from this prior knowledge
when acting in their common environment. Our aim is to
allow them to do so. Reward shaping only encourages a path
of exploration, it does not enforce a joint-policy. Therefore,
it may be possible that reinforcement learning agents, given
conflicted plans initially, can learn to overcome their conflicts and eventually follow coordinated policies.
For both methods, the STRIPS plan of each agent is trans-

lated into a list of states so that, whilst acting, an agent’s
current state can be compared to all plan steps. The potential of the agent’s current state then becomes:
Φ(s) = CurrentStepInP lan ∗ ω

(4)

where CurrentStepInP lan is the corresponding state in
the state-based representation of the agent’s plan (for example see the left hand column of Listing 5) and ω is a scaling
factor.
If the current state is not in the state-based representation of the agent’s plan, then the potential used is that of
the last state experienced that was in the plan. This was
implemented in the original work to not discourage exploration oﬀ of the plan and is now more relevant as we know,
in the case of individual greedy plans, that strict adherence
to the plan by every agent will not be possible. This feature
of the potential function makes plan-based reward shaping
an instance of dynamic potential-based reward shaping [9].
To preserve the theoretical guarantees of potential-based
reward shaping, the potential of all goal states is set to zero
so that it equals the initial state of all agents in the next
episode.
These potentials are then used as in Equation 3 to calculate the additional reward given to the agent.
In the next section we will introduce a problem domain
and the specific implementations of both our proposed methods in that domain.

4.

INITIAL STUDY

Our chosen problem for this study is a grid-world, flag
collecting domain with two agents attempting to collect six
flags spread across seven rooms. An overview of this world is
illustrated in Figure 1 with the goal location labeled as such,
each agent’s starting location labeled Si where i is their
unique id and the remaining labeled grid locations being
flags and their unique id.
At each time step an agent can move up, down, left or right
and will deterministically complete their move provided they
do not collide with a wall or the other agent. Once an agent
reaches the goal state their episode is over regardless of the
number of flags collected. The entire episode is completed
when both agents reach the goal state. At this time both
agents receive a reward equal to one hundred times the number of flags they have collected in combination. No other re-
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wards are given at any other time. To encourage the agents
to learn short paths, the discount factor γ is set to less than
one.1
Additionally, as each agent can only perceive its own location and the flags it has already picked up, the problem is
a DEC-POMDP.
Given this domain, the plans of agent 1 and agent 2 with
joint-plan based reward shaping are documented in Listings 1 and 2. It is important to note that these plans are
coordinated with no conflicting actions.
Listing 1: Joint-Plan
for Agent 1 Starting in
HallA
MOVE( hallA , roomA )
TAKE( flagA , roomA )
MOVE( roomA , h a l l A )
MOVE( hallA , h a l l B )
MOVE( hal lB , roomB )
TAKE( f l a g B , roomB )
MOVE( roomB , h a l l B )
MOVE( hal lB , h a l l A )
MOVE( hallA , roomD )

0
1
2
3
4
5
6
7
8
9

Listing 2: Joint-Plan
for Agent 2 Starting in
RoomE
TAKE( f l a g F , roomE )
TAKE( f l a g E , roomE )
MOVE( roomE , roomC )
TAKE( f l a g C , roomC )
MOVE( roomC , h a l l B )
MOVE( ha l lB , h a l l A )
MOVE( hallA , roomD )
TAKE( flagD , roomD )

ω = M axReward/N umStepsInP lan = 600/9

the heuristic knowledge [10], maintaining a constant maximum across all heuristics compared ensures a fair comparison. For enivronments with an unknown maximum reward
the scaling factor ω can be set experimentally or based on
the designer’s confidence in the heuristic.
For comparison, we have implemented a team of agents
with no prior knowledge/shaping and a team with the domainspecific knowledge that collecting flags is beneficial. These
flag-based agents value a state’s potential equal to one hundred times the number of flags it alone has collected. This
again ensures that the maximum potential of any state is
equal to the maximum reward of the environment.
We have also considered the combination of this flagbased heuristic with the general methods of joint-plan-based
and individual-plan-based shaping. These combined agents
value the potential of a state to be:

Alternatively, Listings 3 and 4 document the plans used
to shape agent 1 and agent 2 respectively when receiving
individual-plan-based reward shaping. However, now both
plans cannot be completed as each intends to collect all flags.
How, or if, the agents can learn to overcome this conflicting
knowledge is the focus of this investigation.
Listing 3: Individual
Plan for Agent 1 Starting in HallA
MOVE( hallA , h a l l B )
MOVE( hal lB , roomC )
TAKE( f l a g C , roomC )
MOVE( roomC , roomE )
TAKE( f l a g E , roomE )
TAKE( f l a g F , roomE )
MOVE( roomE , roomC )
MOVE( roomC , h a l l B )
MOVE( hal lB , roomB )
TAKE( f l a g B , roomB )
MOVE( roomB , h a l l B )
MOVE( hal lB , h a l l A )
MOVE( hallA , roomA )
TAKE( flagA , roomA )
MOVE( roomA , h a l l A )
MOVE( hallA , roomD )
TAKE( flagD , roomD )

Listing 5: State-Based Joint-Plan for Agent 1
Starting in HallA
robot −i n h a l l A
robot −in roomA
robot −in roomA t a k e n f l a g A
robot −i n h a l l A t a k e n f l a g A
robot −i n h a l l B t a k e n f l a g A
robot −in roomB t a k e n f l a g A
robot −in roomB t a k e n f l a g A t a k e n f l a g B
robot −i n h a l l B t a k e n f l a g A t a k e n f l a g B
robot −i n h a l l A t a k e n f l a g A t a k e n f l a g B
robot −in roomD t a k e n f l a g A t a k e n f l a g B

Listing 4: Individual
Plan for Agent 2 Starting in RoomE
TAKE( f l a g F , roomE )
TAKE( f l a g E , roomE )
MOVE( roomE , roomC )
TAKE( f l a g C , roomC )
MOVE( roomC , h a l l B )
MOVE( ha l lB , roomB )
TAKE( f l a g B , roomB )
MOVE( roomB , h a l l B )
MOVE( ha l lB , h a l l A )
MOVE( hallA , roomA )
TAKE( flagA , roomA )
MOVE( roomA , h a l l A )
MOVE( hallA , roomD )
TAKE( flagD , roomD )

Φ(s) =
ω=

(CurrentStepInP lan + N umF lagsCollected) ∗ ω
M axReward/(N umStepsInP lan
+N umF lagsInW orld)

(5)

where N umF lagsCollected is the number of flags the agent
has collected itself, N umStepsInP lan is the number of steps
in its state-based plan and N umF lagsInW orld is the total
number of flags in the world (i.e. for this domain - 6).
All agents, regardless of shaping, implemented SARSA
with �−greedy action selection and eligibility traces. For all
experiments, the agents’ parameters were set such that α =
0.1, γ = 0.99, � = 0.1 and λ = 0.4. For these experiments,
all initial Q-values were zero.
These methods, however, do not require the use of SARSA,
�−greedy action selection or eligibility traces. Potentialbased reward shaping has previously been proven with Qlearning and RMax [1] and in our own experience works with
many multi-agent specific algorithms (including both temporal diﬀerence and policy iteration algorithms) except for
Distributed-Q [14]. Furthermore, it has been shown before
without (but never before to our knowledge with) eligibility
traces [17, 1, 7] and proven for any action selection method
that chooses actions based on relative diﬀerence and not absolute magnitude [1, 8].
All experiments have been repeated thirty times with the
mean discounted reward per episode presented in the following graphs. All claims of significant diﬀerences are supported
by two-tailed, two sample t-tests with significance p < 0.05

As mentioned in Section 3, these plans must be translated
into state-based knowledge. Listing 5 shows this transformation for the joint-plan starting in hallA (listed in Listing 1)
and the corresponding value of ω.
In all our experiments, regardless of knowledge used, we
have set the scaling factor ω so that the maximum potential
of a state is the maximum reward of the environment. As
the scaling factor aﬀects how likely the agent is to follow
1
Experiments with a negative reward on each time step and
γ = 1 made no significant change in the behaviour of the
agents.
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(unless stated otherwise).

4.1

allows the agents to receive the maximum goal reward from
collecting all flags, but at a longer time delay and, therefore,
a significantly greater discount.

Results and Conclusions

Figure 4:
Agents

Figure 2: Initial Results

Example Behaviour of Individual-Plan-Based

Occasionally the agents coordinate better with agent 1
collecting flag D or, even rarer, flags D and A. Whilst this
is the exception, it is interesting to note that the agent not
following its plan will always choose actions that take away
from the end of the other agent’s plan rather than follow the
first steps of their own plan.
The flag based heuristic can be seen to improve coordination slightly in the agents receiving combined shaping from
both types of knowledge, but not suﬃciently to overcome
the conflicts in the two individual plans.
To conclude, some knowledge, regardless of the number
of conflicts, is better than no knowledge but coordinated
knowledge is more beneficial if available.
Given these initial results, our aim in the following experiments was to try to close the diﬀerence in final performance
between individual-plan-based agents and joint-plan-based
agents by overcoming the conflicted knowledge.

Figure 2 shows all agents, regardless of shaping, learn
quickly within the first 300 episodes. In all cases, some
knowledge significantly improves the final performance of
the agents as shown by all shaped agents out-performing
the base agent with no reward shaping.
Agents shaped by knowledge of the optimal joint-plan
(both alone or combined with the flag-based heuristic) significantly outperform all other agents, consistently learning
to collect all six flags2 . Figure 3 illustrates the typical behaviour learnt by these agents. Note that in these examples
the agents have learnt the low level implementation of the
high level plan provided.

5.

OVERCOMING CONFLICTED
KNOWLEDGE

In this section we explore options for closing the diﬀerence
in final performance caused by conflicted knowledge in the
individual plans.
One plausible option would be to introduce communication between the agents. Another may be to combine
individual-plan-based reward shaping with FCQ-learning [5]
to switch to a joint-action representation in states where coordination is required. However, as both multiple individual
learners and individual-plan-based reward shaping were designed to avoid sharing information amongst agents, we have
not explored these options.
Without sharing information, agent 1 could be encouraged not to opt out of following its plan by switching to a
competitive reward function. However, although this closed
the gap between individual-plan-based and joint-plan-based
agents, the change was detrimental to the team performance
of all agents regardless of shaping.
Specifically, individual-plan-based agent 1 did, as expected,
start to participate and collect some flags but collectively
they would not collect all flags. Both agents would follow
their plans to the first two or three flags but then head to

Figure 3: Example Behaviour of Joint-Plan-Based Agents
The individual-plan-based agents are unable to reach the
same performance as they are given no explicit knowledge
of how to coordinate.
Figure 4 illustrates the typical behaviour learnt by these
agents. This time we note that agent 1 has opted out of
receiving its shaping reward by moving directly to the goal
and not following its given plan. The resultant behaviour
2

Please note the joint-plan-based agents’ illustrated performance in Figure 2 does not reach 600 as the value presented
is discounted by the time it takes the agents to complete the
episode.
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the goal as the next flag would not reliably be there. For
similar reasons joint-plan-based agents would also no longer
collect all flags. Therefore, the reduction in the gap between
individual-plan-based and joint-plan-based agents was at the
cost of no longer finding all flags. We considered this an undesirable compromise and so will not cover this approach
further.
Instead, in the following subsections we will discuss two
approaches that lessened the gap by improving the performance of the individual-plan-based agents.
The first of these approaches is increasing exploration in
the hope that the agents will experience and learn from policies that coordinate better than those encouraged by their
individual plans. The second approach was to improve the
individual plans by reducing the number of conflicts or increasing the time until conflict.
Both methods enjoy some success and provide useful insight in to how future solutions may overcome incorrect or
conflicted knowledge. Where successful, these approaches
provide solutions where multiple agents can be deployed
without sharing their goals, broadcasting their actions or
communicating to coordinate.

5.1

Figure 5: Optimistic Initialisation

Increasing Exploration

Setting all initial Q-values to zero, as was mentioned in
Section 4, is a pessimistic initialisation given that no negative rewards are received in this problem domain. Agents
given pessimistic initial beliefs tend to explore less as any
positive reward, however small, once received specifies the
greedy policy and other policies will only be followed if randomly selected by the exploration steps [25].
With reward shaping and pessimistic initialisation an agent
becomes more sensitive to the quality of knowledge they are
shaped by. If encouraged to follow the optimal policy they
can quickly learn to do so, as is the case in the initial study
with the joint-plan-based agents. However, if encouraged
to follow incorrect knowledge, such as the conflicted plans
of the individual-plan-based agent, they may converge to a
sub-optimal policy.
The opposing possibility is to instead initialise optimistically by setting all Q-values to start at the maximum possible reward. In this approach agents explore more as any
action gaining less than the maximum reward becomes valued less than actions yet to be tried [25].
In Figure 5 we show the outcome of optimistically initialising the agents with Q-values of 600, the maximum reward
agents can receive in this problem domain.
As would be expected, increased exploration causes the
agents to take longer to learn a suitable policy. However, all
agents (except for those receiving flag-based or combinedflag+joint-plan shaping) learn significantly better policies
than their pessimistic equivalents3 . This reduces the gap
in final performance between all agents and the joint-planbased agents, however, the diﬀerence that remains is still
significant.
Despite that, the typical behaviour learnt by optimistic
individual-plan-based agents is the same as the behaviour
illustrated in Figure 3. However, it occurs less often in these
agents than it occurred in the pessimistic joint-plan-based
agents. This illustrates that conflicts can be overcome by
optimistic initialisation but it cannot be guaranteed, by this
3
For individual-plan-based agents p = 0.064, for all others
p < 0.05.
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method alone, that the optimal joint-plan will be learnt.
Furthermore, it takes time for the individual-plan-based
agents to learn how to overcome the conflicts in their plans.
However, this time is still less than it takes the agents with
no prior knowledge to learn. Therefore, given optimistic
initialisation, the benefit of reward shaping is now more important in the time to convergence instead of the final performance.
To conclude, these experiments demonstrate that some
conflicted knowledge can be overcome given suﬃcient exploration.

5.2

Improving Knowledge

An alternative approach to overcoming conflicted knowledge would be to improve the knowledge. The results in this
section illustrate that if the amount of the plan that can be
followed increases then the time to convergence decreases
(when optimistically initialised) or the final performance increases (when pessimistically initialised).

Figure 6: Optimistic Partial Plans
The individual-plan-based agents received shaping based
on plans to both collect all six flags. If these plans are followed the agents will collide at their second planned flag to
collect. The agent that does not pick up the flag will no
longer be able to follow their plan and will therefore receive
no further shaping rewards. Instead, we now consider three
groups of agents that are shaped by less conflicted plans.

Specifically, plan-based-6 agents still both plan to collect
all six flags, but the initial conflict is delayed until the second or third flag. The comparison of these agents to the
individual-plan-based agents will show whether the timing
of the conflict aﬀects performance.
Plan-based-5 agents plan to collect just five flags each,
reducing the number of conflicted flags to 4. Comparing
this to both previous agents and subsequent agents will show
whether the number of conflicts aﬀects performance. These
agents also experience their first conflict on the second or
third flag.
Plan-based-4 agents plan to collect four flags each, reducing the number of conflicted flags to two and delaying the
first conflict until the third flag. This agent will contribute
to conclusions both on timing of conflicts and amount of.
As can be seen in Figure 6, both the timing of the conflict
and the amount of conflict aﬀect the agents’ time to convergence. Little diﬀerence in final performance is evident in
these results as the agents are still benefiting from optimistic
initialisation.
If we return to pessimistic initialisation, as illustrated by
Figure 7, reducing the amount of incorrect knowledge can
also aﬀect the final performance of the agents.

Figure 8: Scaled Up Problem Domain
The results for optimistic initialisation, however, took significantly longer. Figure 9 illustrates the results of just
one complete run for this setting as performing any repeats
would be impractical.
Whilst these results may be obtained quicker using function approximation or existing methods of improving optimistic exploration [13], they highlight the poor ability of
optimistic initialisation to scale to large domains. Therefore, these experiments further support that automating the
reduction of incorrect knowledge by an explicit belief revision mechanism would be more preferable than increasing
exploration by optimistic initialisation as the latter method
does not direct exploration suﬃciently. Instead optimistic
initialisation encourages exploration to all states randomly
taking considerable time to complete. A gradual refining of
the plan used to shape an agent would encourage initially
a conflicted joint-policy, which is still better than no prior
knowledge, and then on each update exploration would be
directed towards a more coordinated joint-plan.

Figure 7: Pessimistic Partial Plans
However, to make plans with only partial overlaps, agents
require some coordination or joint-knowledge that would not
typically be available to multiple individual learners. If the
process of improving knowledge could be automated, for instance with an agent starting an episode shaped by its individual plan and then refining the plan as it notices conflicts
(i.e. plan steps that never occur), the agent may benefit
from the improved knowledge and so alter its final performance without the need for optimistic initialisation.

6.

Figure 9: Scaling Up Optimistic Initialisation

SCALING UP

To further test multi-agent, plan-based reward shaping
and our two approaches to handling incorrect knowledge we
extended the problem domain by adding six extra flags4 (as
illustrated in Figure 8.)
The results for pessimistic initialisation were eﬀectively
the same as those in the original domain except for a slightly
longer time to convergence as would be expected due to the
larger state space.
4

7.

CLOSING REMARKS AND
FUTURE WORK

In conclusion, we have demonstrated two approaches to
using plan-based reward shaping in multi-agent reinforcement learning. Ideally, plans are devised and coordinated
centrally so each agent starts with prior knowledge of its
own task allocation and the group can quickly converge to
an optimal joint-policy.

Consequently M axReward now equals 1200.
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Where this is not possible, due to agents unwilling to
share information, plans made individually can shape the
agent. Despite conflicts in the simultaneous execution of
these plans, agents receiving individual-plan-based reward
shaping outperformed those without any prior knowledge in
all experiments.
Overcoming conflicts in the multiple individual plans by
reinforcement learning can occur if shaping is combined with
domain specific knowledge (i.e. flag-based reward shaping),
the agent is initialised optimistically or the amount of conflicted knowledge is reduced. The first of these approaches
requires a bespoke encoding of knowledge for any new problem domain and the second, optimistic initialisation, becomes impractical in larger domains.
Therefore, we are motivated to pursue in ongoing work
the approach of automatically improving knowledge by an
explicit belief revision mechanism. Where successful, this
approach would provide a semi-automatic method of incorporating partial-knowledge in reinforcement learning agents
that benefit from the correct knowledge provided and can
overcome the conflicted knowledge.

8.

Agents and Multiagent Systems, 2012.
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ABSTRACT

area and rescue victims. As these robots come from multiple sources, they may not share a coordination protocol.
If there was no need for immediate action, the developers
could program methods for communication or split up the
task into parts by hand. If instead some of the robots are
designed to cooperate with ad hoc teams, they will be able
to quickly adapt to their teammates and swiftly map the
area and rescue victims.
Stone et al. [17] introduced the ad hoc team setting as
a problem in which team coordination strategies cannot be
specified a priori. They presented an algorithm for evaluating ad hoc team agents based on their ability to cooperate
with a set of teammates to accomplish a set of possible tasks.
They argue that while previous research has focused on theoretical results, the ad hoc teamwork problem is “ultimately
an empirical challenge.”
This paper addresses this challenge by introducing an ad
hoc agent that explicitly builds models of its teammates and
plans its behavior using a sample-based method. Then, the
paper evaluates the ad hoc agent’s ability to cooperate with
a wide variety of unknown teammates, showing that ad hoc
agents can learn models for their teammates and evaluate
which models are helpful, despite their current teammates
diﬀering qualitatively from the observed ones. Finally, this
paper introduces a new method for transfer learning that
considers data coming from multiple sources and then evaluates its eﬀectiveness for ad hoc teams when the ad hoc agent
has a small number of observations of the current agent.

Robust autonomous agents should be able to cooperate with
new teammates eﬀectively by employing ad hoc teamwork.
Reasoning about ad hoc teamwork allows agents to perform
joint tasks while cooperating with a variety of teammates.
As the teammates may not share a communication or coordination algorithm, the ad hoc team agent adapts to its
teammates just by observing them. Whereas most past work
on ad hoc teamwork considers the case where the ad hoc
team agent has a prior model of its teammate, this paper
is the first to introduce an agent that learns models of its
teammates autonomously. In addition, this paper presents
a new transfer learning algorithm that can be used when the
ad hoc agent only has limited observations about potential
teammates.

Categories and Subject Descriptors
I.2.11 [Artificial Intelligience]: Distributed Artificial Intelligence—Multiagent Systems

General Terms
Algorithms, Experimentation

Keywords
Ad Hoc Teams, Multiagent Systems, Teamwork

1. INTRODUCTION

2.

For autonomous agents to perform eﬀectively in society,
they should be able cooperate with other agents. One way
for this to happen is for all autonomous agents to share a
communication protocol or a coordination algorithm. However, agents may be developed by many sources, making it
diﬃcult to ensure that all the agents share the same information. In addition, if agents stay deployed for a long time,
it is likely that new agents will come along with new and
diﬀerent protocols. Therefore, it is important that agents
be capable of adapting to previously unseen teammates to
cooperate in accomplishing their tasks.
For example, after a disaster, robots developed in many
diﬀerent labs and companies may be deployed to search the

PROBLEM DESCRIPTION

Consider the case where an ad hoc agent is trying to cooperate with a set of teammates it has never seen before.
If the ad hoc agent and its teammates share a communication protocol or a method for coordination, it can directly
cooperate with them. However, if its communication is limited and there is no pre-arranged coordination method, the
ad hoc agent must observe its teammates and try to adapt
to their behaviors. If the ad hoc agent has previously observed agents similar to its current teammates, it should try
to leverage its prior experiences in order to cooperate with
them more eﬀectively.
To clarify the problem, consider the concrete example of
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3.

a team of robots trying to surround and disable an intruder.
The original team of robots was designed to coordinate their
actions to capture the intruder quickly and reliably, but one
of the original robots has since broken and the others have
been damaged from constant wear and tear. Therefore, a
new robot is deployed to join the team, but it does not know
the specific make and model of its teammates. Fortunately,
the new robot has observed similar teammates in other situations, so it has some understanding of how to cooperate
with its new teammates. The problem it faces is to quickly
identify which previous observations are applicable to these
teammates and adapt to any diﬀerences.

METHODS

In order to cooperate eﬀectively with its teammates, the
ad hoc agent chooses its actions by planning about their
long term eﬀects. To do so, the ad hoc agent must have
a model of the domain, the prey, and its teammates. This
paper assumes that the ad hoc agent has a correct model of
the domain and the prey, but must determine how to model
its teammates.
Even if the ad hoc agent has a perfect model of its teammates, the planning problem is still diﬃcult. With four
predators and a single prey, the pursuit domain has a branching factor of 55 = 3125 actions and, in a 20x20 world, there
are (20 ∗ 20)5 ≈ 1013 diﬀerent states. While it is possible
to reduce the size of the state space using some symmetries
of the world, planning eﬃciently is important in the pursuit
domain.

2.1 Pursuit Domain
The pursuit domain is a popular problem in multiagent
systems literature because it requires all of the teammates
to cooperate to capture the prey [18]. The details vary, but
the pursuit domain revolves around a set of agents called
predators trying to capture an agent called the prey in minimal time.
In the version of the pursuit domain used in this paper, the
world is a rectangular, toroidal grid, where moving oﬀ one
side of the grid brings the agent back on the opposite side.
Four predators attempt to capture the randomly moving
prey by surrounding it on all sides in as few time steps as
possible. At each time step, each agent can select to move in
any of the four cardinal directions or to remain in its current
position. All agents pick their actions simultaneously, and
collisions are handled using priorities that are randomized
at each time step. In addition, each agent is able to observe
the positions of all other agents. A view of the domain is
shown in Figure 1.

3.1

UCT

To plan eﬃciently, our ad hoc agent uses UCT [13], a
Monte Carlo Tree Search (MCTS) algorithm that employs
upper confidence bounds for controlling the tradeoﬀ between
exploration and exploitation. Previous work has shown that
UCT performs well on domains with high branching factors,
such as Go [8] and large POMDPs [16]. In addition, previous
work has shown that UCT can both compete with optimal
planners on small pursuit problems and scale to larger problems [2].
At each time step, the ad hoc agent performs a number
of rollouts, where a rollout is the simulation of an episode
starting from the current world state and ending when the
prey is captured. Then, the ad hoc agent uses the time it
takes to capture the prey in each simulation to evaluate the
actions it selected in the rollout. It selects its actions by
choosing the one with the highest upper confidence bound,
causing it to explore when it is unsure of the best action and
exploit its knowledge when it is confident of the results.

3.2

Model Selection

Performing the simulations for the UCT rollouts requires
that the ad hoc agent has a model for how its teammates behave. If there is a (presumably correct or approximately correct) single model for this behavior, the planning is straightforward. On the other hand, the problem is more diﬃcult if
the ad hoc agent is given several possible models. Assuming
that the ad hoc agent starts with some prior belief distribution over which model correctly reflects its teammates’
behaviors, the ad hoc agent can update these beliefs by observing its teammates. Specifically, it can update the models
using Bayes theorem:

Figure 1: A view of the pursuit domain, where the
rectangle is the prey, the ovals are predators, and
the oval with the star is the ad hoc predator being
evaluated.

2.2 Evaluation

P (model|actions) =

Ad hoc team agents must be able to cooperate with a variety of previously unseen teammates to accomplish a task.
To this end, we adopt the evaluation framework proposed by
Stone et al. [17]. This evaluation specifies that the performance of an ad hoc agent explicitly depends on the possible
teammates it will encounter as well as the potential tasks
it may face. The evaluation proceeds by sampling a task
and a team from the set of possible tasks and teammates.
Then, it removes one of the agents from the team selected
at random, replaces it with the ad hoc agent, and observes
the performance of the newly created team. The overall performance of the ad hoc agent is averaged over a number of
these samples.

P (actions|model) ∗ P (model)
P (actions)

If the correct model is in the given set of models, then the
ad hoc agent’s beliefs will converge to this model.
On the other hand, if the correct model is not in the set,
using Bayes rule may drop their posterior probability to 0
for a single wrong prediction. This may punish generally
well-performing models that make one mistake, while leaving poor models that predict nearly randomly. Therefore, it
may be advantageous to update the probabilities more conservatively. Research in regret minimization has shown that
updating model probabilities using the polynomial weights
algorithm is near optimal if examples are chosen adversari-

58

using information it has about similar teammates through
transfer learning (TL). Following standard TL terminology,
we consider the current teammates to be the target teammates: the goal is to improve performance when teamed
with these agents. We call the previously observed teammates the source teammates, which can provide knowledge
to transfer to modeling the target teammates. To perform
this transfer, we introduce the TwoStageTransfer algorithm.
TwoStageTransfer was inspired by the TwoStageTrAdaBoost algorithm created by Pardoe and Stone [15]. TwoStageTrAdaBoost is an algorithm for transfer learning that uses
the source data directly in the target task rather than transferring derived classifiers. It searches for the optimal weighting of the source data using n-fold cross validation with the
target data. TwoStageTrAdaBoost focuses on transfer for
regression rather than classification and treats all source
data as coming from the same task. In contrast, TwoStageTransfer tackles the classification problem and uses the information that source data may come from diﬀerent sources. In
this case, the ad hoc agent has observed many other agents,
some of which are more similar to the target teammate than
others. Therefore, tracking the source of the data may be
important as it allows the ad hoc agent to discount data
coming from agents that are very diﬀerent from it. Recent
research into transfer learning has shown that such information may improve results [20, 11].
TwoStageTransfer’s goal is to find the best possible weighting of each set of source data and create a classifier using these weights. The full algorithm is described in Algorithm 1. TwoStageTransfer takes in the target data set
T , the set of source data sets S = {S1 , . . . , Sn }, a number of
boosting iterations m, a number of folds k for cross validation, and a maximum number of source data sets to include
b. We use the annotation S w to mean the data set S taken
with weight w spread over the instances. The base model
learner used in this case is a decision tree learner based on
C4.5 trees that handles weighted instances.
Ideally, TwoStageTransfer would try every combination of
weightings, but this proves to be computationally expensive
as transferring from n source data sets and considering m
diﬀerent weight levels leads to mn possible combinations. In
our case, we have n = 28 data sets and m = 10 weightings
(as discussed in Section 4), which leads to 1028 combinations.
These data sets are discussed in more depth in Section 4.3.
Rather than try all of them, TwoStageTransfer first evaluates each data source independently, as if it were the only
source data set, and calculates the ideal weight of that data
source as specified in Algorithm 1. Then, it adds the data
sources in decreasing order of the calculated weights. As it
adds each data set, it finds the optimal weighting of that set
with the data that has already been added. Finally, it adds
the data with the optimal weight and repeats the procedure
with the next data set. Note that this algorithm requires
only nm + nm = 2nm combinations to be evaluated, nm for
the initial evaluations and then m when adding each n data
sets. In this case, it requires only 2 ∗ 10 ∗ 28 = 560 combinations to be evaluated. However, this greedy approach
may not find the optimal weights. In addition, it is possible
to limit the number of data sets used in the final transfer,
which is desirable in our setting as training with all 50,000
instances from each of the 28 available source data sets (see
Section 4) of the source data sets can exceed 4 GB of RAM
usage.

ally [3]. Since it is expected that the ad hoc agent’s models
are not perfect, the agent updates its beliefs using polynomial weights:
1 − P (actions|model)

loss =
P (model|actions) ∝

(1 − η ∗ loss) ∗ P (model)

where η = 0.5. This scheme ensures that good models are
not prematurely removed, but it does reduce the rate of convergence. We find that in practice it performs very well as
the observed examples of the teammates may be arbitrarily
unrepresentative of the agent’s overall decision function.
Given the current belief distribution over the models, using this information, the ad hoc agent can sample teammate
models for planning, choosing one model for each rollout
similarly to the approach adopted by Silver and Veness [16].
Sampling the model once per rollout is desirable compared
to sampling a model at each time step because this resampling can lead to states that no model predicts. Ideally,
a diﬀerent state-action evaluation would be stored for each
model, but that would require many more rollouts to plan
eﬀectively. Instead, the state-action evaluations from all the
models are combined to improve the generalization of the
planning.

3.3 Learning Models
The previous sections described how the ad hoc agent can
select the correct model and use it for planning, but they did
not specify where these models come from in the first place.
One option is that the ad hoc agent is given a model that was
coded by hand, but another interesting option is when the
ad hoc agent learns the model itself. If the ad hoc agent can
observe representative potential teammates before interacting with them, it can build a model for their behaviors. To
build these models, the ad hoc agent uses the features given
in Table 1, where all positions are relative to the modeled
predator. These features were chosen experimentally using
cross validation on the training set. The ad hoc agent considers the previous actions of the teammate because a few
of potential teammates appeared to keep an internal state
that changed infrequently. In this case, a model is a mapping
from these features to a next action, and a training instance
represents only a single predator’s actions: a trajectory of
length k provides 4k training instances.
Description
Predator Number
Prey x position
Prey y position
Predatori x position
Predatori y position
Neighboring prey
Cell neighboring
prey is occupied
Previous two actions

# Features
1
1
1
3
3
1
4

Values
{0, 1, 2, 3}
{−10, . . . , 10}
{−10, . . . , 10}
{−10, . . . , 10}
{−10, . . . , 10}
{true,false}
{true,false}

2

{←, →, ↑, ↓, •}

Table 1: Features for predicting a teammate’s actions.
In some cases, rather than having extensive observations
of its teammates for learning models, the ad hoc agent will
only have a small number of observations of its current teammates. It could still build a model from this data, but
it may be able to improve the accuracy of the model by
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Algorithm 1 Transfer learning with multiple sources
TwoStageTransfer (T, S, m, k, b)
for all Si in S: do
wi ← CalculateOptimalWeight(T, ∅, Si , m, k)
end for
Sort S in decreasing order of wi ’s
F ←∅
for i from 1 to b do
w ← CalculateOptimalWeight(T, F, Si , m, k)
F ← F ∪ Siw
end for
Train classifier c on T ∪ F
return c
end
CalculateOptimalWeight(T, F, S, m, k):
for i from 1 to m do
|
i
wi = |T |T
(1 − m−1
)
|+|S|
Use k-fold cross validation on T
Calculate erri from k-fold cross validation on T using
F and S wi as additional training data
end for
return wj such that j = argmax(erri )
i
end

out this paper, we refer to a teammate type as its behavior
function, meaning that agents coming from diﬀerent students have diﬀerent types. To simulate wear and tear on
the teammates, agents of the same type may further vary
based on their speed. This speed is controlled by giving
each agent a random chance to stay still rather than taking
their desired action, which can be thought of as the gears
on a robot slipping. The chance of staying still is randomly
sampled independently for each agent from [0, 0.2], but in
training all teammates are observed with a 0.1 probability
of staying still. Results are averaged over 1,000 episodes
where a random student’s team is selected for each episode.
The random teams, probabilities of agents staying still, and
starting positions are fixed across the ad hoc agents to allow for paired statistical analysis, and all statistical tests are
performed as paired Student-T tests with p = 0.05.
When the ad hoc agent observes its potential teammates,
it watches a team of four predators for 50,000 steps, resulting in a total of 200,000 training instances. These predators
have a 0.1 probability of staying still. With this information, the ad hoc agent learns a decision tree using a learning algorithm based on C4.5 trees that handles weighted instances. Several other classifiers were tried including SVMs,
naive Bayes, and decision lists as well as boosted versions
of these classifiers, but decision trees tended to outperform
these methods in a combination of prediction accuracy and
training time. All model learning is performed oﬄine, but
the ad hoc agent updates its belief over the models online.
The behaviors tested are listed below, with ad hoc agents
planning with the learned models compared to agents given
either the true model or a set of representative, hand-coded
models:

4. RESULTS
This section evaluates a number of ad hoc agents that vary
in the type and amount of information they have about their
teammates. If it has access to the true model, the ad hoc
agent can plan to cooperate with its teammates optimally,
as approximated by UCT(True), or use the same behavior
as the missing teammate (Match(True)). However, in the
fully general ad hoc teamwork scenario, such a model is not
generally available. Thus, this paper instead focuses on the
case in which the ad hoc agent must learn a model of its
teammates by observing them. In this section, the amount
of available information available to the ad hoc agent varies,
ranging from observing its current teammates to only observing teammates that may diﬀer greatly from the current
ones. Additional results focus on the case in which the ad
hoc agent has a small number of observations of the current
teammates and must transfer information learned from prior
observations of similar teammates.
To properly evaluate an ad hoc team agent, it is important to test it with a variety of possible teammates. To
prevent any bias in the development of these teammates, we
collected 31 agents created by undergraduate and graduate
computer science students. These agents were created for an
assignment in a workshop on agent design with no discussion
of ad hoc teams. The students were asked to create a team
of predators that captured the prey as quickly as possible.
The agents produced varied wildly in their approaches as
well as their eﬀectiveness. While almost all of the agents
performed well, two agents were removed due to their low
performance, leaving 29 agents. In Sections 4.1 and 4.3, the
teammates come from this set of 29 students, but for Section 4.2, the teammates come from the set of 12 students
used by Barrett et al. [2] to prevent any bias in the selection
of the unknown teammates.
For these evaluations, a random team is selected, a single agent is replaced by the ad hoc agent, and the team is
evaluated based on its time to capture the prey. Through-

• Match(True): Match teammates’ behavior. The ad
hoc agent knows the true model of its teammates, and
behaves as the agent it is replacing would.
• UCT(True): Plan with the true model. The ad hoc
agent knows the true model of its teammates and plans
with this model.
• UCT(HC): Plan with hand-coded models. The ad
hoc agent is given a set of hand-coded models to plan
with.
• UCT(DTcor ): Plan with correct decision tree. The
ad hoc agent knows the type of teammates it is cooperating with and has observed this type before.
• UCT(DTall ): Plan with all decision trees. The ad
hoc agent does not know the type of teammates it is
cooperating with, but it has observed several types of
possible teammates, including the current teammate
type.
• UCT(DToth ): Plan with other decision trees. The
ad hoc agent does not know the type of teammates it
is cooperating with, and it has observed several types
of possible teammates, but not the current teammate
type.
• UCT(DTtra ): Plan with a decision tree created using transfer learning. The ad hoc agent knows the type
of teammates it is cooperating with and has briefly observed this type, but it has also observed several other
types of teammates for longer periods of time.
For the DTcor , DTall , and DToth models, the ad hoc
agent builds a separate decision tree for each of the 29 types
of teammates it has observed. In the UCT(DTcor ) behavior,
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250
Steps to Capture Prey

the ad hoc agent knows the type of its current teammate and
only uses its model of that type for planning, while in the
UCT(DTall ) and UCT(DToth ) behaviors it uses all available models. However, in the UCT(DToth ) behavior, the
true teammates are not drawn from the set of known teammate types. Finally, to create the DTtra models, the ad hoc
agent observes the full 50,000 steps of 28 teammate types,
but only 1,000 steps of the type it is currently cooperating with. Therefore, it uses transfer learning in the form
of TwoStageTransfer to reuse knowledge learned from the
other 28 teammate types to create the DTtra models, using
the same decision tree learner as the base learner.
This section compares the performance of ad hoc agents
to the unrealistic behaviors of Match(True) and UCT(True)
and the previous best result of UCT(HC), leading to three
main results. As described in Section 4.1, the first result
is that learning models from known teammate types outperforms previous techniques. Then, Section 4.2 presents
the second result, showing that these learned models still
perform well for teammates of previously unseen types. Finally, Section 4.3 shows that transfer learning can improve
the performance of the ad hoc agent if only a small amount
of data on the current teammates is available.

200
150

UCT(True)
UCT(DTall)
UCT(DTcor)
UCT(HC)
Match(True)

100
50
0

Figure 2: Interacting with observed student teammates
UCT(DTall ) as well as the diﬀerences between UCT(DTall )
and UCT(DTcor ) are not statistically significant.
If the ad hoc agent plans with the DTcor or DTall models,
it outperforms an ad hoc agent that plans using the HC models, showing that learning a model of the teammates is eﬀective. In addition, if the ad hoc agent plans with the DTcor
models, its performance is very close to the gold standard of
planning with True models. However, using the DTall models allows the ad hoc agent to outperform an agent planning
with the DTcor models, which is surprising given selecting
from the set of DTall models should increase the diﬃculty
of the problem. We hypothesize that this diﬀerence occurs
from imperfections in learning the models. Some student
agents are fairly stochastic and it is possible and likely that
the learned decision trees overfit this data. By using a set
of models of all the agents, the ad hoc agent plans about
a broader range of possible teammates and better accounts
for this randomness.

4.1 Known Teammate Types
This section compares the performance of ad hoc agents
that learn models of their teammates to agents that have
access to true models of their teammates. Given the true
behavior model of its teammates, the ad hoc agent can either behave as the missing teammate would (Match(True)),
or it can plan using this true model (UCT(True)). If the
teammates are optimal, Match(True) is also optimal, but
regardless of the teammates’ behaviors, UCT(True) should
be close to optimal, with any loss caused by the approximations of the planning algorithm. Therefore, these two behaviors serve as baselines and UCT(HC) represents the current
state of the art behavior [2]. The hand-coded models given
to the ad hoc agent are chosen to be representative of the
space of behaviors in the pursuit domain, but they may be
only coarse approximations of the true teammate behavior.
In addition, they may require a significant amount of time
and eﬀort on the behalf of the designer to create.
Compared to these behaviors, we introduce two new behaviors in which the ad hoc agent learns a model of its teammates. Both create models for each of the 29 types of agents
it has observed, but the UCT(DTcor ) agent also knows the
type of its current teammates. More reflective of the fully
general ad hoc teamwork scenario is the UCT(DTall ) behavior, whereby the ad hoc agent does not know the type
of its current teammates and must track its beliefs over the
learned models by observing its teammates.
Figure 2 shows how an ad hoc agent planning with the
learned models compares to planning with the true model
or a set of hand-coded models. Unsurprisingly, the ad hoc
agent performs best when planning using the True model,
as it should be optimal given an optimal planning algorithm. Though conventional wisdom suggests that matching the teammates behavior would be fairly eﬀective, this
performs poorly as shown by the Match(True) bar because
the teammates may be arbitrarily far from optimal. The
diﬀerence between UCT(DTcor ) and UCT(HC) is statistically significant as is the diﬀerence between UCT(HC)
and Match(True). The diﬀerences between UCT(True) and

4.2

Unknown Teammate Types

Steps to Capture Prey

While the previous section focused on the case where the
ad hoc agent encounters teammates of a type it has previously observed, the ad hoc agent may not always be that
lucky. Instead, it may have to cooperate with teammates
that are fairly diﬀerent from any it has seen before. The ad
hoc agent therefore plans with its 29 learned models, but
encounters a 30th type of teammate drawn from a set of 12
student agents described in the work by Barrett et al. [2].

40
30

UCT(DToth)
UCT(HC)
Match(True)

20
10
0

Figure 3: Interacting with the 12 unobserved student teammates from Barrett et al.
Figure 3 shows that having the ad hoc agent plan using the
HC models works very well for these teammates. Planning
using the DToth models performs slightly worse than the
HC models due to diﬀerences between the learned models
and the encountered teammates. The performance diﬀerence is statistically significant. However, the diﬀerence is
small, and may be reduced by using a larger, more varied
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set of training agents. On the other hand, planning using
the DToth models still far outperforms the Match(True) behavior, showing that the DToth models are still eﬀective for
planning.

it is important to understand how the performance of the
transfer learning algorithms react to this variable. Figure 5
shows how the performance of the agent drops oﬀ given decreasing amounts of data about the current teammate type.
In the tests where only 10 and 100 steps of the target agent
were observed, episodes did not complete with the capture
of the prey within 10,000 steps in 13 and 12 episodes respectively out of the 1,000 episodes. These episodes are excluded
from the graph as it is unclear what value they should take,
but it is clear that they indicate poor performance in these
settings.

4.3 Teammates with Limited Observations
The previous section discussed the case in which the ad
hoc agent had no previous observations of its current teammates. However, this is the worst case scenario; in many
cases, the ad hoc agent may build up a small number of observations of the current teammate model. Then, it can use
transfer learning to reuse its observations of other agents to
improve the performance of this model. In this case, the ad
hoc agent has 50,000 training steps of each of the other 28
teammate types, but only 1,000 training steps of the current type of teammate. The teammates used for these tests
are the same as those in Section 4.1, specifically, the set 29
teammates generated by the students.
The model learned using transfer learning is compared
to the upper limit of UCT(DTall ) where the ad hoc agent
has 50,000 training instances of the current type of teammate, though observed with a diﬀerent amount of noise.
The lower limit is given by only using the 1,000 training
steps of the current teammate type and not performing any
transfer (DTtarget ). Figure 4 shows that using TwoStageTransfer to perform transfer learning is helpful in this case.
However, analysis of the UCT(DTtra ) results shows that
there are a small number of very long episodes caused by
inaccuracies in the learned models, but this happens less
frequently when planning with the DTtarget models. Therefore, it is desirable for the ad hoc agent to use both models,
which outperforms using either one individually as shown by
the UCT(DTtra + DTtarget )bar. For all uses of TwoStageTransfer, a value of m = 10 was experically determined to
be most eﬀective. DTtra is built using TwoStageTransfer
where b = 5, meaning that the ad hoc agent is transferring
information from the five most helpful source agents. Five
was chosen as it provides a good tradeoﬀ between performance and training time. On the other hand, the ad hoc
agent could merely take the one step greedy approach by
performing TwoStageTransfer where b = 1. If it also plans
using the model learned from the target data, the ad hoc
agent’s performance is shown in DTtra* + DTtarget . The
diﬀerences from the UCT(DTtarget ) behavior to each other
behavior is significant, but the diﬀerences among the behaviors planning with the other learned models are not.

Steps to Capture Prey
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UCT(DTtra + DTtarget)
UCT(DTtra* + DTtarget)
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Figure 5: Varying the number of observations of the
current teammate type.

5.

RELATED WORK

This formulation of the ad hoc teamwork problem and the
evaluation framework were proposed by Stone et al. [17].
Barrett and Stone [1] analyze current research on ad hoc
teams and present several dimensions for describing ad hoc
team problems. One line of early research on ad hoc teams
involves an agent attempting to teach a novice agent while
performing a repeated joint task [5]. Other research includes
Jones et al.’s [12] research on pickup teams cooperating to
accomplish a treasure hunt. In the area of robot soccer,
Liemhetcharat and Veloso [14] explore ad hoc teamwork for
role-based teams, and Bowling and McCraken [4] consider
the case where the ad hoc agent is given a diﬀerent playbook
from its teammates. Further work into ad hoc teams using
stage games and biased adaptive play was performed by Wu
et al. [19], while Han et al. [10] explore how a single agent can
aﬀect the collective behavior of a large, multi-agent system.
The problem of opponent modeling is closely related to
the problem of ad hoc teams. Where opponent modeling
focuses on modeling opponents and considers the worst case
scenarios for their actions, ad hoc teamwork instead focuses
on cooperating with teammates and can make stronger assumptions about their actions. Important work on opponent modeling is regularly presented at the Workshop on
Plan, Activity, and Intent Recognition (PAIR) as well as the
Workshop on Applied Adversarial Reasoning and Risk Modeling (AARM). One interesting approach is the AWESOME
algorithm [6] which achieves convergence and rationality in
repeated games. Another approach is to explicitly model
and reason about other agents’ beliefs such as the work on
I-POMDPs [9] and I-DIDs [7]. However, modeling other
agents’ beliefs greatly expands the space for planning, and
these approaches do not currently scale to larger problems.
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Figure 4: Interacting with partially observed student teammates
In the current setup, the ad hoc agent is given observations of 1,000 steps of the target teammate performing the
task. However, the amount of target data may vary, and
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6. CONCLUSION

[12] E. Jones, B. Browning, M. B. Dias, B. Argall, M. M.
Veloso, and A. T. Stentz. Dynamically formed
heterogeneous robot teams performing tightly-coordinated
tasks. In ICRA, pages 570 – 575, May 2006.
[13] L. Kocsis and C. Szepesvari. Bandit based Monte-Carlo
planning. In ECML ’06, 2006.
[14] S. Liemhetcharat and M. Veloso. Modeling mutual
capabilities in heterogeneous teams for role assignment. In
IROS ’11, pages 3638 –3644, 2011.
[15] D. Pardoe and P. Stone. Boosting for regression transfer. In
ICML ’10, June 2010.
[16] D. Silver and J. Veness. Monte-carlo planning in large
pomdps. In NIPS ’10. 2010.
[17] P. Stone, G. A. Kaminka, S. Kraus, and J. S. Rosenschein.
Ad hoc autonomous agent teams: Collaboration without
pre-coordination. In AAAI ’10, July 2010.
[18] P. Stone and M. Veloso. Multiagent systems: A survey from
a machine learning perspective. Autonomous Robots,
8(3):345–383, July 2000.
[19] F. Wu, S. Zilberstein, and X. Chen. Online planning for ad
hoc autonomous agent teams. In IJCAI, 2011.
[20] Y. Yao and G. Doretto. Boosting for transfer learning with
multiple sources. In CVPR ’10, June 2010.

Most existing research on ad hoc teamwork focuses on the
case in which the ad hoc agent has access to a correct model
of its teammates. This paper is the first to have the ad hoc
agent learn models of its teammates autonomously. Planning with these learned models allows the ad hoc agent to
cooperate with its teammates eﬀectively even when its teammates were not observed during the model learning. This
paper also presents a transfer learning algorithm, TwoStageTransfer, that can significantly improve results when the ad
hoc agent has a limited number of observations of its teammates.
While this paper answers questions about the variety of
teammates that ad hoc team agents can eﬀectively cooperate with, it also raises new questions that should be explored
in future research. One possible research avenue is into communication between ad hoc teams. Wireless connectivity is
becoming more and more common, and approaches such as
the Robot Operating System (ROS) are standardizing communication protocols. Therefore, it is likely that ad hoc
team agents may be able to communicate with their teammates, although this communication may be limited by what
their teammates were developed to understand. All results
in this paper are reported the pursuit domain, but future research should test whether similar algorithms perform well
on other domains. In addition, this work focuses on agents
that follow mostly fixed behaviors, with little adaptation to
the ad hoc agent’s behaviors; handling adaptive teammates
is a complicated, but exciting area for future research.
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instance of knowledge-based RL where the agent is provided
with a high level STRIPS plan which is used in order to guide
the agent to the desired behaviour.
However, problems arise when the provided knowledge
is partially incorrect or incomplete, which can happen frequently given that expert domain knowledge is often of a
heuristic nature. For example, it has been shown in [8] that
if the provided plan is flawed then the agent’s learning performance drops and in some cases is worse than not using
domain knowledge at all.
This paper presents, for the first time, an approach in
which agents use their experience to revise incorrect knowledge whilst learning and continue to use the then corrected
knowledge to guide the RL process. Figure 1 illustrates the
interaction between the knowledge base and the RL level,
where the contribution of this work is the knowledge revision.

Reward shaping has been shown to significantly improve an
agent’s performance in reinforcement learning. Plan-based
reward shaping is a successful approach in which a STRIPS
plan is used in order to guide the agent to the optimal behaviour. However, if the provided knowledge is wrong, it has
been shown the agent will take longer to learn the optimal
policy. Previously, in some cases, it was better to ignore all
prior knowledge despite it only being partially incorrect.
This paper introduces a novel use of knowledge revision
to overcome incorrect domain knowledge when provided to
an agent receiving plan-based reward shaping. Empirical
results show that an agent using this method can outperform the previous agent receiving plan-based reward shaping
without knowledge revision.

Categories and Subject Descriptors
I.2.6 [Artificial Intelligence]: Learning

General Terms
Experimentation

Keywords
Reinforcement Learning, Reward Shaping, Knowledge Revision

1.

INTRODUCTION

Reinforcement learning (RL) has proven to be a successful technique when an agent needs to act and improve in a
given environment. The agent receives feedback about its
behaviour in terms of rewards through constant interaction
with the environment. Traditional reinforcement learning
assumes the agent has no prior knowledge about the environment it is acting on. Nevertheless, in many cases (potentially abstract and heuristic) domain knowledge of the RL
tasks is available, and can be used to improve the learning
performance.
In earlier work on knowledge-based reinforcement learning
(KBRL) [8, 3] it was demonstrated that the incorporation
of domain knowledge in RL via reward shaping can significantly improve the speed of converging to an optimal policy.
Reward shaping is the process of providing prior knowledge
to an agent through additional rewards. These rewards help
direct an agent’s exploration, minimising the number of suboptimal steps it takes and so directing it towards the optimal
policy quicker. Plan-based reward shaping [8] is a particular

Figure 1: Knowledge-Based Reinforcement Learning.
We demonstrate, in this paper, that adding knowledge revision to plan-based reward shaping can improve an agent’s
performance (compared to a plan-based agent without knowledge revision) when both agents are provided with incorrect
knowledge.

2.
2.1

BACKGROUND
Reinforcement Learning

Reinforcement learning is a method where an agent learns
by receiving rewards or punishments through continuous interaction with the environment [13]. The agent receives a
numeric feedback relative to its actions and in time learns
how to optimise its action choices. Typically reinforcement
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learning uses a Markov Decision Process (MDP) as a mathematical model [11].
An MDP is a tuple �S, A, T, R�, where S is the state space,
A is the action space, T (s, a, s� ) = P r(s� |s, a) is the probability that action a in state s will lead to state s� , and
R(s, a, s� ) is the immediate reward r received when action
a taken in state s results in a transition to state s� . The
problem of solving an MDP is to find a policy (i.e., mapping
from states to actions) which maximises the accumulated
reward. When the environment dynamics (transition probabilities and reward function) are available, this task can be
solved using dynamic programming [2].
When the environment dynamics are not available, as with
most real problem domains, dynamic programming cannot
be used. However, the concept of an iterative approach remains the backbone of the majority of reinforcement learning algorithms. These algorithms apply so called temporaldiﬀerence updates to propagate information about values of
states, V (s), or state-action pairs, Q(s, a) . These updates
are based on the diﬀerence of the two temporally diﬀerent
estimates of a particular state or state-action value. The
SARSA algorithm is such a method [13]. After each real
transition, (s, a) → (s� , r), in the environment, it updates
state-action values by the formula:
Q(s, a) ← Q(s, a) + α[r + γQ(s� , a� ) − Q(s, a)]

edge is given to the agent to reduce the number of suboptimal actions made and so reduce the time needed to learn
[10, 12]. This concept can be represented by the following
formula for the SARSA algorithm:
Q(s, a) ← Q(s, a) + α[r + F (s, s� ) + γQ(s� , a� ) − Q(s, a)] (2)
where F (s, s� ) is the general form of any state-based shaping
reward.
Even though reward shaping has been powerful in many
experiments it quickly became apparent that, when used
improperly, it can change the optimal policy [12]. To deal
with such problems, potential-based reward shaping was
proposed [10] as the diﬀerence of some potential function
Φ defined over a source s and a destination state s� :
F (s, s� ) = γΦ(s� ) − Φ(s)

where γ must be the same discount factor as used in the
agent’s update rule (see Equation 1).
Ng et al. [10] proved that potential-based reward shaping,
defined according to Equation 3, does not alter the optimal
policy of a single agent in both infinite- and finite- state
MDPs.
More recent work on potential-based reward shaping, has
removed the assumptions of a single agent acting alone and
of a static potential function from the original proof [10].
In multi-agent systems, it has been proven that potentialbased reward shaping can change the joint policy learnt but
does not change the Nash equilibria of the underlying game
[4]. With a dynamic potential function, it has been proven
that the existing single and multi agent guarantees are maintained provided the potential of a state is evaluated at the
time the state is entered and used in both the potential calculation on entering and exiting the state [5].

(1)

where α is the rate of learning and γ is the discount factor.
It modifies the value of taking action a in state s, when
after executing this action the environment returned reward
r, moved to a new state s� , and action a� was chosen in state
s� .
It is important whilst learning in an environment to balance exploration of new state-action pairs with exploitation
of those which are already known to receive high rewards. A
common method of doing so is �−greedy exploration. When
using this method the agent explores, with probability �, by
choosing a random action or exploits its current knowledge,
with probability 1 − �, by choosing the highest value action
for the current state [13].
Temporal-diﬀerence algorithms, such as SARSA, only update the single latest state-action pair. In environments
where rewards are sparse, many episodes may be required for
the true value of a policy to propagate suﬃciently. To speed
up this process, a method known as eligibility traces keeps a
record of previous state-action pairs that have occurred and
are therefore eligible for update when a reward is received.
The eligibility of the latest state-action pair is set to 1 and all
other state-action pairs’ eligibility is multiplied by λ (where
λ ≤ 1). When an action is completed all state-action pairs
are updated by the temporal diﬀerence multiplied by their
eligibility and so Q-values propagate quicker [13].
Typically, reinforcement learning agents are deployed with
no prior knowledge. The assumption is that the developer
has no knowledge of how the agent(s) should behave. However, more often than not, this is not the case. As a group we
are interested in knowledge-based reinforcement learning, an
area where this assumption is removed and informed agents
can benefit from prior knowledge.

2.2

(3)

2.3

Plan-Based Reward Shaping

Reward shaping is typically implemented bespoke for each
new environment using domain-specific heuristic knowledge
[3, 12] but some attempts have been made to automate [7,
9] and semi-automate [8] the encoding of knowledge into a
reward signal. Automating the process requires no previous knowledge and can be applied generally to any problem
domain. The results are typically better than without shaping but less than agents shaped by prior knowledge. Semiautomated methods require prior knowledge to be put in but
then automate the transformation of this knowledge into a
potential function.
Plan-based reward shaping, an established semi-automated
method, generates a potential function from prior knowledge
represented as a high level STRIPS plan.
The STRIPS plan is translated1 into a state-based representation so that, whilst acting, an agent’s current state can
be mapped to a step in the plan2 (as illustrated in Figure 2).
The potential of the agent’s current state then becomes:
Φ(s) = CurrentStepInP lan ∗ ω
1

(4)

This translation is automated by propagating and extracting the pre- and post- conditions of the high level actions
through the plan.
2
Please note that, whilst we map an agent’s state to only
one step in the plan, one step in the plan will map to many
low level states. Therefore, even when provided with the
correct knowledge, the agent must learn how to execute this
plan at the low level.

Reward Shaping

One common method of imparting knowledge to a reinforcement learning agent is reward shaping. In this approach, an additional reward representative of prior knowl-
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the agent needs to collect flags which are spread throughout the maze. During an episode, at each time step, the
agent is given its current location and the flags it has already collected. From this it must decide to move up, down,
left or right and will deterministically complete their move
provided they do not collide with a wall. Regardless of the
number of flags it has collected, the scenario ends when the
agent reaches the goal position. At this time the agent receives a reward equal to one hundred times the number of
flags which were collected.

A RoomB

RoomA

RoomE

B
F
HallB

HallA

S
RoomD

D
Figure 2: Plan-Based Reward Shaping.

RoomC

C
G

where CurrentStepInP lan is the corresponding state in the
state-based representation of the agent’s plan and ω is a
scaling factor.
To not discourage exploration oﬀ the plan, if the current
state is not in the state-based representation of the agent’s
plan then the potential used is that of the last state experienced that was in the plan. This feature of the potential
function makes plan-based reward shaping an instance of
dynamic potential-based reward shaping [5].
To preserve the theoretical guarantees of potential-based
reward shaping, the potential of all goal states is set to zero
so that it equals the initial state of all agents in the next
episode.
These potentials are then used as in Equation 3 to calculate the additional reward given to the agent and so encourage it to follow the plan without altering the agent’s
original goal. The process of learning the low-level actions
necessary to execute a high-level plan is significantly easier
than learning the low-level actions to maximise reward in
an unknown environment and so with this knowledge agents
tend to learn the optimal policy quicker. Furthermore, as
many developers are already familiar with STRIPS planners,
the process of implementing potential-based reward shaping
is now more accessible and less domain specific [8].
However, this method struggles when given partially incorrect knowledge and, in some cases, fails to learn the optimal policy within a practical time limit. Therefore, in
this paper, we propose a generic method to revise incorrect
knowledge online allowing the agent to still benefit from the
correct knowledge given.

3.

E
Figure 3: Flag-Collection Domain.
Figure 3 shows the layout of the domain in which rooms
are labelled RoomA-E and HallA-B, flags are labelled A-F,
S is the starting position of the agent and G is the goal
position.
MOVE( hallA , roomD )
TAKE( flagD , roomD )
Listing 1: Example Partial STRIPS Plan
Given this domain, a partial example of the expected
STRIPS plan is given in Listing 1 and the corresponding
translated state-based plan used for shaping is given in Listing 2 with the CurrentStepInP lan used by Equation 4
noted in the left hand column.
0
1
2

r o b o t i n ( hallA )
r o b o t i n ( roomD )
r o b o t i n ( roomD ) t ake n ( f l a g D )
Listing 2: Example Partial State-Based Plan

3.1

Assumptions

To implement plan-based reward shaping with knowledge
revision we must assume an abstract high level knowledge
represented in STRIPS and a direct translation of the low
level states in the grid to the abstract high level STRIPS
states (as illustrated in Figure 2). For example, in this domain the high level knowledge includes rooms, connections
between rooms within the maze and the rooms which flags
should be present in. Whilst the translation of low level to
high level states allows an agent to lookup which room or
hall it is in from the exact location given in its state representation.
The domain is considered to be static i.e. there are no
external events not controlled by the agent which can at
any point change the environment.

EVALUATION DOMAIN

In order to evaluate the performance of adding knowledge
revision to plan-based reward shaping the same domain was
used as that which is presented in the original work [8]; the
flag collection domain.
The flag-collection domain is an extended version of the
navigation maze problem which is a popular evaluation domain in RL. An agent is modelled at a starting position
from where it must move to the goal position. In between,
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It is also assumed that the agent is running in simulation,
as the chosen method of knowledge verification currently
requires the ability to move back to a previous state.
However, we do not assume full observability or knowledge of the transition and reward functions. When the agent
chooses to perform an action, the outcome of that action is
not known in advance. In addition, we do not assume deterministic transitions, and therefore the agent does not know
if performing an action it has previously experienced will result in transitioning to the same state as the previous time
that action was selected. This assumption has a direct impact on the way knowledge verification is incorporated into
the agent and is discussed later in the paper. Moreover the
reward each action yields at any given state is not given and
it is left to the agent to build an estimate of the reward function through continuous interaction with the environment.
Domains limited by only these assumptions represent many
domains typically used throughout RL literature. The domain we have chosen allows the agent’s behaviour to be eﬃciently extracted and analysed, thus providing useful insight
especially when dealing with novel approaches such as these.
Plan-based reward shaping is not, however, limited to this
environment and could be applied to any problem domain
that matches these assumptions.
Future work is aimed towards extending the above assumptions by including diﬀerent types of domain knowledge
and evaluating the methods on physical environments, real
life applications and dynamic environments.

4.

IDENTIFYING, VERIFYING AND REVISING FLAWED KNOWLEDGE

In the original paper on plan-based reward shaping for
RL [8] there was no mechanism in place to deal with faulty
knowledge. If an incorrect plan was used the agent was
misguided throughout the course of the experiments and this
led to undesired behaviour; long convergence time and poor
quality in terms of total reward. Moreover, whenever a plan
was produced it had to be manually transformed from an
action-based plan as in Listing 1 to a state-based plan as in
Listing 2.
In this work we have 1) incorporated the process of identifying, verifying and revising flaws in the knowledge base
which is provided to the agent and 2) automated the process of plan transformation. The details are presented in the
following subsections.

4.1

Identifying incorrect knowledge

At each time step t the agent performs a low level action
a (e.g. move left) and traverses to a diﬀerent state s� which
is a diﬀerent square in the grid. When the agent traverses
into a new square it automatically picks up a flag if a flag is
present in that state. Since the agent is performing low level
actions it can gather information about the environment and
in this specific case, information about the flags it was able
to pick up. This information allows the agent to discover potential errors in the provided knowledge. Algorithm 1 shows
the generic method of identifying incorrect knowledge. We
illustrate this algorithm with an instantiation of the plan
states to the flags the agent should be collecting i.e. predicate taken(flagX) shown in Listing 2. The preconditions
are then instantiated to the preconditions which achieve the
respective plan state which in this study refers to the pres-

Algorithm 1 Knowledge identification.
get plan states preconditions
initialise precondition confidence values
for episode = 0 to max number of episodes do
for current step = 0 to max number of steps do
if precondition marked for verification then
switch to verification mode
else
plan-based reward shaping RL
end if
end for/* next step */
/* update the confidence values */
for all preconditions do
if precondition satisfied then
increase confidence
end if
end for
/* check preconditions which need to be marked for
verification */
for all preconditions do
if confidence value < threshold then
mark the current precondition for verification
end if
end for
end for/* next episode */

ence of flags. The same problem instantiation is also used
in the empirical evaluation.
More specifically, at the start of each experiment, the
agent uses the provided plan in order to extract a list of all
the flags it should be able to pick up. These flags are then
assigned a confidence value much like the notion of epistemic
entrenchment in belief revision [6]. The confidence value of
each flag is set to the ratio successes/f ailures and is computed at the end of each episode with successes being the
number of times the agent managed to find the flag up to
the current episode, and f ailures the times it failed to do
so. If the confidence value of a flag drops below a certain
threshold, that flag is then marked for verification.
This dynamic approach is used in order to account for
the early stages of exploration where the agent has not yet
built an estimate of desired states and actions. If a static
approach were to be used which would only depend on the
total number of episodes in a given experiment, failures to
pick up flags would be ignored until a much later point in the
experiment and the agent would not benefit from the revised
knowledge at the early stages of exploration. Additionally,
varying the total number of episodes would have a direct
impact on when knowledge verification will take place.

4.2

Knowledge verification

When a flag is marked for verification the agent is informed of which flag has failed at being picked up and the
abstract position it should appear in e.g. RoomA. The agent
is then left to freely interact with the environment as in every other case but its mode of operation is changed once it
enters the abstract position of the failing flag. At that point
the agent will perform actions in order to try and verify the
existence of the flag which is failing. Algorithm 2 shows the
generic method of verifying incorrect knowledge by the use
of depth first search (DFS). The algorithm is illustrated by
using the same instantiations as those in Algorithm 1.
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Algorithm 2 Knowledge verification.
get state
get precondition marked for verification
if all nodes in the graph are marked as f ully expanded
then
mark precondition for revision
stop search
break
end if
if search condition is violated then
jump to a node in the graph with unexpanded edges
break
end if
if state is not present in the graph then
add state and available actions as node and edges in the
graph
end if
if all edges of current node have been expanded then
mark node as f ully expanded
jump to a node in the graph with unexpanded edges
break
end if
expand random unexpanded edge
mark edge as expanded
if precondition has been verified then
reset precondition confidence value
stop search
end if

To verify the existence of the flag the agent performs a
DFS of the low-level state space within the bounds of the
high-level abstract state of the plan. A node in the graph is
a low-level state s and the edges that leave that node are the
available actions a the agent can perform at that state. An
instance of the search tree is shown in Figure 4 in which the
grey nodes (N 1−N 3) have had all their edges expanded and
green nodes (N 4 − N 7) have unexpanded edges (E9 − E14).
However, instead of performing DFS in terms of nodes the
search is performed on edges. At each time step instead of
selecting to expand a state (node), the agent expands one of
the actions (edges). The search must be modified in this way
because of our assumptions on the environment the agent is
acting in. When an agent performs an action a at state s it
ends up at a diﬀerent state s� . The transition probabilities
of those actions and states however are not known in advance. As a result the agent cannot choose to transition to
a predefined state s� , but can only choose an action a given
the current state s. Performing DFS by taking edges into account enables the agent to search eﬃciently while preserving
the theoretical framework of RL.

be performed multiple times before marking a node as fully
expanded. If the agent was to be acting in a physical environment, the knowledge verification would not be by DFS
but by heuristic search relying on the agent’s sensors of the
environment e.g. search at places not directly visible by the
camera.
The search finishes once the agent has either found the
failing flag or all of the nodes that were added to the graph
have been marked as fully expanded. If found, the confidence
value associated with the flag is reset and the agent returns
to normal operation. If not, the agent returns to normal
operation but the flag is marked for revision.
It is worth noting that the search does not have a cut-oﬀ
value considering the small size of the grid graph the agent
needs to search in. Furthermore, whilst verifying knowledge,
no RL updates are made. The reason is for the agent not to
get penalised or rewarded by following random paths while
searching which would otherwise have a direct impact on the
learnt policy.

Figure 4: Instance of the Search Tree.
After expanding an edge/making an action the agent’s
coordinates in the grid are stored along with the possible
actions it can perform. The graph is expanded with new
nodes and edges each time the agent performs an action
which results in a transition to coordinates which have not
been experienced before. If the agent transitions to coordinates which correspond to an existing node in the graph, it
simply selects to expand one of the unexpanded edges i.e.
perform an action which has not been tried previously.
If a node has had all of its edges expanded (i.e. all of the
available actions at that state have been tried once) the node
is marked as fully expanded. However, instead of backtracking as it happens in traditional DFS, the agent jumps to the
last node in the graph which has unexpanded edges. This
approach ensures that the assumptions on the domain regarding transition probabilities are not violated as a reverse
action does not necessarily exist. A similar jump is performed in the case where expanding a node leads the agent
into breaking the search condition i.e. the agent steps out of
the room which contains the flag which is failing. It is worth
noting that while the agent performs DFS, in order to be fair
when comparing with other approaches, expanding an edge
or jumping to a diﬀerent node takes a time step to complete. In the context of this work performing each available
action only once is suﬃcient since we have a deterministic
domain. A stochastic domain would require each action to

4.3

Revising the knowledge

As discussed previously, when an agent fails to verify the
existence of a flag, that flag is marked for revision. Belief
revision is concerned with revising a knowledge base when
new information becomes apparent by maintaining consistency among beliefs [6]. In the simplest case where the belief
base is represented by a set of rules there are three diﬀerent
actions to deal with new information and current beliefs in a
knowledge base: expansion, revision and contraction. In this
specific case, where the errant knowledge the agent has to
deal with is based on extra flags which appear in the knowledge base but not in the simulation, revising the knowledge
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base requires a contraction3 . Furthermore, since the beliefs
in the knowledge base are independent of each other, as the
existence or absence of a flag does not depend on the existence or absence of other flags, contraction equals deletion.
The revised knowledge base is then used to compute a more
accurate plan.
To illustrate the use of this method consider a domain
similar to that shown in Figure 3 which contains one flag,
flagA in roomA. The agent is provided with the plan shown
in Listing 3. This plan contains an extra flag which is not
present in the simulator, flagC in roomC. According to the
plan the agent starts at hallA and has to collect flagA and
flagC and reach the goal state in roomD.
0
1
2
3
4
5
6
7
8
9

robot
robot
robot
robot
robot
robot
robot
robot
robot
robot

i n ( hallA )
in ( hallB )
i n ( roomC )
i n ( roomC )
in ( hallB )
i n ( hallA )
i n ( roomA )
i n ( roomA )
i n ( hallA )
i n ( roomD )

knowledge: 1) one non-existing flag in the plan, 2) two nonexisting flags in the plan and 3) three non-existing flags in
the plan. This setting was chosen in order to assess how
the agent deals with the increasing number of flaws in the
knowledge and what the impact is on the convergence time
in terms of the number of steps, and the performance in
terms of the total accumulated reward.
All agents implemented SARSA with �−greedy action selection and eligibility traces. For all experiments, the agents’
parameters were set such that α = 0.1, γ = 0.99, � = 0.1
and λ = 0.4. All initial Q-values were set to zero and the
threshold at which a flag should be marked for verification
was set to 0.3.
These methods, however, do not require the use of SARSA,
�−greedy action selection or eligibility traces. Potentialbased reward shaping has previously been proven with Qlearning and RMax [1]. Furthermore, it has been shown
before without eligibility traces [10, 3] and proven for any
action selection method that chooses actions based on relative diﬀerence and not absolute magnitude [1].
In all our experiments, we have set the scaling factor of
Equation 4 to:

tak e n ( f l a g C )
tak e n ( f l a g C )
tak e n ( f l a g C )
tak en ( f l a g C )
tak en ( f l a g C ) tak e n ( f l a g A )
tak e n ( f l a g C ) t ake n ( f l a g A )
t ake n ( f l a g C ) tak en ( f l a g A )

ω = M axReward/N umStepsInP lan

As the scaling factor aﬀects how likely the agent is to follow
the heuristic knowledge, maintaining a constant maximum
across all heuristics compared ensures a fair comparison. For
environments with an unknown maximum reward the scaling
factor ω can be set experimentally or based on the designer’s
confidence in the heuristic.
Each experiment lasted for 50 000 episodes and was repeated 10 times for each instance of the faulty knowledge.
The agent is compared to the original plan-based RL agent
[8] without knowledge revision when provided with incorrect knowledge and when the same agent is provided with
correct knowledge. The averaged results are presented in
Figures 5, 6, 7 and 8. For clarity these figures only display
results up to 5000 episodes, after this time no significant
change in behaviour occurred.

Listing 3: Example Incorrect Plan
Let’s assume that the verification threshold for each flag
is set at 0.3. At the end of the first episode the confidence
value of each flag is computed. If flagA was picked up, its
threshold will be equal to 1 which is greater than the verification threshold. As a result this flag will not be marked
for verification. However, since flagC does not appear in
the simulator its confidence value will be equal to 0, which
is less than the verification threshold, and the flag will be
marked for verification.
During the next episode when the agent will step into the
room where flagC should appear in i.e. roomC, it will switch
into verification mode. At this point the agent will perform
a DFS within the bounds of roomC to try and satisfy flagC.
The DFS will reveal that flagC cannot be satisfied and as a
result will be marked for revision. When the episode ends
the knowledge base will be updated to reflect the revision of
flagC and a new plan will then be computed. The new plan
is shown in Listing 4.
0
1
2
3
4

robot
robot
robot
robot
robot

(5)

i n ( hallA )
i n ( roomA )
i n ( roomA ) tak en ( f l a g A )
i n ( h a l l A ) tak e n ( f l a g A )
i n ( roomD ) t ake n ( f l a g A )
Listing 4: Example Correct Plan

5.

Figure 5: Non-existing flags: 1 flag.

EVALUATION

In order to assess the performance of this novel approach a
series of experiments were conducted in which the agent was
provided with flawed knowledge in terms of missing flags.
Specifically the agent was given diﬀerent instances of wrong

It is apparent that the plan-based RL agent without knowledge revision is not able to overcome the faulty knowledge
and performs sub-optimally throughout the duration of the
experiment. However, the agent with knowledge revision
manages to identify the flaws in the plan and quickly rectify its knowledge. As a result after only a few hundred
episodes of performing sub-optimally it manages to reach
the same performance as the agent which is provided with

3

A rule φ, along with its consequences is retracted from a
set of beliefs K. To retain logical closure, other rules might
need to be retracted. The contracted belief base is denoted
as K −̇φ. [6]
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These empirical results demonstrate that when an agent
is provided with incorrect knowledge, knowledge revision allows the agent to incorporate its experiences to the provided
knowledge base and thus benefit from more accurate plans.

6.

CLOSING REMARKS

When an agent receiving plan-based reward shaping is
guided by flawed knowledge it can be led to undesired behaviour in terms of convergence time and overall performance in terms of total accumulated reward.
Our contribution is a novel generic method for identifying,
verifying and revising incorrect knowledge if provided to a
plan-based RL agent.
Our experiments show that using knowledge revision in
order to incorporate an agent’s experiences to the provided
high level knowledge can improve its performance and help
the agent reach its optimal policy. The agent manages to
revise the provided knowledge early on in the experiments
and thus benefit from more accurate plans.
Although we have demostrated the algorithm in a grid
world domain, it can be successfully applied to any simulated, static domain where some prior heuristic knowledge
and a mapping from low level states to abstract plan states
is provided.
In future work we intend to investigate the approach of
automatically revising knowledge when diﬀerent types of
flawed knowledge (incomplete e.g. the provided plan is missing states the agent should achieve, stochastic e.g. certain
states the agent should achieve in the plan cannot always
be achieved, and combinations of these) are provided to an
agent. Additionally we aim to evaluate the algorithm on
physical environments, real life applications and dynamic
environments.

Figure 6: Non-existing flags: 2 flags.

Figure 7: Non-existing flags: 3 flags.
correct knowledge4 .
The agents were provided with more instances of incorrect
knowledge reaching up to eight missing flags and similar
results occurred on all diﬀerent instances of the experiments
with the agent using knowledge revision outperforming the
original plan-based agent.
In terms of convergence time Figure 8 shows the number
of steps each agent performed on average per experiment. It
is clear that the plan-based agent with knowledge revision
manages to improve its learning rate by almost 40%. The
agent with correct knowledge is outperforming both agents
but there is a clear improvement in the plan-based RL agent
with knowledge revision which manages to outperform the
agent without knowledge revision by a large margin.
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[8] M. Grześ and D. Kudenko. Plan-based reward shaping
for reinforcement learning. In Proceedings of the 4th
IEEE International Conference on Intelligent Systems
(IS’08), pages 22–29. IEEE, 2008.
[9] B. Marthi. Automatic shaping and decomposition of
reward functions. In Proceedings of the 24th
International Conference on Machine learning, page
608. ACM, 2007.
[10] A. Y. Ng, D. Harada, and S. J. Russell. Policy
invariance under reward transformations: Theory and
application to reward shaping. In Proceedings of the
16th International Conference on Machine Learning,
pages 278–287, 1999.
[11] M. L. Puterman. Markov Decision Processes: Discrete
Stochastic Dynamic Programming. John Wiley and
Sons, Inc., New York, NY, USA, 1994.
[12] J. Randløv and P. Alstrom. Learning to drive a
bicycle using reinforcement learning and shaping. In
Proceedings of the 15th International Conference on
Machine Learning, pages 463–471, 1998.
[13] R. S. Sutton and A. G. Barto. Reinforcement
Learning: An Introduction. MIT Press, 1998.

72

Context sensitive reward shaping in a loosely coupled
multi-agent system
Yann-Michaël De
Hauwere

Computational Modeling Lab
Vrije Universiteit Brussel
Belgium

ydehauwe@vub.ac.be

Sam Devlin

Department of Computer
Science
University of York
United Kingdom

devlin@cs.york.ac.uk
Ann Nowé

Daniel Kudenko

Department of Computer
Science
University of York
United Kingdom

kudenko@cs.york.ac.uk

Computational Modeling Lab
Vrije Universiteit Brussel
Belgium

anowe@vub.ac.be

ABSTRACT
Reward shaping is a commonly used approach in single agent
reinforcement learning to speed up the learning process. Potential based reward shaping has recently found its way to
improve the performance of multi-agent reinforcement learning. Both in single and multi-agent settings these speedups
are achieved without losing any theoretical convergence guarantees. This paper describes the use of context aware potential functions in a loosely coupled multi-agent system.
In some multi-agent settings, the interactions between the
agents only occur sporadically, in certain regions of the state
space. It is clear that if speedups through reward shaping
are to be achieved, that a diﬀerent shaping signal should be
used in these diﬀerent regions. We demonstrate how this
can be achieved within FCQ-learning, which is an algorithm
capable of automatically detecting when agents should take
each other into consideration. Coordination problems can
even be anticipated before the actual problems occur.

Categories and Subject Descriptors
I.2.6 [Artificial Intelligence]: Learning; I.2.11 [Artificial
Intelligence]: Distributed Artificial Intelligence—Multiagent systems

General Terms
Algorithms

Keywords
Reinforcement Learning, Sparse Interactions, Reward Shaping

1.

INTRODUCTION

The most common issue in multi-agent reinforcement learning (MARL) is the exponential increase of the state space
with each additional agent. Agents could of course only observe local state information, but due to this lack of observability of the other agents, the world appears non-deterministic
to each agent. This exponential increases results in imprac-
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tically long learning times, whereas this lack of observability
results in suboptimal policies.
In single agent reinforcement learning (RL), one commonly used approach to speed up the learning is to incorporate domain knowledge about the problem at hand, by
means of reward shaping. This technique is the process of
providing an agent with additional rewards in order to guide
the learning process to achieve a faster convergence time.
Recent work has aimed at applying this method in multiagent environments by using a joint plan of the solution in
order to shape the learning agents [5].
In certain multi-agent environments, the agents only rarely
interact with each other. Hence that state information about
other agents should only be present in the state space in
those situations where agents are influencing each other. In
situations where agents are not influencing each other, single agent RL is applied. Research in this domain is focused
around learning when agents should coordinate their actions
[11] and learn when agents should augment their state space
to include information from other agents [12, 3].
The concept of delayed rewards, which is common in RL
problems, was also recently incorporated in a multi-agent
learning algorithm with sparse interactions, called FCQlearning [4]. In this paper we build upon this algorithm
and extend it by means of reward shaping. Both in states
where agents are learning individually and in states where
agents use augmented state information this reward shaping
is applied, albeit a diﬀerent one. The main idea we present
here is that based on the context of agents, a diﬀerent reward shaping should be applied which helps them to achieve
the particular subgoal of the context they are currently in.
The remainder of this paper is structured as follows. First
we will present the basic background about single and multiagent RL, reward shaping and sparse interactions. Next, we
explain in detail how diﬀerent reward shaping functions are
incorporated in FCQ-learning. We evaluate our algorithm
empirically in Section 5 and end with some conclusions.

2.
2.1

SINGLE AND MULTI-AGENT REINFORCE- can be a diﬃcult or even impossible task, Ng et al.
troduced potential-based reward shaping (PBRS) [14].
MENT LEARNING

inIn
PBRS, the additional reward given to the agent is defined
as the diﬀerence of a potential function Φ, defined over a
source state s and a destination state s� :

Single agent RL

Reinforcement Learning (RL) is an approach to solve a
Markov Decision Process (MDP), where an MDP can be
described as follows. Let S = {s1 , . . . , sN } be the state space
of a finite Markov chain {xl }l≥0 and let A = {a1 , . . . , ar }
be the action set available to the agent. Each combination
of starting state si , action choice ai ∈ A and next state
sj has an associated transition probability T (si , ai , sj ) and
immediate reward R(si , ai ). The goal is to learn a policy
π, which maps an action to each state so that the expected
discounted reward J π is maximised:
π

J ≡E

�

∞
�

t

γ R(s(t), π(s(t)))

t=0

�

F (s, s� ) = γΦ(s� ) − Φ(s)

where γ has the same value as in the Q-update rule which
now takes following form:
Q̂(s, a) ← Q̂(s, a)+αt [R(s, a)+F (s, s� )+γ max
Q̂(s� , a� )−Q̂(s, a)]
�
a

(5)
As such, Ng et al proved a single agent’s optimal policy
would be unchanged by additional potential-based rewards
(or more generally that the order of policies ranked by value
would remain constant). Grzes and Kudenko introduced a
way of automatically generating these potential functions
from a high level STRIPS operator [9] which relaxes the requirement for having knowledge about the underlying MDP
which is being solved [16].

(1)

where γ ∈ [0, 1) is the discount factor and expectations are
taken over stochastic rewards and transitions. This goal can
also be expressed using Q-values which explicitly store the
expected discounted reward for every state-action pair:
Q(s, a) = R(s, a) + γ

�
s�

T (s, a, s� ) max
Q(s� , a� )
�
a

(4)

2.2

Multi agent RL

Problems in which multiple agents are acting simultaneously, are modelled as a Markov Game (MG). In a MG, the
state information si ∈ S is the set of system states, which
contains the information of all the agents. Actions are the
joint result of multiple agents choosing an action individually. Let Ak = {a1k , . . . , ark } be the action set available to
agent k, and k : 1 . . . n, n being the total number of agents
present in the system. Transition probabilities T (si , ai , sj )
in a MG depend on a starting state si , ending state sj and
a joint action from state si , i.e. ai = (ai1 , . . . , ain ) with
aik ∈ Ak . The reward function Rk (si , ai ) is now individual
to each agent k, meaning that agents can receive diﬀerent
rewards for the same state transition.

(2)

So in order to find the optimal policy, one can learn this Qfunction and subsequently use greedy action selection over
these values in every state. In RL the agent typically does
not have any knowledge about the underlying model, i.e.
the transition and reward function. Watkins described an
algorithm to iteratively approximate the optimal values Q∗ .
In the Q-learning algorithm [21], a table consisting of stateaction pairs is stored. Each entry contains the value for
Q̂(s, a) which is the learner’s current hypothesis about the
actual value of Q(s, a). The Q̂-values are updated according
to following update rule:

In a special case of the general Markov game framework,
the so-called team games or multi-agent MDPs (MMDPs)
optimal policies still exist [1, 2]. In this case, all agents
share the same reward function and the Markov game is
purely cooperative. This specialisation allows us to define
the optimal policy as the joint agent policy, which maximises
the payoﬀ of all agents. In the non-cooperative case one
typically tries to learn an equilibrium between agent policies
[10, 8, 20]. These systems require each agent to calculate
equilibria between possible joint actions in every joint state
and as such assume that each agent retains estimates over
all joint actions in all states. Moreover, these algorithms
also face a selection problem if multiple equilibria exist.

Q̂(s, a) ← Q̂(s, a) + αt [R(s, a) + γ max
Q̂(s� , a� ) − Q̂(s, a)]
�
a

(3)
where αt is the learning rate at time step t.
Provided that all state-action pairs are visited infinitely
often and a appropriate learning rate is chosen, the estimates
Q̂ will converge to the optimal values Q∗ [18].

Reward shaping in single agent RL
In many RL problems, the agent is only awarded a reward
upon achieving a certain goal. As can be seen from Equation 3, this reward is propagated through the state space.
This process is however time consuming. One approach to
speed up this process are eligibility traces. This technique
maintains a record of visited state-action pairs and therefore knows, which state-action paris are eligible to be updated. The last visited state-action has an eligibility set to
1. All previous pairs are multiplied by λ, where λ < 1. By
updating all state-action pairs by the temporal diﬀerence
multiplied with their eligibility, Q-values propagate quicker
[17].
Another approach to overcome this problem, known as reward shaping, was introduced [14, 15]. Reward shaping is
the principle of giving additional numerical feedback to intermediate states that guide the learning agent. Since manually determining which additional reward should be given

Reward shaping in multi agent RL
From the description above, it is clear that learning in MAS
adds several additional problems, compared to learning in
single agent systems. One of the most important ones, being
the exponential increase in the state-action space in which
the agents are learning. This significantly slows down the
convergence of the agent and as a consequence their ability
to adapt quickly to the changing environment [19].
Recently Devlin et al. introduced a method for transforming coordinated plans made together into a potential
function to shape the rewards of the agents and guide their
exploration in MAS [5]. The authors illustrated that re-
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ward shaping in MAS also oﬀers an elegant way to incorporate domain knowledge in the learning process and as
such speed up convergence. Moreover, it is also proven that
potential-based reward shaping in multi-agent systems does
not change the Nash equilibria of the underlying stochastic
game the agents are playing [6].
In this paper we use the approach of [5] to generate a
potential function from a given individual greedy plan. The
potential of the agent’s current state is given by:
Φ(s) = CurrentStepInP lan ∗ w

capable of detecting the influence from other agents several
time steps ahead.
The idea is that agents learn in which of their local states
they will augment their state information to incorporate the
information of other agents and use a more global system
state. This idea is represented in Figure 1. The local states
for one agent are represented at the bottom. In its local
states labeled 4 and 6 it augmented its information to include global state information illustrated at the top. Note
that local state information only contains state information
about the agent itself such as its own location, battery level,
other sensory input, . . .

(6)

where CurrentStepInPlan is the position of the current state
of the agent in its plan. w is a scaling factor defined as
follows:
w = M axReward/N umStepsInP lan

(7)

As the scaling factor aﬀects how likely the agent is to follow the heuristic knowledge, maintaining a constant maximum across all heuristics compared ensures a fair comparison. For environments with an unknown maximum reward
the scaling factor w can be set experimentally or based on
the designer’s confidence in the heuristic.

3.
3.1

4-1

4-3

6-1

6-2

Augment
7

SPARSE INTERACTIONS

8

4
1

Concept

In many multi-agent environments, agents only need to
interact with each other in specific regions of the state space
because in these regions agents can interfere with each other’s
performance, i.e., they are not independent of each other.
These interdependencies that occur in certain states are called
sparse interactions [13]. Learning these sparse interactions
have gained a lot of attention in recent years, since they significantly reduce the state-action space in which the agents
are learning [12, 3].
Melo & Veloso learn a set of interaction states, i.e. states
in which agents influence each other, by using an active perception mechanism that can provide exactly this information. By attaching a cost to the use of this mechanism, the
learning agent learns the set of states in which using this
mechanism is better than to just ignore the other agents.
The latter would result in a higher penalty [12].
De Hauwere et al. use statistical tests in CQ-learning
on the immediate reward signal to detect influence of other
agents and will augment the state space to include state
information about other agents to avoid coordination problems. In later work the authors introduced FCQ-learning
which will be described in depth in the next section as this
is the basis for the work presented in this paper [3].
Kok & Vlassis introduced an approach where agents learn
when it is beneficial to coordinate with other agents in fully
cooperative games [11]. They attempt to reduce the action
space which agents need to consider, by letting the agents
learn individually, and detecting diﬀerences in the reward
signal based on diﬀerent joint actions. Only in states where
a dependency between the agents exists the agents will coordinate by selecting an action together in the joint action
space.

3.2

4-2

FCQ-learning

In this paper we focus on enhancing the learning process
through reward shaping of one technique that learns from
sparse interactions. This technique, called FCQ-learning, is
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9

5
2

6
3

Figure 1: The state information of states 4 and 6 is
augmented to incorporate additional information in
order to solve coordination problems.

Given this information the most important challenge is
detecting in which states, the state information must be augmented. FCQ-learning samples the returns it collects, and
groups them according to its local state and the local state
of other agents. Using these samples, the agent can perform
a Friedmann statistical test which can identify the significance of the diﬀerence between the diﬀerent local states of
the other agents for its own local state. This principle is represented in Figure 2. Agent 1 starts sampling the rewards
until termination of the episode in local state xi based on the
local state information y i ,y j and y k of Agent 2. If enough
samples have been collected and if a significant diﬀerence is
detected among these states, the state information for the
local state of agent 1 is augmented to include the information of the other agent for which the diﬀerence was detected
(as illustrated in Figure 1).
At every time step, when the agent selects an action, it will
check if its current local state is a state which has been augmented and contains the state information of other agents.
In this case, it will observe the global state to determine if
it contains the information from its augmented state. If so,
it will condition its action based on this augmented state
information, otherwise it can act independently using only
its own local state information. If its local state information
has never been augmented it can also act without taking the
other agents into consideration.

}

xi

20.0

20.0

10.0

19.0

20.0

20.0

20.0

20.0

9.0
...

yk

...

yj

...

yi

Algorithm 1 FCQ-Learning algorithm for agent k
1: Initialise Qk and Qaug
to zero;
k
2: while true do
3:
if ∀ Agents k, state sk of Agent k is a safe state then
4:
Select ak for Agent k from Qk
5:
else
6:
Select ak for Agent k from Qaug
k
7:
end if
8:
Store the state information of other agents, and collect
the rewards until termination of the episode
9:
if enough samples have been collected then
10:
perform Friedmann test on the samples for the state
information of the other agents. If the test indicates
a significant diﬀerence, augment sk to include state
information of the other agents
11:
end if
12:
if sk is an augmented state for Agent k then
13:
Update Qaug
←
(1 − αt )Qaug
k (js)
k (js) +
�
αt [r(js, ak ) + γ maxa Qk (s k ), a]
14:
increment confidence value for sk
15:
else
16:
Update Qk (s) ← (1 − αt )Qk (s) + αt [r(js, ak ) +
γ maxak � Qk (s� k , a� k )].
17:
decrease confidence value for sk if extra state information was requested
18:
end if
19: end while

local state of Agent 1

} local states of Agent 2

}

collected rewards until
termination of the episode

Figure 2: Agent 1 in local state xi is collecting rewards until termination of the episode based on the
local state information of agent 2.

We distinguish two situations for updating the Q-values:
1. An agent is in an augmented state. Following update
rule is used:
Qaug
k (js, ak ) ←

(1 − αt )Qaug
k (js, ak ) + αt [r(js, ak )(8)
+γ maxa�k Qk (s� , a�k )]

where Qk stands for the Q-table containing the local
states, and Qaug
contains the augmented states (js).
k
Note that this augmented Q-table is initially empty as
we use a bottom up approach to learning sparse interactions. The Q-values of the local states of an agent
are used to bootstrap the Q-values of the states that
were augmented with global state information. This
is to capture the idea of a sparse interaction, where
agents only influence each other in certain states, after
which they can act independently again.

4.

2. An agent is in a local state. The Q-learning rule of
Equation 3 is used with only local state information.
We do not consider the case where we use the Q-table with
joint states to bootstrap in our update scheme since at timestep
t an agent can not know at that time that it will be in a state
where coordination will be necessary at timestep t+1 as this
will also depend on he actions of other agents.
For every augmented state a confidence value is maintained which indicates how certain the algorithm is that this
is indeed a state in which coordination might be beneficial. If
the augmented state of a local state is visited, the confidence
value is increased. Otherwise the confidence values of all the
augmented states, that have been created from the current
local state are decreased. This ensures that states, where an
agent would request state information about another agent,
but where this state information does not correspond to the
augmented state, are reduced again to states where agents
only consider local state information. By reducing this value
less than we increase it, we built some fault tolerance against
too quickly reducing states again.
The algorithm is more formally described in Algorithm 1.

CONTEXT SENSITIVE REWARD SHAPING

An agent, learning in an environment, can have diﬀerent subgoals it is trying to achieve, while accomplishing the
global goal of the task at hand. Incorporating all these subgoals into one shaping function is not always possible. The
idea we present here is to have diﬀerent appropriate shaping
functions, that depend on the context the agent is currently
in. This context is defined by the subgoal it is currently
trying to accomplish. The shaping function for a context
will guide the agent in achieving the particular goal of that
context. These shaping functions can be defined for one
agent alone, or can be generated from a joint plan, including other agents’ state. As acknowledged by [5], individual
plans might contain conflicting knowledge, which results in
agents interfering with each other. On the other hand, shaping functions based on joint plans require these plans to be
available and interferences to be identified beforehand. As
this may not always be possible, it is a better idea to use
a diﬀerent shaping function in these diﬀerent contexts: interfering or not interfering. If these interferences can be
detected automatically, agents can autonomously switch to
a diﬀerent shaping function, which is engineered for the particular context the agent is currently in. This allows the designer of the system to have multiple simple shaping functions, rather than try to build one shaping function that
covers all the subtleties that occur when multiple agents act
in the same environment.
We implement our approach to context sensitive reward
shaping by using FCQ-learning to detect the diﬀerent contexts. FCQ-learning samples the state space and will automatically augment certain states to include state informa-
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5.

tion about other agents if the agent is influenced by them.
This means that an agent can be in one of following contexts:
1. Individual: The agent is not influenced by any other
agent and only uses local state information
2. Coordinating: The agent is influenced by another
agent and uses augmented state information.
As explained above, a diﬀerent shaping function is to be
used in these diﬀerent context since they have diﬀerent subgoals. As an example to clarify this, we explain the setup of
the experiments we used. These are navigation tasks, where
both agents have to reach the same location but the order
in which they reach this location will determine the reward
they receive. Agent 1 needs to enter the goal location before
agent 2. The global goal of the system is for both agents
to reach the goal location in the correct order. Agents are
initially unaware of the presence of the other agent or the
order in which they need to reach the goal.
In the Individual context the shaping function is used is
calculated as described in Section 2.2. The potential is calculated from the shortest path from the initial position to
the goal. So the potential is actually a gradient that steers
the agent in the direction of the goal, as if it was a beacon. In this context, agents ignore eachother and are only
concerned with reaching the goal.
In the Coordinating context the global goal of the system
is used to shape the rewards. Agent 1, which has to reach
goal first, is further guided towards the goal. Agent 2 receives an incentive to not reduce the distance between itself
and agent 1. As such we are certain that agent 1 can reach
the goal first and accomplish the global goal of the system.
This principle is similar to a separation-based heuristic as
described in [7].
The idea is presented visually in Figure 3

Agent is
influenced?

No

Reward shaping
guides agent to
its goal

Yes

Reward shaping
guides agent to
its goal

S1

G
G
S1

S2
S2

(a) Grid game 2

(b) TunnelToGoal

Figure 4: Navigation games

The initial positions are marked with Si for each agent
i. The goal position is indicated with the letter G. Each
cell can only be occupied by one agent at any given time.
These environments induce some form of coordination problem where following the shortest path to the respective goals
of the agents would result in collisions between them. Moreover, agents need to coordinate during the episode in order
to enter the goal in the correct order. I.e. to achieve the
highest reward agent 1 needs to reach the goal before agent
2. All experiments were run for 10, 000 learning episodes
(an episode is completed if all agents reach their respective
goal state) and averaged over 20 independent runs. The
experiments were using a learning rate of 0.2. Exploration
was regulated using a fixed �-greedy policy with � = 0.09
and a discount factor γ = 0.95 was used. Reaching the goal
results in a reward of +20 in Grid game 2 and of +600 in
TunnelToGoal if the agents reach the goal in the correct order. Otherwise, the maximum reward they can achieve is
+10 in Grid game 2 and +300 in TunnelToGoal.
If the agents collide they remain in the location they were
in before the collision and receive a penalty of −10 for colliding. Transitions succeed in 90% of the cases. In the other
10% agents are moved to one of the adjacent cells at random.

Yes

Agent has
priority?

EXPERIMENTS

To validate this approach to reward shaping within the
FCQ-learning framework, we use two of the same environments of FCQ-learning (Grid game 2 and TunnelToGoal )
and compare FCQ-learning with and without shaping. The
environments are navigation tasks in which the agents have
to reach a predefined goal in the environment from an initial
position. The environments used are shown in Figure 4.

We will begin by describing the qualitative results of the
learned policies for FCQ-learning with and without a shaping function. We compare the number of steps the agents
need to complete an episode and how often they collide during an episode, the average reward they received per episode,
the size of the statespace in which they are learning and how
often they use the augmented state space. These results were
obtained by taking the average over the last 100 episodes.
The results in the Grid game 2 environment are actually
very similar. Since this is a relative small environment, this
is to be expected.
In the TunnelToGoal environment we see bigger changes.
The number of steps is almost divided by two to complete an

No

Reward shaping
guides agent
away from other
agent

Figure 3: Context sensitive use of reward shaping in
MAS

77

2.0

1.0

FCQ with shaping
15.48
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FCQ Shaping

1.0

0.4
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0.6

1.5

0.8

FCQ
FCQ Shaping

collisions

FCQ
21.1
12.96
10.97 & 15.24
0.16
2.29

# steps
reward
statespace
collisions
# joint plays

FCQ with shaping
15.8
276.72
37.41 & 39.58
0.20
2.23

0.0

0.2
0.0

FCQ
30.01
217.8
48.59 & 57.55
0.42
6.0

# steps
reward
statespace
collisions
# joint plays

0.5

Table 1: Final results for the Grid game 2 environment
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of collisions per episode. In the beginning of the learning
process, while the agents are still identifying joint states, we
see a higher number of collisions in the FCQ variant with
reward shaping. Since the shaping helps them reach their
goal faster, the number of collisions is also increased sooner.
Note that these collisions are necessary for FCQ-learning
to identify the states in which they should use augmented
state information. If we would let agents learn independently with independent reward shaping, the shaping function would lead them to states in which agents are influencing each other and in which they would receive low rewards.
FCQ-learning on the other hand switches to a diﬀerent shaping function in these states in order to solve the coordination
problem that occurs in these states. This happens around
learning episode 1000, after which we see a sudden drop in
the number of collisions per episode. In Grid game 2 we see
the same eﬀect, albeit a lot more subtle since this environment is a lot smaller than TunnelToGoal.

episode. This number indicates the number of steps required
for both agents to complete an episode. Hence, this is the
number of steps required for the slowest agent to reach the
goal. In this environment, surprisingly this turned out to
be agent 1 if no shaping was used, even though this agent
had to reach the goal first in order to reach the highest
reward. The result of this, can be seen by looking at the
row in which the average reward per episode is shown. Even
though FCQ-learning without reward shaping has a larger
state space and uses augmented state information more often
per episode than with reward shaping, it does not manage
to reach the same performance level. This is due to the
fact that the incorporation of background knowledge in the
shaping function when using augmented state information
significantly helps the agent reach the optimal solution (in
which agent 1 has to reach the goal first).

80

4000

Figure 6: Average number of collisions per episode
for Grid game 2 (left) and TunnelToGoal (right)

Table 2: Final results for the TunnelToGoal environment
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Figure 7: Average reward per episode for Grid game
2 (left) and TunnelToGoal (right)

Figure 5: Average number of steps to complete an
episode for Grid game 2 (left) and TunnelToGoal
(right)

The rewards obtained by the agents per episode, shown
in Figure 7, also follow this evolution and around episode
1000 we see an increase in the obtained rewards, due to this
decrease in the number of collisions. If no shaping function
is used, it takes FCQ learning a lot longer to reach a stable
policy, which is not as good as when a shaping function
is used. This is largely due to the fact that this shaping
function reflects how the global goal of the system should
be achieved in these conflict states.
Finally, we show the number of times agents used aug-

In Figure 5 we show the number of steps needed to complete an episode during the learning process. On the left
we see the results for the Grid game 2 environment on the
right the results for the TunnelToGoal environment. In the
larger TunnelToGoal environment we clearly see the eﬀect
of reward shaping. Agents are learning a lot faster to reach
their goal.
The consequence of this increase in learning speed is also
reflected in Figure 6. This figure shows the average number
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Figure 8: Average number of joint plays per episode
for Grid game 2 (left) and TunnelToGoal (right)

mented state information per episode in Figure 8. FCQlearning without a shaping function has a larger state space
(which can also be seen in Tables 1 and 2). The reason
why FCQ-learning without reward shaping has a larger state
space is due to the fact that agents do not get feedback on
their interaction immediately. The eﬀect of having coordinated correctly is only reflected in the goal state several
time steps ahead. Since it takes several learning episodes
for this feedback to be backpropagated, other states are being augmented in the mean time. This also explains why
FCQ-learning without shaping does not find the correct coordination policy as often as with reward shaping. The agent
could have learned contradicting policies in the diﬀerent augmented states. Learning to coordinate between these augmented states will take many learning episodes, especially
since interactions are sparse.

6.

the convergence to a stable policy, as well as an improvement in the final policy learned by the agents. These results
motivate further research in how such context sensitive reward shaping can be exploited even further in single and
multi-agent systems.

7.
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3
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FCQ
FCQ shaping

CONCLUSION

This paper presents an extension to FCQ-learning through
the incorporation of context-dependent reward shaping.
FCQ-learning is an algorithm that aims at learning a policy in an environment where multiple agents are loosely coupled. This means that agents influence each other only in
certain regions of the state space. Moreover, we assume
that agents are able to complete a goal independently, but
coordinating is beneficial in the sense that it results in a
higher payoﬀ in the future. So FCQ-learning is capable of
detecting delayed coordination problems. In states in which
such problems are detected, the state space is augmented to
include the state information of other agents and select actions independently using this augmented state information.
Reward shaping has already proved in both single and
multi agent systems to be able to significantly speed up the
learning process by giving intermediate rewards, based on
some domain knowledge. We illustrated how in multi agent
systems, diﬀerent shaping functions can be used, dependending on the context of the agent, i.e. is it in a local state, or is
it in an augmented state. This distinction allows to use the
speedup achieved by learning with sparse interactions combined with the speedup obtained through reward shaping.
We evaluated our approach using a navigation task with
a delayed coordination problem and observed a speedup in
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ABSTRACT

can persist. The same critique has been formulated by Huttegger and Zollman [9]. We discuss this related work in
Section 5.
Here, we apply learning dynamics (Section 3) to diﬀerent
classes of the Philip Sidney game (Section 2) and we observe
that:

Until now, biologist have mostly studied under what circumstances honest signaling is stable. Stability, however, is not
suﬃcient to explain the emergence of honest signaling. We
observe that honest signaling can emerge through learning.
The settings where honest signaling evolves, however, do not
exactly match those where honest signaling is evolutionary
stable. They do, however, match the set where honest signaling is a Pareto-optimal Nash equilibrium. As such, we
provide an alternative explanation for the emergence and
existence of honest signaling.

• a simple adaptive process, such as reinforcement learning can lead to honest signaling,
• the settings where honest signaling is evolutionary stable do not fully match the settings were honest signaling emerges through learning,

Categories and Subject Descriptors
I.2.6 [Artificial Intelligence]: Learning; I.2.11 [Artificial
Intelligence]: Distributed Artificial Intelligence—Multiagent Systems

• the learning process always converged to a Paretooptimal Nash equilibrium.
A Nash equilibrium is Pareto-optimal if there is no other
Nash equilibrium where no players are worse oﬀ and at least
one player is strictly better oﬀ. We discuss the experimental
results in Section 4.

General Terms
Algorithms, Economics, Experimentation

Keywords

2.

signaling games, handicap principle, reinforcement learning,
honest signaling

1.

THE PHILIP SIDNEY GAME

The Philip Sidney game, see Figure 1, is a signaling game,
introduced by Maynard Smith [11] as an example of the
handicap principle. The Philip Sidney game is a two-player
extensive form game of incomplete information. The first
player (Sender) can be in one of two states: healthy or needy,
with probability p and 1 − p respectively. In both cases he
can either send a signal at some cost c or he can remain
silent. Player 2 (Receiver) does not know the true state
of Sender, but he can observe whether or not Sender signals. Furthermore, Receiver has a resource and must decide
whether or not to donate his resource to Sender.
The players’ chances of survival depend on the state t ∈
{healthy, needy}, the signal s ∈ {signal, silent}, and the
action a ∈ {donate, keep} as follows. Sender is sure to survive if he receives the resource. If Sender does not receive
the resource and he is needy, then his chance of survival is
0. If he does not receive the resource and he is healthy, then
his chance of survival is V < 1. Thus, he benefits more from
receiving the resource when he is needy, than when he is
healthy. The survival probabilities for Sender vS (t, s, a) are
summarized by Equations 1 and 2.
�
(1 − c)wt,a if s = signal
vS (t, s, a) =
(1)
wt,a
if s = silent

INTRODUCTION

We study the emergence of honest signaling in the Philip
Sidney game. It was introduced by Maynard Smith [11] and
has become the standard game theoretic model of the handicap principle. The handicap principle [18] states that under
conflict of interest honest signaling can only be an equilibrium if signals are costly. The handicap principle may
explain, among other phenomena, the male characteristics
used for sexual selection, such as a peacock’s tail. The peacock’s tail is a handicap for its survival, but, as such, it is
an honest signals of the male’s fitness. Females can reliably
infer from the size of those tails which males would make
better mates, since only the fittest can aﬀord the largest
tails.
To demonstrate or contest the significance of honest signaling [12, 13], biologists are almost exclusively relying on an
finding the evolutionary stable strategies of diﬀerent game
theoretic models such as the Philip Sidney game [4, 11].
Such explanations of honest signaling, however, do not tell
us whether honest signaling will emerge, it merely states
that if it would emerge (for example through mutation) it
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healthy
w=
needy

�

donate
1
1

keep
�
V
0

which the player cannot distinguish. Sender’s information
states are healthy and needy, Receiver’s information states
are signal and silent. The behavior corresponding to honest signaling: “Sender signals only when needy and Receiver
donates only when signal” is denoted by (l, s, d, k), where
the letters l, s, d, k respectively stand for the pure strategies: silent, signal, donate, and keep.
We selected a number of Philip Sidney games that allow us
to illustrate the most important eﬀects we observed during
simulations of learning dynamics. The exact parameters of
those games are given in Table 2. Table 3 shows an overview
of the characteristics of these games and the types of equilibria that apply to honest signaling. We come back to these
games in Section 4 where we discuss the experimental results.

(2)

On the other hand, if Receiver keeps the resource to himself,
he is sure to survive. If he donates the resource to Sender
his chances of survival vR (t, s, a) are reduced to S < 1, see
Equation 3.
�
S if a = donate
vR (t, s, a) =
(3)
1 if a = keep
Clearly there is no reason for Receiver to donate his resource, except that the players may be related by some factor
r, such that the utility u of each player is his survival probability plus r times the other player’s survival probability.
See Equations 4 and 5 for Sender’s and Receiver’s utility uS
and uR .
uS (t, s, a) = vS (t, s, a) + rvR (t, s, a)

(4)

uR (t, s, a) = vR (t, s, a) + rvS (t, s, a)

(5)

1
2
3
4
5
6
7
8

Increasing the relatedness factor r reduces the conflict between the players. For r = 1, both players have the same
utilities. This is known as Hamilton’s principle of inclusive
fitness [5]. The game tree and the utilities for each possible
outcome of the Philip Sidney game are shown in Figure 1
and the parameters are summarized in Table 1.

V

1
2
3
4
5
6
7
8

Table 1: The parameters of the Philip Sidney game.


  











 

 


























S
0.6
0.7
0.8
0.8
0.7
0.8
0.8
0.7

V
0.65
0.8
0.8
0.8
0.5
0.95
0.8
0.5

costly?
yes
yes
yes
yes
yes
no
no
yes

conflict?
partial
partial
partial
partial
partial
none
partial
full

ESS?
yes
yes
yes
no
no
yes
no
no

NE?
yes
yes
yes
yes
no
yes
no
no

PO?
yes
yes*
no
yes*
no
yes
no
no

learned?
always
sometimes
never
sometimes
never
always
never
never

Table 3: For which Philip Sidney games, signaling
is costly, there is a conflict of interest, honest signaling is an evolutionary stable strategy (ESS), a
Nash equilibrium (NE), a Pareto-optimal Nash equilibrium (PO), and honest signaling emerged during
experiments with learning dynamics. In the column
of Pareto-optimal (PO) we write “yes*” when honest signaling is not the only Pareto-optimal Nash
equilibrium.





r
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.25

Table 2: Some Philip Sidney games. For each game
the probability of Sender being healthy p = 0.5.

meaning
signal cost
probability of Sender being healthy
relatedness factor
Receiver’s chance of survival when donating resource
Sender’s chance of survival when healthy
but not getting resource

c
p
r
S

c
0.19
0.2
0.4
0.1
0.2
0.0
0.0
0.2



3.

Figure 1: The Philip Sidney game. Decision nodes
between which Receiver cannot distinguish are connected by a dotted line. The utilities uS , uR for both
players are given at the terminal nodes.

SELFISH ADAPTIVE BEHAVIOR

Reinforcement learning algorithms are ideal as models of
simple adaptive behavior of selfish individuals. A reinforcement learner repeatedly observes the state of the environment, selects an action and receives a payoﬀ indicating the
quality of his action. An individual can maintain statistics
of the payoﬀs for all combinations of observations and actions. This way, he can learn which are the most rewarding
actions in each state of the environment and hence change
his behavior by selecting better actions more often.

The standard way to represent the behavior of players of
an extensive form game is by a behavioral strategy profile.
A behavioral strategy profile is a list of strategies, one for
each information state – this is a set of player nodes between
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We use Q-learning [17] with �-greedy action selection, because of its ease of applicability. The parameters are easy
to choose and the algorithm poses no constraints on the
payoﬀs. Sender has a Q-value Qt,s for each possible state
t ∈ {healthy, needy} and each possible signal he can send,
s ∈ {signal, silent}. Receiver has a Q-value Qs,a for each
possible signal he can observe, s ∈ {signal, silent}, and
each possible action he can take, a ∈ {donate, keep}.
We initialize Q-values optimistically by setting them to a
value which is greater than or equal to the highest payoﬀ
of the game. This makes sure that there is suﬃcient exploration in the beginning of the game [15, p.40]. In the
experiments we set initial Q-values to 2.
Now, for each game with outcome (t, s, a), both players
update the Q-value that corresponds to the observation they
made and the action they took during that game, according
to the update rule 6. The other Q-values remain unchanged.
Qt,s ← Qt,s + α (uS (t, s, a) − Qt,s )

Qs,a ← Qs,a + α (uR (t, s, a) − Qs,a )

1
2
3
4
5
6
7
8

learned behavior
100% (l, s, d, k)
59% (l, s, d, k), 41%
100% (l, l, d, d)
88% (l, l, ?, d), 12%
100% (l, l, ?, d)
56% (l, s, d, k), 44%
51% (s, s, d, ?), 49%
100% (l, ?, k, k)

(l, l, ?, d)
(l, s, d, k), ( 12 s + 12 l, s, d, k)
(s, l, k, d)
(l, l, ?, d)

Table 4: The behavioral strategy profiles to which
learning converged and for which percentage of the
runs for each of the Philip Sidney games in Table 2.
The notation is explained in the text.

(6)

In this update rule, α ∈ [0, 1] represents the learning rate.
In the extreme case of α = 0, nothing is ever learned. In
the other extreme case where α = 1, Q-values only reflect
the last utility for their corresponding outcome. In fact,
the Q-values represent the exponentially weighted moving
average of the utilities [15, p.38]. Both players used the
same learning rate α = 0.1 in all experiments.
To balance exploration and exploitation, we used �-greedy
action selection: with probability 1 − � individuals select the
action with the highest Q-value (braking ties randomly) and
with probability � they select an action at random according
to a uniform distribution. For all experiments we used a
constant exploration rate � = 0.01.

4.

Figure 2: A typical run for game 1 showing the
emergence of honest signaling.
The solid red
line represents the probability of seeing outcome
(healthy, silent, keep) and the dotted green line the
probability of seeing outcome (needy, signal, donate).
Other than equilibrium outcomes quickly converged
towards zero probability and are left out for clarity.

EXPERIMENTS AND RESULTS

In all experiments reported here, initial Q-values were 2,
the learning rate α = 0.1 and the exploration rate � = 0.01
for both players. For each game setting, we did 100 runs.
Per run, the game was repeated 2000 times. This is long
enough, since most of the time, the behavior was already
stable after a few hundred iterations.
In Table 4 we present the learned behavior for each of
the game settings given in Table 2. Per game we give a list
of behaviors, each of them preceded by the percentage of
runs that converged to that behavior. The basic notation
for behavior is described at the end of Section 2. The question mark represents a wild card and ( 12 s + 12 l) represents
a mixed strategy where Sender signals with probability 1/2
and is silent with probability 1/2.

4.1

in (l, l, ?, d) denotes that the receiver can either donate or
keep in case Sender signals. Note, that Sender will still signal at a rate of �/2 = 0.005 due to the constant exploration
rate (see Section 3). The diﬀerence with game setting 1 may
be explained by the fact that game 2 has two Pareto-optimal
Nash equilibria: (l, s, d, k) and (l, l, ?, d). These correspond
to the learned behavior. In contrast, in game setting 1 honest signaling is the unique Pareto-optimal Nash equilibrium
and the only behavior learned.
In game 3, honest signaling is evolutionary stable (and by
definition also a Nash equilibrium). The learning dynamics,
however, never converged to the honest signaling equilibrium, instead it converged to “Sender remains always silent
and Receiver always donates”, (l, l, d, d), which is a Paretooptimal Nash equilibrium for this game. So, as before, the
learning process converged to a Pareto-optimal Nash equilibrium.
Game 4 shows the opposite eﬀect of game 3. Here, honest
signaling is not evolutionary stable although it is a (Pareto-

Partial Conflict and Costly Signals

Games 1 to 5 all have a partial conflict of interest between
players but costly signals, thus the handicap principle says
that honest signaling can be evolutionary stable. This is the
case for games 1 to 3, but not for games 4 and 5.
For the first setting, game 1, as expected, honest signaling
always emerged through learning. A typical run is shown in
Figure 2.
In the second setting, game 2, some runs (59%) converged
to honest signaling: (l, s, d, k). Some runs converged to another equilibrium : “Sender remains always silent and Receiver donates when silent”, (l, l, ?, d). The question mark
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optimal) Nash equilibrium. There is another Pareto-optimal
Nash equilibrium: “Sender is always silent and Receiver donates when Sender is silent”, (l, l, ?, d). The learning dynamics evolved to this equilibrium in 88% of the runs. In
a smaller number of runs, 12 out of 100, we observed periods of honest signaling (l, s, d, k) interleaved by periods
where Sender, when healthy, is bluﬃng half of the time:
( 12 s + 12 l, s, d, k). This last behavior is not Pareto-optimal in
itself but the combination of (l, s, d, k) and ( 12 s + 12 l, s, d, k)
is, as long as Sender signals at most 1/3 of the time when
he is healthy.
In game 5 honest signaling is not even a Nash equilibrium.
Again, the learning process converged to a Pareto-optimal
Nash equilibrium: “Sender is always silent and Receiver donates when Sender is silent”, (l, l, ?, d).

4.2

obtained by calculating the evolutionary stable strategies.
They find that in many cases honest signaling has far smaller
basins of attraction than other equilibria. This may mean
that honest signaling is far less significant as is suggested by
the existence of evolutionary stable strategies. Indeed, there
is an ongoing debate about how widespread honest signaling
really is [12, 13]. Our work is exploring the same question
and we argue that analyzing dynamics of adaptive processes
leading to honest signaling can provide better insights.
Closely related to the emergence of honest signaling is the
emergence of signaling itself. The emergence of signaling in
a game theoretic setting was first studied by Lewis [10]. His
signaling games represent a communication problem where
there is neither cost for signaling, nor conflict. The problem
is fully cooperative and the goal for the players is to come up
with a convection for the meaning of the signals without any
pre-existent means of communication. Recently, both evolutionary dynamics [7, 8] and learning dynamics [1, 2, 3, 14] received more attention and it was shown that perfect communication can evolve from initially random behavior through
simple adaptive processes. While we concentrate on honest
signaling in this text, we could indeed observe that initially
arbitrary signals can acquire meaning through repeated interaction between learning processes. Games 6 and 7 are
signaling games where signals are cost-free. We observed
that the meaning acquired by the signals was swapped in
about half of the runs, see Table 4 and Section 4.2.

Cost-free Signals

Game 6 has cost-free signals and no conflict of interest. Honest signaling is evolutionary stable and thus also
a Nash equilibrium. Since there is no cost for signaling,
both (l, s, d, k) and (s, l, k, d) come down to the same thing.
These behaviors simply have the meaning of silent and
signal switched. The learning dynamics reached both equilibria in a more or less equal amount of runs. In fact, this
example shows how arbitrary signals can acquire meaning
through learning processes. This was already studied extensively [14], see the related work in Section 5.
Game 7 also has cost-free signals but with partial conflicting interest. According to the handicap principle honest signaling cannot be evolutionary stable. Honest signaling is not
a Nash equilibrium either. There are, however, many equilibria were partial information is transferred. Some of them
were identified by Huttegger and Zollman [9], see Section 5.
In our case the learning dynamics always converged to any of
the pure strategy equilibria: (s, s, d, ?) and (l, l, ?, d), both
in about half of the runs. All Nash equilibria have the same
payoﬀs (1.4, 1.3), so both strategies profiles are also Paretooptimal Nash equilibria.

4.3

6.

Full Conflict

When there is a full conflict, Receiver prefers to keep his
resource whether Sender is healthy or not, and Sender would
prefer Receiver to donate at all times. In such settings,
there are no Nash equilibria (and hence no evolutionary stable strategies) where Receiver donates. As a consequence,
it does not really matter whether Sender is signaling honestly or not. Moreover, when signals are costly, Sender is
better oﬀ by remaining silent when he is healthy. In game
8, for example, we observed Sender learned to signal honestly. Receiver, however, never bothered about the signal,
(l, s, k, k).
In summary, the learning process always converged to a
Pareto-optimal Nash equilibrium. So, for this learning process, honest signaling can emerge, but only when it is a
Pareto-optimal Nash equilibrium. We were able to identify
settings in which honest signaling is evolutionary stable but
not Pareto-optimal, for example game 3. We also identified
settings were honest signaling is not evolutionary stable but
could emerge through learning, for example game 4.

5.

CONCLUSION

In biology honest signaling has mostly been studied by
doing a static analysis of signaling games, that is verifying whether honest signaling is an evolutionary stable strategy. In the process, they have been ignoring other equilibria
which may be equally or even more important. Both the
work of Huttegger and Zollman [9], using evolutionary dynamics, and our work, using learning dynamics, show that
honest signaling can emerge from initially random behavior
through adaptive processes and more importantly it shows
the existence of settings where honest signaling is an equilibrium, but where it is not (necessarily) the outcome of the
dynamic process. We also observed the opposite, honest signaling can emerge through learning in settings where it is
not evolutionary stable.
Note that there is an important diﬀerence between evolutionary stability and evolutionary dynamics on the one
hand and learning dynamics on the other hand. Evolutionary stability and dynamics considers how and whether characteristics due to genetic mutations can spread in a population. Learning dynamics considers whether individuals can
acquire certain characteristics. Learned behavior can spread
through the population through imitation processes (individuals imitate the behavior of fitter individuals), but it can
also influence genetic evolution since natural selection may
favor individuals that can acquire the characteristic through
their lifetime [6]. As such the genetic evolution is guided by
the learning. In the limit the characteristic can even be
“canalized” and does not need to be learned at all [16].
This allows us to question whether analysis of evolutionary stability is a good or the only good methodology to
study the emergence of honest signaling. Other equilibrium
concepts exist, but it is not clear which one should apply.
Learning dynamics provides a simple and intuitive alternative.

RELATED WORK

Huttegger and Zollman [9] study evolutionary dynamics in
the Philip Sidney game, and contrast their results to those
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One may wonder, in how far the choice of learning model
(Section 3) influenced our results. We argue that the choice
is a reasonable one. Similar models of reinforcement learning have been applied to signaling games [2, 3]. All of them
are very limited in terms of computational and informational
requirements as mentioned before. They keep track of statistics summarizing the quality of their actions and keep a balance between exploiting the best actions and exploring the
others. Despite their simplicity, these models have characteristics also seen in human and animal behavior.
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ABSTRACT
Multi-agent reinforcement learning (MARL) has been widely studied over the last years. In MARL, one approach is to
combine game theory with reinforcement learning (RL) to
help with selecting actions and updating policies. Markov
games are adopted in this approach as the framework and
policies are learnt based on equilibrium theories. Several
algorithms have been proposed based on this idea, such as
minimax-Q, NashQ, FFQ, Correlated-Q and MetaQ. However, some of these algorithms are proposed only for 2-agent
problems while the others have diﬃculty in dealing with
problems with more than 2 agents. Since many tasks involve
more than 2 agents in the real world, an algorithm which can
deal with n-agent (n > 2) problems is needed. In this paper, we propose nMetaQ based on MetaQ. nMetaQ can be
applied to a multi-agent environment that has more than
2 agents. Experimental results demonstrate the empirical
convergence of nMetaQ and show its satisfactory adaptive
performance. The most important advantage of nMetaQ
is that it can work eﬃciently and eﬀectively in an n-agent
(n > 2) environment while previous methods may not.

Categories and Subject Descriptors
I.2.m [Computing Methodologies]: Artificial Intelligence

General Terms
Algorithms

Keywords
Multi-agent Reinforcement Learning, Game Theory, Metagame,
nMetaQ
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There has been an increasing interest in reinforcement
learning since the late 1980s in the fields of Machine Learning (ML) and Artificial Intelligence (AI). RL is a learning
technique in which agents learn from interactions with an
environment without specifying how a task is to be completed [9]. Among the large numbers of RL algorithms proposed so far, Q-learning [25] has been regarded as one of the
most important breakthroughs in RL [23] and its learning
framework is adopted by some well-known RL algorithms
[13, 16].
Multi-agent reinforcement learning can be seen as the extension of RL to the multi-agent domain. Recently, it has
gained growing attention because most tasks in the real
world need to be completed by more than one agent. Singleagent RL methods can be used to solve multi-agent learning
problems by treating the other agents in a system as part
of the environment. However, this may not be an eﬀective
way since the environment is no longer stationary with the
existence of the other agents. A more rational way is to assume that all agents are taking part in one game, in which
some agents may have consistent goals while the others may
not. From the technical point of view, this has taken the
community from the realm of Markov Decision Problems to
the realm of game theory, and in particular Markov games
(or stochastic games) [21].
Littman’s minimax-Q algorithm [11] is widely considered
as the first algorithm which introduces game theory into RL.
But, the NashQ algorithm [7, 8] presented by Hu and Wellman is mentioned more frequently since it extends Littman’s
work to a broader framework. Similar algorithms like FFQ
[12] and CE-Q [4] provide more alternatives for solving multiagent tasks. However, these algorithms have some limitations. For instances: minimax-Q and FFQ suit a few special cases; NashQ has expensive cost of computation and
its eﬀectiveness can not be guaranteed well due to the fact
that a Nash equilibrium may be Pareto dominated by a nonequilibrium solution.
To address these issues mentioned above, a novel algorithm
MetaQ was proposed in a recent paper [2] based on meta
equilibrium. MetaQ performs bettern than other game theorybased MARL algorithms (including NashQ, FFQ, CE-Q)
due to three properties of meta equilibrium: (i) always existing; (ii) being not Pareto dominated by non-equilibrium
solutions; (iii) being computed very eﬃciently. Furthermore,

these properties not only exist in 2-agent situations, but also
can be retained in n-agent (n > 2)1 ones. In our opinion,
this is the most prominent advantage of a meta equilibrium
compared with other types of equilibria. However, MetaQ
can only deal with 2-agent problems. In order to be used
widely, MetaQ needs to be extended. In this paper, we propose nMetaQ, which can be seen as an extension of MetaQ
from 2-agent problems to n-agent ones. Our work has two
major contributions: (i) an algorithm for computing meta
equilibria in general n-agent (n ≥ 2) games; (ii) the eﬀectiveness of nMetaQ algorithm is verified to be able to solve
n-agent (n ≥ 2) Markov games by our experiments.
The rest of this paper is organized as follows. In the
next section, we explain some basic concepts in RL and
game theory and introduce some related work in MARL.
In Section 3, metagame theory including some important
theorems and the algorithm for computing meta equilibria
is introduced, followed by the description of our algorithm,
nMetaQ, in Section 4. We give our experimental results in
Section 5 and provide some discussion in Section 6. Finally,
we summarize our work in Section 7.

2. PRELIMINARIES
In multi-agent settings, learning is complicated due to the
fact that multiple agents may be learning simultaneously.
This can thus make the environment nonstationary for a
learner [19]. Obviously, game theory can provide us a powerful tool for modeling the multi-agent systems. We start
this section by reviewing some basic concepts in RL, game
theory and some related work. Then, a general framework
which generalizes all game theory-based RL algorithms is
given.

2.1 Markov Decision Process and Reinforcement Learning
A Markov Decision Process (MDP) has the capability of
giving an accurate description of single-agent decision problems. In fact, almost all RL algorithms adopt MDPs or one
of its variants as their fundamental frameworks. An MDP
can be defined as follows:
Definition 1. A Markov Decision Process is a tuple < S,
A, r, p >, where S is the discrete state space; A is the action
space of the agent; r : S × A → R is the reward function,
and p : S × A × S → [0, 1] is the transition function.
The objective of an agent in an MDP is to find an optimal
policy π ∗ , which maximizes the return R in the long run:
∞
��
�
π ∗ = arg max Rπ = arg max Eπ
γ k rt+k+1 ,
(1)
π

π

k=0

where Rπ stands for the long-time return under policy π and
is defined by the expected value of the sum of the discounted
rewards; Eπ {} denotes the expected value with respect to π;
rt+k+1 is the reward received at the k-th step after the current time t; t can be any time step, and γ is the discount rate
that determines how much contribution the future rewards
can make to the present value.
Generally, the problem of finding the optimal policy π ∗ is
identical to that of computing the optimal state-value function V ∗ or the optimal action-value function Q∗ . According
1
In the remaining part of this paper, the n in “n-agent” is
larger than 2 by default.
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Table 1: the pseudo code of Q-learning
1. Initialize Q(s, a) arbitrarily;
2. Repeat (for each episode):
3. Initialize state s;
4. Repeat (for each step):
5.
Choose a from s using policy derived from Q
(e.g., �-greedy);
6.
Take action a, observe r and s� ;
7.
Update the Q value as:
Q(s, a) ← (1 − α)Q(s, a) + α[r + γ maxa� Q(s� , a� )];
8.
s ← s� ;
9. until s is the terminal state;
10. until no more episodes;
to the Bellman optimality equation [1], V ∗ can be computed
as:
∞
��
�
V ∗ (s) = Eπ∗
γ k rt+k+1 |st = s
k=0

�
�
= max Eπ∗ rt+1 + γV ∗ (st+1 )|st = s, at = a
a
�
= max
p(s, a, s� )[r(s, a, s� ) + γV ∗ (s� )],
a

(2)

s�

and a similar equation for computing Q∗ is:
�
Q∗ (s, a) =
p(s, a, s� )[r(s, a, s� ) + γ max
Q∗ (s� , a� )]. (3)
�
a

s�

Owing to the expensive cost for solving the Bellman optimality equation, a more practical solution is to update the
value function and the corresponding policy repeatedly in
an iterative search process, through which both the value
function and the policy will finally converge to their optimal
values. Precisely, this is the basic idea that reinforcement
learning relies upon.
Q-learning is one of the most important RL algorithms
because it has a deep impact on the development of RL.
We briefly introduce it here since it is highly related to our
work. More information about RL can be found in [9] and
[23]. Q-learning is an oﬀ-policy TD control algorithm [22].
It focuses on the update of the action-value function Q, of
which the updating rule is quite a simple one:
Q(s, a) ← Q(s, a) + α[r + γ max
Q(s� , a� ) − Q(s, a)],
�
a

(4)

where the maximum Q-value of the next s� is backed up to
the Q-value of the current state-action pair (s, a). By this
rule, the action-value function Q directly approximates Q∗
independent of the policy being followed. As a consequence,
this significantly simplified the analysis of the algorithm and
enabled early convergence proofs [26]. The pseudo code of
Q-learning is shown in Table 1.

2.2

One-stage Game and Markov Games

One of the fundamental concepts in game theory is onestage game:
Definition 2. An n-agent (n ≥ 2) one-stage game Γ is
a tuple < N, A1 ,. . . ,An , U 1 ,. . . ,U n >, where N is the set of
i
agents;
�A is ithe action space of agent i(i=1,. . . ,n). Denote
A = n
i=1 A as the joint action space of the agents, and
U i : A → R is the utility function for agent i.

In this definition, we use agent and action to replace the
standard game theoretic terminology player and strategy,
respectively, for the purpose of contextual consistency. For
solving a game, an important concept is Nash equilibrium
[15]:
Definition 3. In an n-agent (n ≥ 2) one-stage game Γ,
a joint action �a = (a1∗ , ..., an
∗ ) is a pure strategy Nash equili�
brium if and only if for any i ∈ N , U i (�a) ≥ U i (a1∗ , ..., ai−1
∗ ,a ,
n
�
i
ai+1
∗ , ..., a∗ ) holds for any a ∈ A .
That is to say, in a Nash equilibrium, each agent’s action is
the best response to the other agents’ joint action.
Markov games can be seen as an extension of both the
standard one-stage game and MDP. An n-agent Markov
game is defined as follows:
Definition 4. An n-agent (n ≥ 2) Markov game is a
tuple < N, S, A1 ,. . . ,An , r1 ,. . . ,rn , p >, where N is the set
of agents; S stands for the state space of the environment;
Ai is the action space of agent i(i=1,. . . ,n); ri : S × A1 ×
· · · × An → R is the payoﬀ function for agent i; p : S ×
A1 × · · · × An × S → [0, 1] is the transition function of the
environment.
Markov games are a general form of MDP and conversely
MDP is a special case of Markov games with just one agent.
In each state s, each agent chooses an action according to its
action-value function Q. We denote the Q function of agent
i by Qi , and the tuple < N, A1 , . . . , An , Q1 (s), . . . , Qn (s) >
can be regarded as a one-stage game in state s. Therefore,
Markov games link the one-stage game and MDP together.

2.3 Game Theory-based MARL Algorithms
2.3.1 Minmax-Q
Littman [11] proposed the first game theory-based MARL
algorithm, minimax-Q. Minimax-Q focuses on 2-agent zerosum games. The Q function is extended from Q(s, a) to
Q(s, a, o) by taking the opponent’s action o into consideration.
In this algorithm, the agent keeps a conservative expectation
of its actions. The state-value function is defined by:
�
V (s) = max min
Q(s, a, o)π(s, a),
(5)
π

o

a

and the updating rule for Q function is changed to:
Qt+1 (s, a, o) ← (1 − α)Qt (s, a, o) + α[rt + γVt (s� )].

(6)

The limitation of minimax-Q is that it can only deal with
2-agent zero-sum games.

2.3.2 NashQ
Based on the concept of Nash equilibrium, Hu and Wellman [7, 8] proposed NashQ learning algorithm to solve more
general problems. Like minimax-Q, NashQ still adopts the
framework of Q-learning, the diﬀerence is that NashQ needs
to maintain the Q-table Qi (i = 1, ..., n) for each agent. The
updating rule for each Q-table is:
Qit+1 (s, �a) ← (1 − α)Qit (s, �a) + α[rti + γN ashQit (s� )], (7)
where �a represents a joint action taken by all the agents,
and N ashQit (s� ) is the corresponding Q-value of agent i for
the selected Nash equilibrium in the game (Q1t (s� ), . . . ,
�
Qn
t (s )).
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2.3.3 FFQ
The convergence proof of NashQ makes it a milestone in
MARL research [8], but its assumptions are restrictive since
these assumptions put limits on the types of games as well
as on the intermediate results of learning. For this reason,
Littman [12] proposed friend-or-foe Q-learning (FFQ) for
two special Nash equilibria: adversarial equilibrium and coordination equilibrium. Each of them corresponds to the two
opponent types “friend” and “foe”, respectively. For simplicity, we use the 2-agent version of FFQ for discussion. From
the perspective of agent 1, the updating rule is Equation (7)
with:
N ashQ1 (s) =

max

a1 ∈A1 ,a2 ∈A2

Q1 (s, a1 , a2 )

if agent 2 is considered a friend or
� 1
N ashQ1 (s) = max min
Q (s, a1 , a2 )π 1 (s, a1 )
π1

a2 ∈A2

(8)

(9)

a1 ∈A1

if the opponent is considered a foe. Compared to NashQ,
FFQ provides stronger convergence guarantees.

2.3.4 Correlated-Q
A Nash equilibrium is a profile of independent actions
(or strategies), whereas a correlated equilibrium is more
general than a Nash equilibrium in that it allows for dependencies among agents’ actions. Greenwald and Hall [4]
adopted the concept of correlated equilibrium and presented
the Correlated-Q learning (CE-Q) algorithm.
Definition 5. Given a one-stage game Γ, a correlated
equilibrium is a probabilistic distribution p over the joint
action space A if for all i ∈ N and for all ai , a�i ∈ Ai :
�
p(ai , a−i )U i (ai , a−i ) ≥
a−i ∈A−i

�

a−i ∈A−i

p(ai , a−i )U i (a�i , a−i ).

(10)

In this definition, a−i represents the joint action taken by
the other agents except agent i and A−i is the corresponding joint action space. The set of CE is a convex polytope
and can be computed via linear programming. To resolve
the problem of selecting from multiple equilibria, Greenwald
and Hall [4] defined utilitarian, egalitarian, plutocratic, and
dictatorial CE-Q learning based on four equilibrium selection mechanisms.

2.4

A General Framework

Those algorithms mentioned above share the same framework as shown in Table 2, where Θ and Φ are two operators related to a certain kind of equilibrium. Θ represents
computing equilibrium actions and Φi is agent i’s Q-value
corresponding to the equilibrium actions. It is worth noting
that in minimax-Q and FFQ, agents only need to maintain
their own Q-tables while those in NashQ or CE-Q also need
to keep the other agents’ Q-tables for computing equilibria
in each state.
There are no doubts that all these algorithms make great
contributions to the development of MARL. However, in
our opinion, they all have some deficiencies when being applied to the environments where there are more than two
agents. Obviously, minimax-Q only fits the 2-agent zerosum Markov games and thus it has a limited practical val-

(A,B) Confess
Deny
Confess (-9,-9)
(0,-10)
Deny
(-10,0)
(-1,-1)
(a) original prisoners’ dilemma

Table 2: the general framework of game theorybased MARL algorithms
1. Initialize Qi (s, ai , a−i ) arbitrarily;
2. Repeat (for each episode):
3. Initialize state s;
4. Repeat (for each step):
5.
Select action �a = Θ(Qi (s), Q−i (s));
6.
Observe and receive the experience (s, �a, r, s� );
7.
Update the Q value as:
Qi (s, �a) ← (1 − α)Qi (s, �a) + α[r + γΦi (s� )];
8.
s ← s� ;
9. until s is the terminal state;
10. until no more episodes;

(A,B) Confess
Deny
f1
(-9,-9)
(0,-10)
f2
(-10,0)
(-1,-1)
f3
(-9,-9)
(-1,-1)
f4
(-10,0) (0,-10)
(b) 1Γ of prisoners’ dilemma
Figure 1: Prisoners’ Dilemma
f3 : Confess when B confesses and deny when it denies.

ue. As for NashQ, there are mainly three problems. Firstly, algorithms for finding a Nash equilibrium (e.g., LemkeHowson [10], PNS [17], MIP [20]) in 2-agent games have
the exponential worst-case running time. With more than
two agents, the cost will be very expensive and still there is
no eﬃcient way to find Nash equilibrium in n-agent games.
Secondly, a Nash equilibrium could probably be Pareto dominated (e.g., the prisoners’ dilemma shown in Figure 1(a)).
Thirdly, mixed strategy Nash equilibria may not be suitable
for MARL because in the learning process, a game with certain Q-values in each state can hardly be repeated. FFQ has
lower computational cost and can work in n-agent environments. But, it only suits a few special cases, where agents
treat each other as either a friend or a foe.
With the help of metagame theory, most of the problems
mentioned above can be addressed [2]. In the next section,
we will state some basic concepts in metagame theory.

3. METAGAME THEORY
3.1 Metagame
The concept of metagame was first proposed by Howard
[6]. A metagame is a hypothetical game derived from the
original game by assuming that one agent can know the
other agents’ actions first and its action is a reaction function
of other agents’ joint action. Here we give the definition of
metagame in a 2-agent situation. For an n-agent situation,
it can be inferred easily.
Definition 6. For a two-agent one-stage game Γ = <
A1 , A2 , U 1 , U 2 >, metagame 1Γ can be defined as a tuple
A2

1
2
< A1(1) , A2(1) , U(1)
, U(1)
> where A1(1) = (A1 ) , A2(1) = A2 .
k
For (f1 , a2 ) ∈ A(1) , U(1)
(f1 , a2 ) = U k (f1 (a2 ), a2 ) (k = 1, 2).
1
And metagame 2Γ is also a similar tuple < A1(2) , A2(2) , U(2)
,
1

A

2
k
U(2)
> where A1(2) = A1 , A2(2) = (A2 ) , and U(2)
(a1 , f2 ) =
k
U (a1 , f2 (a1 )) (k = 1, 2). Here we omit the agent set N in
this definition.

For example, we can extend the prisoners’ dilemma to its
1Γ form, which is shown in Figure 1(b). In 1Γ, B keeps its
action space as in the original game. For A, there are four
reactive strategies for the action chosen by B:
f1 : Always confess no matter what action B takes.

f4 : Deny when B confesses and confess when it denies.
1Γ and 2Γ are called one-order metagame. Recursively, by
regarding an n-order (n ≥ 1) metagame as the original game,
(n+1)-order metagames can be derived. Thus, we can define
two-order metagames (e.g., 12Γ, 21Γ) and metagames with
higher orders (e.g., 121Γ, 2112Γ). However, Howard [6] has
proved that 12Γ and 21Γ are enough for 2-agent games, and
further extensions based on them are meaningless. Therefore, 12Γ and 21Γ are called complete game. For general
n-agent (n ≥ 2) games, complete game can be defined as
follows:
Definition 7. For an n-agent (n ≥ 2) game Γ, metagame
ηΓ is a complete game if the prefix η is a permutation of
1,2,...,n.
Thus, when there are three agents in the game, the set of
complete games includes: 123Γ, 132Γ, 213Γ, 231Γ, 312Γ and
321Γ. As a matter of fact, we can easily infer that there are
n! complete games for an n-agent (n ≥ 2) game.

3.2

Meta Equilibrium

Another core concept in metagame theory is meta equilibrium. We state its definition and some important properties in this subsection.
Definition 8. For a game Γ and one of the agents’ joint
actions �a, if there exist a metagame ηΓ and its pure strategy
Nash equilibrium �x that satisfy: φ(�x) = �a, then we call �a the
meta equilibrium of Γ.
Definition 9. A meta equilibrium �a is said to be symmetric if it can be derived from all complete games.
In the definitions above, φ is the operator for computing the
real actions. The set of all meta equilibria of Γ is denoted by
E(Γ). Especially, the set of all the meta equilibria deduced
from ηΓ is denoted by Ê(ηΓ). The set of symmetric meta
equilibria is denoted by SymE(Γ)
In contrast to Nash equilibrium, the following theorems2
can guarantee the eﬀectiveness and rationality of meta equilibrium:
Theorem 1. Every game has at least one meta equilibrium.
2
All proofs of these theorems are omitted here. They will
be given in an extensive version of this paper.

f2 : Always deny no matter what action B takes.
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Theorem 2. In any game, if the joint action �a is a pure
strategy Nash equilibrium, then it is also a symmetric meta
equilibrium.
Theorem 3. In any game, if a joint action �a1 is a Nash
equilibrium which is Pareto dominated by another joint action
�a2 , then �a2 is a symmetric meta equilibrium.
Theorem 4. In any game, if a joint action �a1 is a meta
equilibrium which is Pareto dominated by another joint action
�a2 , then �a2 is also a meta equilibrium.
From Theorems 2, 3 and 4, we can see that a meta equilibrium and its Pareto dominated actions (if exist) are in
the same set. We have enough reasons to believe that the
optimal actions are in SymE(Γ) or E(Γ). We should consider SymE(Γ) first because symmetric meta equilibria satisfy all agents’ rational expectations. However, SymE(Γ)
is empty sometimes. But, this does not mean that there
are no other solutions. The existence of meta equilibrium
is guaranteed by Theorem 1. At least, a meta equilibrium
could meet some agents’ expectations with the other agents
making concessions. Obviously, this is what often happens
in our real life. Although it may not be a symmetric one,
we still believe that it has eﬀectiveness.

3.3 Computing Meta Equilibria
To find a meta equilibrium in a game is much easier than
to find a Nash equilibrium. In fact, there is no need to extend the game to one of its metagames and then find a Nash
equilibrium in the metagame. Thomas [24] proved a sufficient and necessary condition of meta equilibrium, which
can be considered as an identical definition of meta equilibrium. It is this definition that provides us an eﬀective way
to compute meta equilibria. The definition can be described
as follows:
Definition 10. For an n-agent (n ≥ 2) game Γ, a joint
action �a is called a meta equilibrium from a metagame k1 k2 ·
· · kr Γ if for any i there holds:
U i (�a) ≥ min max min U i (aPi , ai , aFi , aNi ),
a Pi

ai

aF i

(11)

where Pi is the set of agents list before sign i in the prefix
k1 k2 · · · kr , Fi is the set of agents listed after sign i and Ni
is the set of agents which do not appear in the prefix. If i is
not listed in the prefix, let Pi be ∅ and Fi be the set of all
agents listed in the prefix.
Take a 3-agent game Γ as an example, to compute the set
Ê(321Γ), we need to find the joint action �a = (a1 , a2 , a3 )
which satisfies:
 1
1 �
�
�
 U (a1 , a2 , a3 ) ≥ mina�3 mina�2 maxa�1 U (a1 , a2 , a3 ),
2
2 �
�
U (a1 , a2 , a3 ) ≥ mina�3 maxa�2 mina�1 U (a1 , a2 , a�3 ),
 3
U (a1 , a2 , a3 ) ≥ maxa�3 mina�2 mina�1 U 3 (a�1 , a�2 , a�3 ).
Then for Ê(123Γ), �a should satisfy:
 1
1 �
�
�
 U (a1 , a2 , a3 ) ≥ maxa�1 mina�2 mina�3 U (a1 , a2 , a3 ),
2
2 �
�
U (a1 , a2 , a3 ) ≥ mina�1 maxa�2 mina�3 U (a1 , a2 , a�3 ),
 3
U (a1 , a2 , a3 ) ≥ mina�1 mina�2 maxa�3 U 3 (a�1 , a�2 , a�3 ).

In the same way, we are able to compute Ê(132Γ), Ê(213Γ),
Ê(231Γ) and Ê(312Γ). Furthermore, by computing the in-
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Table 3: an algorithm for computing the set of symmetric meta equilibria
Precondition: a game Γ =< N, A1 , . . . , An , U 1 , . . . , U n >
Return: the set of symmetric meta equilibria SymE(Γ)
1. Initialize SymE(Γ) = ∅;
2. For i from 1 to n:
3. Find the set SymEi for agent i:
SymEi = {�a|U i (�a) ≥ mina−i maxai U i (ai , a−i )};
4. If SymEi is ∅
SymE(Γ) = ∅ and break;
5. Else if SymE(Γ) is ∅
SymE(Γ) = SymEi ;
6. Else
SymE(Γ) = SymE(Γ) ∩ SymEi ;
7.
If SymE(Γ) is ∅
break;
8. Return SymE(Γ);

tersection of the six sets, it could be found that �a is a symmetric meta equilibrium if it satisfies:
 1
1
�
�
�
 U (a1 , a2 , a3 ) ≥ mina�2 mina�3 maxa�1 U (a1 , a2 , a3 ),
2
2
�
�
U (a1 , a2 , a3 ) ≥ mina�1 mina�3 maxa�2 U (a1 , a2 , a�3 ),
 3
U (a1 , a2 , a3 ) ≥ mina�2 mina�1 maxa�3 U 3 (a�1 , a�2 , a�3 ).
(12)
However, it is not the best way to compute SymE(Γ) like
this. Note that there are n! complete games for an n-agent
game. If n is too big, the computational cost will be too
expensive. Obviously, Equation (12) is quite simple and
beautiful. Also, there is a general form of this equation.
The following theorem can provide us a more eﬃcient way
to compute the set of symmetric meta equilibria:
Theorem 5. For any n-agent (n ≥ 2) game, a joint action
�a = (a1 , a2 , . . . , an ) is a symmetric meta equilibrium if and
only if for any i (1 ≤ i ≤ n), there holds:
U i (a1 , a2 , . . . , an ) ≥ min max U i (ai , a−i ).
a−i

ai

(13)

We give an algorithmic form for this theorem in Table 3.
In this algorithm, no complex computational operations are
involved. All we need is some basic operations like comparing or seeking an intersection of two sets. Non-symmetric
meta equilibria can be computed in a similar way by using
Equation (11) to replace Equation (13) in the third step.
Therefore, the meta equilibria of a game can be computed
very eﬃciently.

4.

nMETAQ ALGORITHM

We use three Es to conclude the properties of meta equilibrium, namely: existing, eﬀective and eﬃcient. Firstly,
there always exists at least one meta equilibrium for any
game. Secondly, a meta equilibrium is a pure strategy equilibrium and it is not Pareto dominated by any non-equilibrium
action. Thirdly, a meta equilibrium can be computed very
eﬃciently, allowing for a broader range of application. Due
to these properties of meta equilibrium, MetaQ works better than previous game theory-based MARL algorithms [4,
8, 11, 12]. In our opinion, the greatest advantage of meta

equilibrium compared with other types of equilibrium is that
the three Es are still retained when there are more than two
agents in the game. However, MetaQ only suits 2-agent
Markov games. In order to be used widely, it should be
extended to a more general form. Based on the equilibriumcomputing algorithm provided in the last section, we give
the general form of MetaQ, nMetaQ, where n means there
are n(n ≥ 2) agents. We describe nMetaQ in Table 4 from
the perspective of the ith agent.
In nMetaQ, all other agents’ Q-tables are maintained by
agent i for the purpose of computing meta equilibria in Steps
4 and 8. But, it is not necessary if all agents are homogenous
and information exchange among them is allowed. In this
situation, the equilibrium-computing process can be executed like this: (i) each agent finds the quasi-meta-equilibria set
(like SymEi in Table 3) according to its own table; (ii) each
agent broadcasts its set and achieves an appropriate meta
equilibrium through a negotiation process. In this way, each
agent can maintain its own Q-table only so that lots of storage space can be saved.
There is also an equilibrium selection problem for nMetaQ.
Additionally, this problem is more serious than that of CE-Q
because the condition of a meta equilibrium can be satisfied
more easily. CE-Q has already provided us four selection
mechanisms to solve this kind of problems. We employ the
utilitarian one, which means to choose a meta equilibrium
that maximizes the sum of all agents’ utility. However, these
mechanisms are too subjective and may not be truly eﬀective. We will study this problem in our future work.

5. EXPERIMENTS AND RESULTS
We conduct the experiments in two grid-world games to
test the performance of our algorithm. Although a gridworld game is pretty simple, it contains all key features of
a dynamic multi-agent system and has become a standard
benchmark for verifying an MARL algorithm.
Especially, we employ two 3-agent grid-world games: GW 1
and GW 2. Each of them is a 4 × 4 grid world. Figure 2
depicts their initial states. There are three agents in both
games, which are denoted by circles and labeled as A, B and
C, respectively. In each game, each agent’s task is to move
from its initial position to its goal, with the fewer steps, the
better. In GW 1, the three agents have their own goals GA ,
GB and GC , respectively, while in GW 2 all agents have the
same goal G� .
In each step of the game, each agent can move only one
grid in one of the four possible directions: up, down, left
or right. A negative reward of −10 is received when an
agent steps out of the border or there is a collision between
two agents, and agents will be placed back to their previous
positions in both the situations. Collision happens when two
agents move to the same cell except that the cell is one of
their goals. If an agent reaches its goal, a positive reward
of 100 will be given. In other cases, the agent will get a
small negative reward for its actions with the value of −1.
The game ends only when all these three agents reach their
goals.
It is easy to check that in GW 1, the optimal strategies
will take 5, 4 and 6 steps for A, B and C, respectively. In
GW 2, the numbers become 4, 4 and 5. We list some of the
optimal solutions in Figure 3.

5.1 Convergence

Table 4: nMetaQ algorithm
1. Initialize Qi (s, ai , a−i ) arbitrarily;
2. Repeat (for each episode):
3. Initialize state s;
4. Compute the meta equilibria of the game
(Qi (s), Q−i (s)) and choose an appropriate one �am (s);
5. Repeat (for each step):
6.
Take the action am,i of �am (s) with probability
(1 − �) or a random action with probability �;
7.
Observe and receive the experience (s, �a, r, s� );
8.
Compute the meta equilibria in s� and choose an
appropriate one �am (s� );
9.
Update Qj for j = 1, ..., n:
Qj (s, �a) ← (1 − α)Qj (s, �a) + α[r + γQj (s� , �am (s� ))];
10.
s ← s� , �am (s) ← �am (s� );
11. until s is the terminal state;
12. until no more episodes;

The first experiment is carried out for the purpose of verifying the convergence of nMetaQ empirically. All agents in
this experiment are nMetaQ agents. 50000 episodes are run
for each game and the number of steps used to finish the
game in each episode is recorded. We repeat this training
process for 20 times and take the average values. The results
are shown in Figure 4, where the vertical axis stands for
the steps and the horizontal axis stands for the number of
episodes. There are three learning curves in each figure, one
for each agent. We do not plot all the 50000 points for each
agent because this may lead to an illegible curve. Instead,
we average the steps of every 1000 episodes and connect the
50 average points to make a curve.
The figure reveals that nMetaQ converges after about
3000 episodes in GW 1 and GW 2. In Figure 4(b), the learning curves of A and B almost overlap. Due to the �-greedy
policy used in the training process, the convergent values
of the three agents are a bit higher than the theoretic optimal ones. Thus, we run a test after each training process to
check whether the agents have learned the optimal policies.
Only greedy actions are taken in each test. Interestingly, the
agents choose several diﬀerent optimal solutions in these 20
tests. This indicates that nMetaQ converges to diﬀerent
optima and demonstrates the diversity of meta equilibrium
from another perspective.

5.2

Online Performance

The second experiment is carried out to investigate the online performance of nMetaQ agents when against other types
of agents. In this experiment, A and B are still nMetaQ

(a) GW1

(b) GW2

Figure 2: Grid World Games: Initial States
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Figure 3: Optimal Solutions in GW1 and GW2
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agents while C is a NashQ agent. However, C only cares
about finding pure strategy Nash equilibria. As noted in
Section 2, a mixed strategy Nash equilibrium may not be
suitable for MARL. Thus, we employ the concept of pure
strategy Nash equilibrium for C. When there are no pure
Nash equilibria, it will choose the joint action that maximizes the sum of each agent’s utility. We call this algorithm
pNashQ. The learning curves of each agent are shown in
Figure 5.
From the two figures, we can see that all three curves
converge, but the speed of convergence is almost four times
lower than that in the first experiment. It is easy to explain this phenomenon. The agents have diﬀerent types of
rationality. Thus, it is diﬃcult to predict what actions the
other agents will take. Therefore, it takes more time for
each agent to adapt to each other’s behavior. The learning
curves are rather circuitous. This also indicates the adapting
process of the agents.
Recall that a pure strategy Nash equilibrium is also a symmetric meta equilibrium. Besides, C also use a utilitarian
mechanism to choose actions when there is no pure strategy Nash equilibria. Therefore, A and B may often choose
the same joint action chosen by C. That is to say, the two
meta-rational agents can understand the intents of C well
and then adapt to its behavior to achieve their common interests.
In fact, some other experiments are conducted in which
nMetaQ agents are against Q-learning agents, or both Qlearning agents and pNashQ agents. The Q-learning agents
in these experiments take actions according to their own
tables. As a consequence, nMetaQ agents adapt other agents
well and the learning curves are even smoother than those
of the second experiment. However, due to the limitation of
pages, the results of these experiments are not shown in this
paper.

is exponential to the number of agents. For an n-agent (n ≥
2) Markov game which has |S| diﬀerent states, assuming
that all agents have m(m ≥ 1) available actions, we need
|S| · mn entries for each agent’s Q-table. If the agent in
nMetaQ has to maintain the other agents’ tables, the total
space requirement becomes n|S| · mn .
This problem is also known as curse dimensionality, which
is a common problem in RL. To address this problem, an
intuitive solution is to use a function approximation method
(e.g., neural networks [18], linear function [23], kernel-based
method [14]) instead of this tabular nMetaQ. However, even
if the Q-tables are replaced by an approximate function,
we still need a table to represent the game in each state
and then compute the meta equilibria. Another solution is
to use an automated abstraction method [3, 5], which is a
hot topic in the community of large extensive-form game.
By automated abstraction, the state or action space of the
original game Γ is reduced, making it a smaller game Γ� .
Then, an equilibrium σ � is computed in Γ� , followed by a
reverse mapping applied to σ � to compute the approximate
equilibrium σ of Γ. This is just an idea currently. Whether
automated abstraction is suitable and how to use it in our
nMetaQ still need to be studied in our future work.
Another problem worthy of discussion is the assumption
of agents’ meta-rationality: if some agents in the system are
not meta-rational, is our algorithm still feasible? In NashQ,
choosing a Nash equilibrium may cause an unwanted return
if the opponent agents do not act in a Nash-rational way.
Because the condition of Nash equilibrium is too restrictive, even if we do not know what kind of rationality the
opponent agents have, we do not have enough reasons to
assume they have Nash-rationality. But, meta-rationality is
diﬀerent. From Equations (11) and (13), we can see that
a meta-rational agent will get rather satisfied if the utility
value is higher than some kind of its conservation expectation. In other words, what the agent gets is often acceptable
even if it may not be the best. This kind of rationality is
rather common in the real world. Thus, for unknown agents,
we can also assume they have meta-rationality. Our second

6. DISCUSSION
The first problem of nMetaQ is that the space complexity
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experiment has proved that nMetaQ is still eﬀective in this
situation.

7. CONCLUSIONS
In this paper, we propose nMetaQ algorithm, which is
an extension of MetaQ and can be applied to multi-agent
systems that have more than 2 agents. We have shown
how to compute meta equilibria in a game and then presented nMetaQ algorithm. Also, we use two 3-agent gridworld games to test its performance. The result shows that
nMetaQ has a good convergence property and can adapt to
non-meta-rational agents well, which suggests that nMetaQ
has the ability to solve multi-agent problems with more than
two agents. However, there still exist some issues such as the
problem of curse dimensionality. In addition, we have not
proved the convergence of our algorithm, which is rather
important.
Our future work includes: (i) convergence proof; (ii) using automated abstraction to address the problem of cure
dimensionality, and (iii) trying to solve the equilibrium selection problem.
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ABSTRACT

by rewarding actions that are closely aligned with the desired overall system behavior, while still allowing agents to learn from the
reinforcement signal [1]. Both of these methods have been show to
perform well in various domains, for example coordination graphs
have done very well in discrete predator-prey domains [13, 17],
system control of connected machines [7], and traffic light control [15]. Difference rewards have been shown to do well in highly
congested domains in which agents might compete for resources,
including rover coordination [1], sensor network control [19], and
air traffic control [18, 23].
There is unfortunately little previous work comparing and contrasting entirely different coordination techniques, such as coordination graphs or difference rewards (among others). For example,
given a new domain, how can a researcher know which of many
methods to apply? What characteristics of a domain suggest a particular method of coordination, and is it a good idea to try more
than one? While this paper does not attempt to answer these question in full (an impossible task), we do examine the two coordination methods described above and compare them in a simulated
domain of continuous rover navigation and observation with multiple agents. Our conclusions should be helpful for future researchers
who wish to understand the differences between these methods for
their own applications. Our results illustrate some of the possible
differences between domains that can cause one or another coordination method to be an appropriate choice.
We make three main contributions in this paper: first, we apply wire-fitting, a method of performing reinforcement learning in
continuous domains, to a multiagent problem. To our knowledge,
this is the first time this has been done. Second, we demonstrate
an implementation of coordination graphs in a continuous multiagent domain, which again we believe has never been done before.
Finally, we compare and contrast two popular coordination techniques, coordination graphs and difference rewards, and obtain results applying them together and separately to the continuous rover
domain.
In the next section, we discuss our general framework for multiagent reinforcement learning. In Section 3, we describe our solution
to the problem of learning in a continuous state and action space. In
Section 4, we describe our first coordination strategy, coordination
graphs. In Section 5, we describe our second coordination strategy,
reward shaping via difference rewards. In Section 6, we introduce
our domain. In Section 7, we present experimental results and finally in Section 8, we discuss our conclusions.

Many different coordination methods have been tried with multiagent reinforcement learning in the past, but there has been very little research testing the particular domains and situations in which
different coordination methods might best apply. We test two coordination methods – difference rewards and coordination graphs – in
a continuous, multiagent rover domain using reinforcement learning, and discuss the situations in which each of these methods perform better alone or together, and why. We also contribute a novel
method of applying coordination graphs in a continuous domain by
taking advantage of the wire-fitting approach used to handle our
continuous state and action space.

Categories and Subject Descriptors
H.3.4 [Systems and Software]: Distributed Systems

General Terms
Algorithms, Performance, Experimentation

Keywords
Multiagent Coordination, Reward Shaping, Coordination Graphs,
Scaling, Wire Fitting, Neural Networks

1.

INTRODUCTION

Reinforcement learning in multiagent systems is a wide area of
research with applications ranging from robocup soccer [21], to
rover coordination [1], to trading agents [20, 26], to air traffic management [23]. The problem of scaling reinforcement learning to
such large domains is particularly challenging because the agents
in the system provide a constantly changing environment in which
each agent needs to learn its task. Agents must somehow learn to
coordinate among themselves and develop a joint set of policies to
solve the problem. Agents are usually learning simultaneously, further complicating the learning process as the behavior of the other
agents is changing in unpredictable ways.
Approaches to such cooperative multiagent RL problems have
been numerous and varied. Typically, a method to coordinate the
agents is introduced that allows the agents to take advantage of
some structure of the problem, and often some form of communication between agents is permitted. In particular, two forms of
coordination that have been popular in the past include coordination graphs, which allow small groups of agents to coordinate actions based domain-specific dependencies, represented by a graph
of edges between agents [8]; and difference rewards, which are a
specific type of shaped reward that encourages good agent behavior

2.

MULTIAGENT
REINFORCEMENT LEARNING

A Markov Decision Process (MDP) is a tuple �S, A, P, R, I�
where S is a finite set of discrete states and A is a finite set of ac-
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3.1

tions available to the agent. The actions are stochastic and Markovian in that an action a ∈ A in a given state s ∈ S results in a
state s� with fixed probability given by P (s� |s, a), which is called
a transition function. The reward function R : S × A → R returns
the reward R(s, a) after taking action a in state s. I is the initial
state distribution. Each action is assumed to take one time step. An
agent’s policy is a mapping π : S → A. A stationary policy is one
which does not change with time. A deterministic policy always
maps the same state to the same action. For the remainder of this
paper, “policy” refers to a stationary deterministic policy.
A reinforcement learning agent learns by a process of trial and
error, repeatedly attempting actions within the environment and receiving a reward signal and a description of the state. The goal of
an RL agent is to learn a policy that maximizes some measure of
the long-term reward received, such as expected total reward, discounted reward, or average reward. We can indirectly learn such
a policy by learning a value function, which maps states or stateaction pairs to values. We can then compute the best action in each
state by calculating the highest-valued action using one-step lookahead search and the value function.
In this paper we use a modified version of the Q-learning algorithm [22] to calculate an action-value function. The optimal
action-value function or Q-function gives the expected discounted
future reward for any state s when executing action a and then following the optimal policy. The Q-function satisfies the following
Bellman equation:
�
Q∗ (s, a) = R(s, a) + γ
P (s� |s, a) max
Q∗ (s� , a� )
(1)
�

�→0

=

α

�

∗

�

�→0

where s and a are the state and action for which a value is desired,
n is the number of action-value pairs (wires) output and ai (s) and
qi (s) are the outputs corresponding to the ith action and actionvalue for this state, respectively. qmax (s) ≡ maxj qj (s) is the
maximum of all qi . ci is a smoothing factor and � is a small constant
preventing a division by zero. The interpolation gives a weighted
average of different values, depending on the distance of the given
action to the output actions on this particular state.
An agent using wire fitting having an experience �s, a, r, s� � may
a
update the system as follows: Let θi j denote the parameters of the
function approximator that outputs action aj . The following update
a
will change the parameters θi j of the function approximator outputting action aj according to gradient descent on the error of the
value:
a

(2)

where:

where Q(s , a ) = maxa� Q(s , a ), α ∈ [0, 1] is the learning rate,
α
and A ←
− B is equivalent to A ← (1 − α)A + αB.
One version of multiagent Q-learning [22] updates each agent’s
Q-value independently using the update function:
α

∂Q(s, a) ∂aj
∂aj ∂θiA
(5)

∂Q(s, a)
2(wsum(s, a) − norm(s, a)qj )(aj − a)
= lim
(6)
�→0
∂aj
(norm(s, a)di (s, a))2
A similar update can be done for the parameters of the function
approximators that output the values:

(3)

∂Q(s, a)
norm(s, a)(di (s, a) + qj c) − wsum(s, a)c
= lim
�→0
∂qj
(norm(s, a)di (s, a))2
(7)
Because of the nature of the interpolator, the action with the highest
value is always one of those output by the function approximator.
Thus we do not have to use the interpolation function to find the action, we just select the action with the highest corresponding value.
This results in fast action selection. In a fully trained system with a
low error between experienced action-value pairs and the interpolation output, we can assume that this is the optimal action, though
convergence guarantees can not be given.
The approach is called wire fitting because the interpolation function describes a surface in S × A × R space, which is draped
over “wires” defined by the outputs of the function approximator.
Because the whole value function is approximated, with enough
wires, the system can reach any real valued optimal policy, generalize well, while allowing fast action selection.

The notation Qi indicates only that the Q-value is agent-based. The
term ri indicates that the reward is factored, i.e. a separate reward
signal is given to each agent. There are a variety of means to calculate this reward signal based on global or local information; these
will be discussed in later sections.
Once the Q-function has converged to its true value, the optimal action is suggested by maximizing the right hand side of the
above update equation. However, to avoid convergence to a local
optimum, all RL methods need to ensure that all actions in the relevant states are explored sufficiently thoroughly. Several exploration
methods exist to provide such experience. In this paper, we use an
�-greedy strategy for our experiments, which takes a random action
with probability � and a greedy action with probability 1 − �.

3.

a

θi j ← θi j + α(r(s, a) + γQ(s� , a∗ ) − Q(s, a))

�

Qi (si , ai ) ←
− ri (s, a) + γQi (s�i , a∗i )

(4)

= lim wsum(s, a)/norm(s, a),

where γ ∈ [0, 1) is the discount factor. The optimal policy for a
state s is the action a∗ = arg maxa Q∗ (s, a). At each time step,
Q-learning updates the Q-values as follows after executing action
a in state s and receiving the reward r(s, a):
Q(s, a) ←
− r(s, a) + γQ(s� , a∗ )

i=0 �a−ai (s)�2 +c(qmax (s)−qi (s))+�
1
i=0 �a−ai (s)�2 +c(qmax (s)−qi (s))+�
�n
i=0 qi (s)/di (s, a)
lim �
n
�→0
i=0 1/di (s, a)

Q(s, a) = lim �n

a

s�

Wire Fitting

To deal with the problem of acting in a space in which stands and
actions may be continuous, Baird and Klopf propose the wire fitting
algorithm, which efficiently stores an approximation of a continuous Q-function [3]. They propose using a function approximator
(in this paper, we use a neural network) to concurrently output a
fixed number of actions and corresponding values (“wires”), given
a certain state. If the value of an interlying action is required, interpolation is performed as follows:
�n
qi (s)

LEARNING IN CONTINUOUS STATE
AND ACTION SPACES

The problem of reinforcement learning in continuous state and
action spaces has been well-studied in the past [5, 24], but remains
a difficult problem for learning. Typical RL approaches assume discrete state and actions, however there exist solutions that extend RL
into continuous problems. We discuss the solutions we use below.

3.2

Practical Issues

Neural networks may suffer from a problem known as unlearning or interference, which can cause the network to unlearn the
correct output for other inputs because recent experience dominates
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the training data [4]. We deal with this problem by storing examples of state, action and next state transitions and replaying them
as if they are being re-experienced. This process is known as persistent excitation, and creates a constantly changing input to the
neural network. Target outputs for the network are re-calculated
from scratch using the wire-fitter each time as old targets would
become incorrect as Q-values are updated over time. This method
makes efficient use of data gathered from the world without relying on extrapolation, which allows reinforcement learning to learn
with fewer episodes. A disadvantage is that if conditions change
the stored data could become misleading.
An additional problem with applying Q-learning to continuous
problems is that a single suboptimal action will not prevent a high
value action from being carried out at the next time step. Thus the
value of actions in a particular state can be very similar, as the value
of the action in the next time step will be carried back. As the Qvalue is only approximated for continuous states and actions it is
likely that most of the approximation power will be used representing the values of the states rather than actions in states. The relative
values of actions will be poorly represented, resulting in an unsatisfactory policy. The problem is compounded as the time intervals
between control actions get smaller.
Advantage Learning [10] addresses this problem by emphasizing
the differences in value between the actions. In Advantage Learning the value of the optimal action is the same as for Q-learning, but
the lesser value of non-optimal actions is emphasized by a scaling
factor (k ∝ ∆t). This makes a more efficient use of the approximation resources available. The Advantage Learning update is:
α

A(s, a) ←
−

�
1�
1
r(s, a) + γA(s� , a∗ ) + (1 − )A(s, a∗ )
k
k

Figure 1: A possible coordination graph for a 4-agent
domain. Q-values indicate an
edge-based decomposition of
the graph.

functions, each defined over an edge (i, j) of the graph:
�
Q(s, a) =
Qij (sij , ai , aj ).

(9)

(i,j)∈E

where sij ⊆ si ∪sj is the subset of state variables relevant to agents
i and j, and (i, j) ∈ E describes a pair of neighboring nodes (i.e.,
agents). The optimal action for a coordination graph is given by
arg maxa Q(s, a). As with the agent-based Q-function, the notation Qij indicates only that the Q-value is edge-based. Parameters
may or may not be shared between edges.
In general, an edge should be placed between two agents when
the actions of those agents might interfere, such as when a collision is possible or the two agents might need to share a common
resource. Such coordination must be context-specific, since agents
are constantly changing states. It is possible to learn coordination
requirements automatically [12], however in this paper coordination requirements (and thus the structure of the coordination graph)
are defined by the experimenter. In the next section we adapt some
methods described by Kok and Vlassis [14].

(8)

where A is analogous to Q in [22]. Following [6], we set k = 1 − γ
for all experiments in this paper.

4.

Figure 2: Messages passed using Max-plus. Each step, every node passes a message to
each neighbor.

COORDINATION GRAPHS

4.1

A coordination graph can be described over a system of agents
to represent the coordination requirements of that system. Such a
graph contains a node for each agent and an edge between pairs
of agents if they must directly coordinate their actions to optimize
some particular Qij . See Figure 1 for an example coordination
graph showing some possible coordination requirements between
four agents. The existence of an edge (and therefore a coordination
dependency) is dependent on the properties of the domain, state,
and coordination requirements: for example, the rover domain introduced in Section 6 adds edges between the n closest neighbors
within a certain communication radius. Coordination graphs are an
explicit form of coordination, in that they require communication
between agents.
In most cases, if each agent independently pursues a policy to optimize its own reward, this will not optimize the total utility, since
each agent’s actions affect the state and the utility of others. Hence,
collaborative agents need to coordinate. A coordination graph allows the agents to specify and model coordination requirements [7].
An edge in a coordination graph indicates that two agents should
coordinate their action selection, for example, so as to avoid collisions. A coordination graph may be specified as part of the domain,
or if the graph is context-specific [9], as a combination of rules provided with the domain by the experimenter. Such rules determine
whether an edge between any two vertices of the graph should exist,
given the state.
As in Kok and Vlassis [14] we use an edge-based decomposition
of a context-specific coordination graph. The global Q-function for
such a decomposition is approximated by a sum over all local Q-

The Max-plus Algorithm

If we define a coordination graph over several agents, we must
use an action selection algorithm that can take advantage of this
structure. We wish to maximize the global payoff maxa Q(s, a),
(where Q(s, a) is given by Equation 9). Initial work in coordination graphs suggested a variable elimination (VE) technique [8]
to solve this problem. However previous work has shown that VE
techniques can be slow to solve large coordination graphs, are space
intensive, and in addition can be quite complex to implement [14].
Instead, Kok and Vlassis [14] proposed using the Max-plus algorithm, which trades solution quality for solution speed.
The Max-plus algorithm is a message-passing algorithm based
on loopy belief propagation for Bayesian networks [16, 27, 25]. Instead of probability distributions, agents in Max-plus pass (normalized) values indicating the locally optimal payoff of each agent’s
actions along edges of the coordination graph (see Figure 2). Maxplus finds the global payoff by having each agent i repeatedly sending messages µij to its neighbors:
�
�
�
µ�ij = max fi (ai ) + fij (ai , aj ) +
µki (ai ) − cij (10)
ai

k∈Γ(i)\j

where µki is the incoming message, and µ�ij is the outgoing message. The functions fi (ai ) = Qi (si , ai ) and fij (ai , aj ) =
Qij (sij , ai , aj ) store the Q-values corresponding to the current
state and given actions for the indicated agent i and agent-agent
pair i, j respectively. All messages are in fact vectors over possible
actions. Γ(i) \ j represents all neighbors of i except j and cij is
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in [14] to get:

Input: Graph G = (V, E)
Output: A vector of actions a∗
Initialize µji = µij = 0 for (i, j) ∈ E, gi = 0 for i ∈ V and
m = −∞
while converged = false and deadline not met do
converged = true
foreach agent i do
foreach neighbor j ∈ Γ(i) do
foreach action aj ∈ Aj do
�
Create message
�µij (aj ) = maxai {fi (ai ) +
fij (ai , aj ) + k∈Γ(i)\j µki (ai )}
end
�
cij = |A1j | aj µ�ij (aj )

α

Qij (sij , ai , aj ) ←
−
� 1 [rb (s, a) + γQb (s�b , a∗b )] + (1 − 1 )Qb (sb , a∗b )
k
k
|Γ(b)|
b∈{i,j}

This update equation propagates the temporal-difference error from
all edges that include agents i and j to the local Q-function of
each edge (i, j). This update is context-specific, because it does
not require the same edges to be present at each time step of the
Q-learning algorithm. It only requires that local Qb functions can
be computed for each vertex of the coordination graph, which is
done using Equation 11. The notation Qi and Qij indicates that the
Q-values are agent-based or edge-based respectively. Q-function
parameters are shared between agents and edges.

Normalize: µ�ij (aj ) ← µ�ij (aj ) − cij
if µ�ij differs from µij by a small threshold then
converged = false
end
�
a�i = arg maxai {fi (ai ) + j∈Γ(i) µji (ai )}
end
if u(a� ) > m then
a∗ = a� and m = u(a� )
µ ← µ�
end
return a∗
Algorithm 1: The centralized anytime Max-plus algorithm.

5.

Di (z) = G(z) − G(z − zi ); ,

(13)

where z − zi specifies the state of the system without agent i1 . In
this instance z is the actions of the agents, and z − zi represents
the actions of all the agents without agent i. Difference rewards are
aligned with the system reward, in that any action that improves
the difference reward will also improve the system reward. This is
because the second term on the right hand side of Equation 13 does
not depend on agent i’s actions, meaning any impact agent i has
on the difference reward is through the first term (G) [23]. Furthermore, it is more sensitive to the actions of agent i, reflected in the
second term of D, which removes the effects of other agents (i.e.,
noise) from agent i’s reward function. Intuitively this allows the
second term of the difference reward to evaluate the performance
of the system without agent j and therefore D evaluates the agent’s
individual contribution to the system performance.
There are two key advantages to using D: First, because the second term removes a significant portion of the impact of other agents
in the system, it provides an agent with a “cleaner” signal than G.
This benefit has been dubbed learnability (agents have an easier
time learning) in previous work [1]. Second, because the second
term does not depend on the actions of agent j, any action by agent
j that improves D, also improves G. This term which measures the
amount of alignment between two rewards has been dubbed factoredness in previous work [1].

j∈Γ(i)

for that agent. See Algorithm 1 for details.

4.2

REWARD SHAPING

When providing the reward signal to an agent, a reasonable option is to provide each agent with the full system reward G(z)
for each step. This leads to each agent using that reward to update
its value estimates for each action. However, this reward signal is
not particularly sensitive to an agent’s actions and for large systems, leads to particularly slow learning. Previous work has shown
that we can instead provide a difference reward, which can significantly outperform agents either receiving a purely local reward or
all agents receiving the same system reward [1, 23].
Unlike coordination graphs, which are an explicit form of coordination, difference rewards are an implicit form of coordination
in that they do not necessarily require agent-to-agent communication. Difference rewards are shaped rewards which may be indirectly provided to the agent through a broadcast signal of the global
(system) reward, or determined through direct observation by the
agents. The difference reward is given by [1]:

a normalization factor, calculated after the initial values µ�ij have
been found. Max-plus sets this to be �
the average over all values
of the outgoing message: cij = |A1j | aj µ�ij (aj ). This prevents
messages from exploding in value as multiple iterations of the algorithm proceed. Once messages have converged or a time limit has
been reached, each agent chooses the action that maximizes:
�
arg max{fi (ai ) + fij (ai , aj ) +
µji (ai )}
ai

(12)

Dynamic Coordination

Although we use an edge-based decomposition (as described
above), it is often the case that rewards are received on a per-agent
basis instead of a per-edge basis. Thus, we must compute local Qi
functions for each agent in the graph. Following [14], we do this by
assuming each Qij contributes equally to each agent i and j of its
edge:
1 �
Qi (si , ai ) =
Qij (sij , ai , aj )
(11)
2
j∈Γ(i)

where Γ(i) indicates the neighbors of agent i. The sum of all such
Qi functions equals Q in Equation 9. We assume each agent has at
least one other neighbor in the coordination graph. It is straightforward to adapt these methods in cases where an agent does not need
to coordinate with anyone.
Because our coordination graph is context-specific, to update
the Q-function we must use an agent-based update as opposed to
an edge-based update. This is because the presence or absence of
edges changes from state to state, so we cannot be assured that an
edge that is present in the current time step was available in the
last time step. To obtain the agent-based update equation for an
edge-based decomposition using Advantage Learning, Equation 8
is rewritten using Equation 11 following a derivation similar to that

1
In this paper we will use zero padded vector addition and subtraction to specify the state dependence on specific components of the
system.
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6.

CONTINUOUS ROVER PROBLEM

distance to rover j:

We implement a variation of the continuous rover problem, as
described in [2]. In this problem, there is a set of rovers on a two
dimensional plane which are trying to observe points of interests
(POIs). A POI has a fixed position on the plane and has a value
associated with it. The observation information from observing a
POI is inversely related to the distance the rover is from the POI. In
this paper the distance metric will be the squared Euclidean norm,
bounded by a minimum observation distance, d:
δx,y = min{�x − y�2 , d2 } .

s1,q,j =

� Vi
δi,j
i∈I

(18)

q

where Iq is the set of observable POIs in quadrant q. The second
sensor returns the sum of square distances from a rover to all the
other rovers in the quadrant at time t:
� 1
(19)
s2,q,j =
δj � ,j
�

(14)

j ∈Nq

where Nq is the set of rovers in quadrant q.
With four quadrants and two sensors per quadrant, there are a total of eight continuous inputs. This eight dimensional sensor vector
constitutes the state space for a rover. At each time step the rover
uses its state to compute a two dimensional action �dx, dy�. The action represents an x,y movement relative to the rover’s location and
orientation. The mapping from state to action is done using wirefitting using a feed-forward artificial neural network, with 8 input
units, 10 hidden units and 11 wires for 33 output units (movement
in x and y, and Q-value). The network uses a sigmoid activation
function, therefore the outputs are limited to the range (0, 1). The
actions dx and dy are determined by mapping output in the range of
(.1, .9) to (−10, 10), 10 being the maximum distance the rover can
move in one time step. As the POI and Rover sensor values could
also vary widely, they were scaled by the function 1+e2−sζ − 1 before being input into the neural network, where s is computed from
either Equation 18 or 19 and ζ = 10 or 5 is a scaling factor for
POIs and rovers respectively.

As in [11], we may optionally encourage the formation of teams
by requiring two or more rovers to observe a POI simultaneously
in order to receive a reward. We do this by defining a maximum
observation distance δ0 . Only the closest rovers to a POI within radius δ0 contribute to the global reward, and so the global evaluation
function for a single time step is given by:
� Vi · N · I(|ci | ≥ N )
G(z) =
,
(15)
�N
k=1 δi,ci (k)
i

where Vi is the value of the ith POI, ci is the set of the agents
within viewing range δ0 of POI i and ci (k) is the kth closest agent,
N is the minimum number of agents required to make a successful observation, and I(|ci | ≥ N ) is an indicator function returning
1 if there are enough agents viewing POI i to observe it, 0 otherwise. This equation essentially contributes the value of each successfully observed POI divided by the average distance of the N
closest agents observing it to the global reward. The single rover
(“local”) objective used by each rover only focuses on the value a
rover receives for observing a particular POI:
� Vi · I(δi,j ≤ δ0 ) · I(|ci | ≥ N )
Lj (z) =
,
(16)
δi,j
i

6.1

Coordination Graphs in
Continuous Domains

Several further problems arise when adapting coordination graphs
for use in continuous domains such as the Rover domain. For example, it is not always clear from the dynamics of the domain which
agents should coordinate with each other. Ideally, all agents should
coordinate, but this is impractical. We choose to limit coordination
based on two factors: distance, and an additional upper limit on the
number of neighbors for each agent. If there are too many potential neighbors within the distance limit, the closest neighbors are
chosen. This forces the coordination graph into a limited coverage
allowing practical application of Max-Plus algorithm to compute a
good joint action in reasonable time.
A further significant issue is that the Max-Plus algorithm requires a finite number of actions that each agent may select from.
Unfortunately, in a continuous action space there are an infinite
number of possible actions. To remedy this, we select a set of “candidate” actions for each agent from the output of the wire-fitter storing the value function fi (·) for each agent. Only the top three candidates are selected. There are many other possible ways to select
candidates, however we found that this method gave us the best
balance of speed and quality of results.
Inputs to the neural network approximating Qij (sij , ai , aj ), the
value function for the coordination graph, needed to be a little different to that used for Qi (si , ai ) in the previous section. Instead of
four rover and four POI sensors, we used four POI sensors for both
agents i and j, and two additional distance sensors that measured
distance in the x and y coordinates, for a total of 10 inputs to the
network. Rover sensors were ignored as the network for Qi (si , ai ),
and the coordination graph itself, are sufficient to handle coordination.

where I(δi,j ≤ δ0 ) is an indicator function returning 1 if agent j
is within range to observe POI i, 0 otherwise. This objective promotes selfish behavior only, providing a clear, easy-to-learn signal, but one not necessarily aligned with the system objective as a
whole. Finally, the difference objective for a rover provides systemwide beneficial behavior, while remaining sensitive to the actions
the agent takes [1]:

V N
�N i
− �N +1 Vi N


δ
 k=1 δi,ci (k)
k=1,k�=j i,ci (k)

�
if |ci | > N ∧ j ∈ {ci (1)...ci (N )}
Dj (z) =
 �N V i N
if |ci | = N ∧ j ∈ ci
i 
δ


 k=1 i,ci (k)
0
otherwise
(17)
This equation has three cases. In the first case, agent j is one of the
N agents {ci (1)...ci (N )} observing a POI i and there is another
agent ci (N + 1) close enough to POI i to substitute in for agent
j should it disappear. In the second case, agent j is again one of
the N agents ci observing POI i, but there is no agent to substitute
for it, thus the contribution of all N agents for POI i to the global
reward will be lost should agent j disappear.
At every time step, the rovers sense the world through eight continuous sensors. From a rover’s point of view, the world is divided
up into four quadrants, with two sensors per quadrant. Unlike the
implementation used in [2], we do not change orientation of these
quadrants as the rovers move. For each quadrant, the corresponding sensor returns a function of the POIs in that quadrant at that
moment. Specifically the first sensor for quadrant q returns the sum
of the values of the POIs in its quadrant divided by their squared
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Figure 3: Comparison of results with agents starting in the center, with N = 1. In this case, the difference reward performs
very well allowing agents to cope with congested conditions,
however coordination graphs actually harm convergence in this
domain.
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EXPERIMENTAL RESULTS

We conducted experiments with a 10-agent, 30-POI version of
the Rover domain discussed in Section 6 with a dynamic, randomly generated distribution of agents and POIs. We performed
experiments with local, global, and difference rewards, and with
and without coordination graphs. 20 points were plotted for each
result, each point the average of 50 episodes. We additionally averaged results over 30 runs for all experiments. Although learning
was performed using various reward signals, all results were measured against the global reward G(z), which is the true objective
we wish to maximize. Error bars are shown and
√ were calculated
using the sample standard error of the mean σ/ n where n is the
number of runs.
All experiments were conducted on a continuous surface of 100x
100 units, with a “starting” or “center” position at (50,50). POIs
were uniformly randomly placed within a 70x70 area surrounding
this center position. All POIs were given a value of 5, a minimum
observation distance d = 2, and a maximum observation distance
of δ0 = 5, thus the reward that any individual POI may contribute
to the global is in the range (.2, 1.25), using Equation 14. The number of “thinks” used to provide persistent excitation to the neural
networks between steps was set to 1000. The maximum distance a
rover could move in one time step was 10. When using coordination graphs, the maximum distance a rover would coordinate with
another rover was set to twice this movement speed, or 20, and each
rover could coordinate with at most three other rovers.
Learning-related constants were as follows: the smoothing constant c = 1, exploration rate � = .1, discount factor γ = .5, neural
network learning rate η = .1 with no momentum.
Because the locations of the POIs changed locations at each trial,
this forced the rovers to create a general solution based on their sensor inputs. This type of problem is common in real world domains,
where the rovers typically learn in a simulator and later have to apply their learning to the environment in which they are deployed.
Note that learning in this scenario does not depend on the use of
multiple trials as the rovers can continuously learn and generalize
from their past experience.
We compare experiments with four variations on the rover domain: two experiments with agents starting in very congested conditions, uniformly distributed in 5x5 area at the center position
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Figure 4: Comparison of results with agents starting in the center, with N = 3. Difference rewards again do well in coping
with congestion, however here coordination graphs are actually helpful to ensure the correct number of agents observe each
POI. Local rewards do surprisingly well: a “selfish” action is often the correct one when you need other agents to also behave
selfishly (i.e., observe the same nearby POI).

(Figures 3 and 4), and two experiments with the agents uniformly
scattered in the same 70x70 area the POIs are scattered in (Figures 5
and 6). These experiments were further varied based on the minimum number of agents required to perform an observation: N = 1
(Figures 3 and 5) or N = 3 (Figures 4 and 6).
In Figure 3, with agents starting in the center and N = 1, we
observe that using the difference reward performs very well due
to the highly congested conditions. Difference rewards have been
shown to perform very well in similar congested conditions in the
past [1], and these results confirm that result. However, the addition
of coordination graphs adds unnecessary complexity to the learner:
coordination graphs are not needed to solve a coordination problem
in this domain and thus the extra parameters of the neural network
required to store the coordination graph only slow convergence.
In Figure 4, the learning problem is made much harder for the
agents by requiring three agents to make an observation simultaneously if reward is to be received. Difference rewards again do well,
however in this case the extra coordination provided by coordination graphs is helpful: using both forms of coordination simultaneously provides the best result. Local rewards still do fairly well,
however, due to the fact that the “selfish” behavior resulting from
such a policy tends to result in good outcome: more than one rover
will visit a POI, which in this case is desirable behavior.
In Figure 5, agents are starting widely scattered across the available area, and require only one agent to observe a POI. In this case,
it makes little difference whether agents learn using local or difference rewards, or use coordination graphs or not. In general, the best
policy is for agents to move to a nearby POI and stay there, avoiding
other agents. There is almost no congestion so difference rewards
are not needed, and very little close coordination with other agents
is needed so coordination graphs can help only a small amount.
In Figure 6, agents are again starting widely scattered, but we require three agents to make an observation. In this case, the learning
problem is for agents to join up across their scattered positions and
observe a POI together. This is again an uncongested domain, so
difference rewards are of very little use here, and can in fact somewhat harm convergence compared to using local rewards. However,
we see that coordination graphs are necessary for agents to find
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Figure 5: Comparison of results with agents starting widely distributed, with N = 1. In this case, choosing between local or
difference rewards, or using coordination graphs or not, makes
little difference. All these choices perform similarly well in such
an uncongested domain. Learning using the global reward is
slow to converge, as expected.
each other and navigate to a POI together; without coordination
graphs, agents do not learn to converge and observe POIs.
From these tests we conclude that coordination graphs and difference rewards are solving different coordination problems. Difference rewards are ideal for highly-congested domains; coordination graphs are well-suited to cases in which pairs or groups of
agents must take specific coordinated actions together to succeed.
Including either form of coordination when it is not needed can be
harmful, but rarely prevents learning from taking place and may
only slow convergence slightly. Cases exist when using both forms
of coordination together is helpful, i.e. when a problem requires
more than one form of coordination. These conclusions are summarized in Table 1.

8.

DISCUSSION

This paper has several contributions. First, we apply wire-fitting
to a multiagent domain. Second, we show an implementation of
coordination graphs in a continuous domain. To our knowledge
neither of these two contributions have been demonstrated before.
Several adaptations were needed to allow coordination graphs to
apply in a continuous domain: first, we needed to apply advantage
learning. Thus, we provide Equation 12, which is an update that
extends coordination graphs into a continuous-time domain. Second, as the max-plus algorithm requires each agent to have a finite
number of actions, we provide a method for determining a finite set
of “candidate actions”. In principle, almost any method for determining candidate actions could work, however good performance
requires we provide a small set of actions, one of which is likely
to be a good compromise between the two agents of an edge of the
coordination graph. Our method of choosing the top three actions
suggested by the wire-fitter works quite well in practice, though
future work could potentially improve on this further.
Our final main contribution is an examination of the conditions
under which two popular coordination methods – difference rewards and coordination graphs – can solve coordination problems
in a multiagent domain. Both of these techniques seem to solve a
similar problem: how can we coordinate the actions of agents so
as not to interfere with each other, and achieve a global system objective? Our results show that though these are both coordination
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Figure 6: Comparison of results with agents starting in the center, with N = 3. Here, coordination graphs are highly useful in
allowing scattered agents to meet at a POI to conduct observations: without coordination graphs, performance is very poor.
Local rewards converge slightly faster than difference rewards.
methods, they solve different coordination problems. Difference rewards are most useful in highly congested domains, where agents
might compete for resources if they behave selfishly, thus harming
the global performance. Coordination graphs are most useful when
agents must take related actions together to achieve an objective;
for example, if they must both navigate to the same area or POI.
Difference rewards do not provide enough information to the agent
to take tightly-coordinated actions. This conclusion is supported
by past work involving both these techniques: coordination graphs
have primarily been used for domains in which tight coordination
between agents is needed [13, 17, 7, 15], while difference rewards
have primarily been applied to domains in which congestion is an
important factor [1, 19, 18, 23].
We have shown that in some cases, difference rewards and coordination graphs can complement each other and synergize to solve
a complex problem. However, at least for the rover domain we studied, we have found that in most cases we only need one, not both
coordination techniques. It is a matter of future work to study domains in which both methods are necessary for coordination.
There are several possibilities for future work that build upon
our research here. First of all, while wire-fitting performed very
well for us, we found it fairly slow compared to an implementation
in a standard discrete grid world. In addition, wire-fitting requires
many parameters to be tuned by the researcher, which slows im-

Congested
(center start)
Uncongested
(scattered start)

N =1
(Figure 3)
D does well
CGs under-perform
(Figure 5)
L or D does well
CGs are optional

N =3
(Figure 4)
D does well
CGs do well
(Figure 6)
L or D does well
CGs do well

Table 1: Summary of results. In congested domains, difference
rewards perform well, but are unnecessary in uncongested domains. Coordination graphs do well when N = 3, requiring close coordination, but are unnecessary or harmful when
N = 1.

plementation and requires a great deal of testing to find a good set
of parameters. Alternative strategies for reinforcement learning in
continuous domains exist [24] and it would be useful to test one or
more of these to see if learning could be performed any faster.
Of course, coordination graphs and difference rewards are not
the only coordination methods available. Assignment-based decomposition [17] is a hierarchical coordination technique that has successfully been applied together with coordination graphs, but is one
example among many. It would be useful to extend the comparisons
performed in this paper to other such coordination techniques. The
main difficulty with doing so is finding a domain in which multiple
coordination techniques can be usefully applied: most coordination
techniques are domain-specific.

9.
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ABSTRACT
Coordinating the actions of agents in multiagent systems
presents a challenging problem, especially as the size of the
system is increased and predicting the agent interactions
becomes diﬃcult. Many approaches to improving coordination within multiagent systems have been developed including organizational structures, shaped rewards, coordination
graphs, heuristic methods, and learning automata. However,
each of these approaches still have limitations with respect
to scalability. The goal of this paper is to combine two such
coordination mechanisms (diﬀerence rewards and hierarchical organization) to improve scalability. We combine difference rewards and hierarchical organizations in the Defect
Combination Problem (DCP) with 10,000 sensing agents.
We show that combining these techniques results in significantly improved performance and robustness compared to
either approach individually. In particular, we show that
combining hierarchical organization with diﬀerence rewards
can improve both coordination and scalability by decreasing
information overhead, structuring agent-to-agent connectivity and control flow, and improving the individual decision
making capabilities of agents.

Categories and Subject Descriptors
H.3.4 [Systems and Software]: Distributed Systems

General Terms
Algorithms, Performance, Design, Experimentation

Keywords
Multiagent Systems, Coordination, Hierarchical Organization, Teams, Shaped Rewards

1.

INTRODUCTION

Coordinating the behavior of agents in multiagent systems
such that they collectively optimize a system level objective is a complex control task. Problems of scaling (number
of agents in the thousands to tens of thousands), information handling (agents have limited computing capabilities),
and robustness (unreliable components) make methods developed for small multiagent systems comprised of reliable
devices inadequate [12, 16]. A number of approaches have
been presented to address these issues including organizational structures, shaped rewards, learning automata, and
coordination graphs [6, 10, 15, 17, 19]. Although significant
progress has been made towards improving coordination and
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scalability with each of these methods individually, relatively little work has focused on leveraging the complementary benefits of these approaches. We propose combining
two of these methods (hierarchical organization and reward
shaping) together in such a way that the benefits of each
approach are mutually beneficial to system performance. In
this work, we show that combining hierarchical organization
to reduce each agent’s communication overhead with reward
shaping techniques that attempt to make optimal use of local
information can improve coordination and scalability more
than either method achieves independently.
Reward shaping has been shown to drastically improve coordination, scalability, and performance in multiagent systems [1]. The specific shaped rewards studied in this work
are based upon the diﬀerence reward structure, which has
been shown to be robust to scaling in a number of domains including air traﬃc control, rover navigation, and distributed sensor networks [1, 16]. Diﬀerence rewards were designed to promote coordination and scalability by filtering
the information each agent receives, extracting only information relevant to each agent specifically. However, as scaling increases, the amount of information each agent must
process increases, reducing the eﬀectiveness of the filter provided by diﬀerence rewards. We address this shortcoming by
introducing hierarchical organization into the system, which
reduces the amount of information each agent must receive
and process (to our knowledge no one has combined diﬀerence rewards with hierarchical organization).
Hierarchies have shown a lot of promise in decreasing information sharing and processing requirements, improving
robustness, and increasing performance in large multiagent
systems [6, 11]. These structures focus primarily upon organizing the control flow and reducing information sharing
and processing overheads, to reduce the coordination complexity between agents in the system [6]. Controlling these
factors alone is not always enough to achieve good system
performance. The underlying decision making process of
each agent also heavily impacts the system performance. In
this work, we combine hierarchies with learning agents using
shaped rewards which promote good agent decision making.
Although both hierarchical organization and reward shaping methods have been heavily researched, relatively little work has been done to demonstrate the complementary
nature of these two approaches. Generally speaking, hierarchies establish the system control flow and reduce the
amount of information that each agent must receive and process [6]. Shaped rewards on the other hand attempt to optimize each agent’s decision making given that information

[16]. We demonstrate the complementary nature of these
approaches in the Defect Combination Problem (DCP) introduced in [2].
The key contributions of this paper are to:
• Combine diﬀerence rewards (which promote coordination) and hierarchical organization (which defines
the roles of agents and agent-to-agent connectivity)
to reduce information sharing and processing requirements, improve coordination, and improve scalability
in a multiagent system.
• to show the robustness of combining diﬀerence rewards
and hierarchal organization to agent failures.
The remainder of this paper is organized as follows. Section
2 provides background material on hierarchical systems, reward shaping, and the Defect Combination Problem (DCP).
Section 3 describes the two variations of the Defect Combination Problem. Section 4 describes the learning algorithms,
rewards, and hierarchical organization used in this work.
Section 5 contains experimental results, empirically demonstrating the benefits of coupling hierarchies and shaped rewards. Finally, Section 6 provides a discussion of this work.

2.

BACKGROUND AND RELATED WORK

The hierarchical organization of a multiagent system can
be defined as the collection of roles, relationships, and authority structures which govern its behavior [6]. The structure of a hierarchy guides how its members interact with
one another, influencing authority relationships, data flow,
resource allocation, coordination patterns, and other system characteristics [5]. Hierarchies have been shown to improve system performance in a number of domains including distributed sensor networks, autonomous aerial vehicle
coordination, and rover coordination [6, 7, 20]. In many
cases, hierarchical organization reduces coordination complexity and increases system level performance by providing
an explicit structure and control flow [6, 7]. In this work, we
use a simple 2-layer hierarchy to decrease coordination requirements by governing the agent-to-agent interactions for
agents within the DCP domain.
Reward shaping is the practice of replacing an agent’s reward function with an alternative reward that changes its
learning [16]. Frequently, reward shaping is used to improve
system performance or to make a problem easier to solve [1,
4]. Reward shaping has been used to increase performance
by speeding up convergence rates and improving coordination in problems involving reinforcement learning [1, 18].
Shaped rewards provide agents with more specific feedback,
but can result in severely suboptimal policies if not designed
properly [4]. In this work, we focus on diﬀerence rewards,
which are designed to be aligned with the system objective
and to eﬀectively filter the information each agent receives to
improve decision making [1, 9]. Unfortunately, this filter has
limited scalability and there comes a point beyond which as
scaling increases agents still receives a noisy learning signal.
Previous work involving the Defect Combination Problem
(DCP) included [2], where statistical physics was utilized to
derive the theoretical optimal performance of an N sensor
system and the corresponding ratio of active sensors, but it
did not include a non-exhaustive search method for finding
the actual subset of sensors to use. Using learning agents

104

with diﬀerence rewards in a nonhierarchical setting was proposed as a method for finding a good subset of devices in
[16]. In that work, diﬀerence rewards were shown to improve system performance in the DCP in a nonhierarchical
setting involving 1000 sensors [16]. However, as our work
shows, diﬀerence rewards alone are not suﬃcient to address
the increased coordination complexities and increased signal noise present when scaling increases. To address this
shortcoming, we couple diﬀerence rewards with hierarchical
organization which restricts the amount of information each
agent in the system receives and reduces the agent-to-agent
coordination complexity.

2.1

Difference Rewards

In this work, we consider diﬀerence rewards which are
shaped rewards of the form [1]:
Dj ≡ G(z) − G(z − zj ) ,

(1)

where G is the system objective, z is the complete system
state vector, and zj is the action of agent j. Intuitively this
allows the second term of the diﬀerence reward to evaluate
the performance of the system without agent j and therefore
D evaluates the agent’s individual contribution to the system
performance.
There are two key advantages to using D: First, because
the second term removes a significant portion of the impact
of other agents in the system, it provides an agent with a
“cleaner” signal than G [1, 16]. Second, because the second
term does not depend on the actions of agent j, any action
by agent j that improves D, also improves G (the derivatives
of D and G with respect to j are the same) [1, 16].
We also consider the Estimated Diﬀerence Reward (EDR)
which is given by:
EDRj ≡ G(z) − Ezj [G(z)|z−j ]

(2)

where Ezj [G(z)|z−j ] gives the expected value of G over the
possible actions of agent j. Because this term does not depend on the immediate actions of j, this utility is still aligned
with G [16]. Furthermore, because it removes noise from
an agent’s private utility, EDR yields far better learnability
than does G [16]. This noise reduction is due to the subtraction which (to a first approximation) eliminates the impact
of states that are not aﬀected by the actions of agent j. The
major diﬀerence between EDR and D is in how they handle zj . EDR provides an estimate of agent j ’s impact by
sampling all possible actions of agent j whereas D simply
removes agent j from the system.

3.

DEFECT COMBINATION PROBLEM

Many real world sensing applications require large sets of
disparate sensing devices to coordinate their actions in order
to collectively optimize their network attenuation, coverage
areas, and sensing schedules [3, 13, 18]. In the domain used
in this work, a set of 10,000 sensing devices must coordinate
their sensing schedules in order to optimize their aggregated
attenuation. This work focuses on the Defect Combination
Problem (DCP) domain introduced in [2]. This problem assumes that there exists a set of imperfect sensors X which
have constant attenuations due to manufacturing defects or
imperfections. Each of the sensors xi has an associated attenuation ai (which can be positive or negative) in its reading, such that if it is taking a measurement of A (actual

value) it measures A + ai where ai is the device’s individual error. The problem then becomes how to best choose
a subset of the X sensors that minimizes the aggregated
attenuation of the combined readings:
�N
�
��
�
�
�
n i ai �
�
�
�
i=1
G=
(3)
N
�
ni
i=1

where G is the aggregated attenuation of the combined sensor readings, ai is the attenuation of a particular sensor i,
N is the number of sensors, and ni ∈ {0, 1} based upon
whether the sensor chooses to be “on” or “oﬀ”.
This is an NP-complete optimization problem [2, 16] and
simply choosing the single sensor with the best attenuation
is an inadequate solution, as is choosing the best K sensors (1 ≤ K ≤ N ). To illustrate this, consider the case
where there are 6 sensing devices whose attenuations are
a1 = −0.19, a2 = 0.54, a3 = 0.1, a4 = −0.14, a5 = −0.05,
and a6 = 0.21. Choosing only the best sensor a5 would yield
an aggregated attenuation of |0.05|, while choosing sensors
a3 , a4 , and a5 will yield an aggregated attenuation of |0.03|,
which is better than the single best sensing device a5 alone.
This is still not the optimal solution in this 6 sensor case
however, as combining sensors a1 and a6 results in an aggregated attenuation of |0.01|. In this problem, individual
sensors acting independently without coordinating their actions can drastically decrease the system performance, consider the case where sensors a1 and a6 are turned on in conjunction with sensor a2 , the aggregated attenuation jumps
to from |0.01| to |0.18|. Finding good solutions requires a
great deal of coordination between sensors, as any one sensor
can heavily impact the system performance.

4.

AGENTS AND COORDINATION

In this domain, we used a multiagent approach in which
each agent was an �-greedy reinforcement learner which used
a standard value update [14]:
Vnew (a) = Vold (a) + α(R − Vold (a))

(4)

where a is the agents’ action selection, R is the reward received for taking action a, α is the learning rate, and V is
the value associated with taking action a.

4.1

Rewards

Throughout this work, agents receive learning signals via
three diﬀerent reward structures: global, diﬀerence, and estimated diﬀerence rewards. Global rewards provide agents
with a learning signal that is equivalent to the system performance (in the team-based experiments, agents receive
rewards based upon their teams performance). Global rewards are in-line with the system objective (i.e. if agents
maximize their global rewards, they concurrently optimize
the system objective), but they provide agents with a noisy
learning signal. This is because all agents receiving a global
reward signal get the same feedback regardless of their actions, meaning that they may receive a good reward for taking a poor action, or a bad reward for taking a good action
(their reward is coupled to the reward of all other agents).
Diﬀerence rewards address this shortcoming by filtering the
noise oﬀ of the global reward signal and provide agents with
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Figure 1: When no teams or hierarchical organization is present (left), agents are required to coordinate directly with all other agents to optimize
the global objective G. We reduce this coordination
requirement by adding in a two-layer hierarchical
structure (right). Here, sensing agents are partitioned into separate teams and coordinate to optimize their team objective Gck (Equation 5). Then,
a control agent is assigned over each team, and the
control agents coordinate to optimize the system
level objective G (Section 4.2).
specific feedback on how their actions impacted the system
performance (Section 2.1).
Here, we derive the diﬀerence reward for the DCP problem when no hierarchies or teams are present.1 Here, each
agent is required to coordinate directly with all other agents
in the system. The diﬀerence reward Dj for agent j is derived by combining Equations 1 and 3:
��
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 ��
� N
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� N
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� i�=j ni ai �

 � i=1 ni ai �
−
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ni
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In the DCP, Dj only provides agents with a clear learning
signal if nj �= 0. If an agent chooses to be turned “oﬀ”
(nj = 0), it receives a reward of 0 (it had no impact on the
system) whether that action was good or bad for the system
performance, meaning half of the actions an agent takes will
eﬀectively be random as far as the system performance is
concerned.
Next, we derived the Estimated Diﬀerence Reward (Section 3) for the DCP problem by combining Equations 2
and 3. Consider the case where the the probabilities are
equivalent for each action “on” and “oﬀ”, Pnj =0 = 0.50 and
Pnj =1 = 0.50, EDRj becomes:
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EDRj provides a clear learning signal: if it is positive, the
action taken by agent j was beneficial to system performance, and if EDRj is negative, the action was harmful to
1
D and EDR rewards can be derived for the team-based
sensing agents and the hierarchical control agents (Section
4.2), but are excluded here for brevity.

Algorithm 1 Instantiate Hierarchical Organization
1: Randomly partition N sensing agents into M equal
teams of size C
2: Assign a “local” team objective to each individual team
(Equation 5)
3: Assign one control agent per team
4: Assign control agents an objective (Equation 6)

system performance. Agents trying to maximize EDRj will
implicitly maximize system performance simultaneously.

4.2

Teams and Hierarchical Organization

Though the simplest way to organize a multiagent system
is to have no teams and no hierarchical organization, there
comes a point beyond which as agent scaling increases, coordination becomes too complex for a nonhierarchical system
to be eﬀective. We address this shortcoming by incorporating teams and hierarchical organization into the system.

Uncoordinated Teams
In contrast to the standard DCP problem approach in
which all N agents observed each other and acted as a single group, we introduced a team-based approach. Here, we
randomly partitioned the N agents into teams of C agents,
where each agent could only be a member of a single team.
Random teams were assigned due to the NP-complete nature of the problem, the computational expense of intelligently assigning teams would be too high. Since there are
no obvious ways of decomposing the system objective with
respect to the teams, each team is treated as a separate
DCP. The goal of each team is to optimize the aggregated
attenuation of its C sensing devices (Equation 5). Agents
within each team attempted to optimize their aggregated
team attenuation:2
�
�
C
��
�
�
�
n i ai �
�
�
�
|Ack |
i=1
G ck =
=
(5)
C
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�
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Algorithm 2 Learning in Hierarchically Coordinated
Teams
Instantiate Hierarchical Organization (Algorithm 1)
for Run = 1 → RunM ax do
for T = 1 → T maxteams do
Sensing agents learn (Section 4)
Control agents fix policies to “on”
end for
for T = 1 → T maxcontrol do
Sensing agents use learned policies (fixed)
Control agents learn (Section 4)
end for
end for

Hierarchically Coordinated Teams
As seen in the previous section, creating teams can decrease agent-to-agent coordination complexity and reduce
information overheads. However, creating individual teams
can be harmful to system performance if these teams fail
to coordinate their actions well. We address this problem
by superimposing a hierarchical control layer on top of each
team (Algorithm 1). In this setting, individual teams are
treated as though they were a single sensor and each “team
sensor” is controlled by a single control agent. This results
in a 2-layer hierarchical network structure (Figure 1, right)
which reduces agent-to-agent coordination complexity and
information overhead within the system. Agents in the bottom layer attempted to optimize the attenuation of their
individual teams for a single reading (Equation 5), while
the control agents dictated whether or not each team would
participate in the aggregated system reading. Thus, instead
of turning “on” or “oﬀ” like the sensing agents, the control
agents each turned a team on or oﬀ (Algorithm 2). The
top level control agents coordinated in order to optimize the
system objective (Equation 3):

GH =

i=1

where Gck is the objective of team ck , Ack is the aggregated attenuation of team ck , Nck is the total number of
active devices in team ck , C is the number of agents in each
team, ni ∈ {0, 1} depending on whether sensor i chose to
participate in sensing, and ai is the attenuation of sensor
i. A team approach is advantageous because it can reduce
the coordination complexity of individual agents within the
system by reducing the number of devices with which each
agent has to communicate. Although this team formation
approach reduces the coordination complexity and information overhead of the system, it may not lead to good system
performance. This is because each team acts to optimize its
own independent team objective Gck , without taking into
account how its actions impact the overall system performance. However, we test this method because each team
of C agents will have relatively low aggregated attenuations
and by statistically averaging many teams with low aggregation an even lower attenuation may result.
2
In the team-based experiments (Sections 5.2-5.4), sensing
agents’ global, diﬀerence, and estimated diﬀerence rewards
were based upon the team objective (Equation 5).
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where GH is the objective of the control agents in the hierarchical system for the standard DCP, Ack is the aggregated
attenuation of team ck , Nck is the total number of active
devices in team ck , K is the total number of teams (N/C),
nk ∈ {0, 1} depending on whether the agent i governing
team k chose to turn team ck on or oﬀ.3

5.

EXPERIMENTS AND RESULTS

In this paper, we conduct the following set of experiments:
1. The DCP with no teams.
2. The DCP with uncoordinated teams.
3. The DCP with hierarchically coordinated teams.
4. The DCP with failures using hierarchically coordinated
teams.
3
The goal of the control agents GH is to combine the team
attenuations ACk and participations NCk in such a way that
they optimize the system level attenuation G
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Figure 2: 10,000 sensors Defect Combination Problem (no hierarchies). Agents must choose whether
to be “on” or “oﬀ ”. As seen, agents using EDR obtain significantly better aggregated attenuation than
the best single sensor T BS (Section 5).

There were five diﬀerent types of agents used. The first type
of agents coordinate such that only the single-best sensing
device was turned on each time step (TBS). Although selecting the best sensor is conceptually simple, it is a centralized algorithm and requires global coordination. Second,
we consider the case where the behavior of the agents is
completely random (R). The next three types of agents are
learning agents attempting to optimize global (G), diﬀerence (D), or estimated diﬀerence reward (EDR) structures.
These rewards were derived separately for the no teams,
uncoordinated teams, and hierarchically coordinated teams
experiments.
In these experiments at the beginning of each run the
attenuations ai for each agent were drawn from a Gaussian distribution of zero mean and unit variance. All experiments had 10,000 episodes, contained N=10,000 sensing
agents (in hierarchical experiments there were also 100 control agents, resulting in 10,100 total agents), were averaged
over r = 1000√statistical runs, and plotted with the error of
the mean σ/ r (the error in the mean is plotted in Figures
2-7, but it is so small that it is not visible). The results
are statistically significant as we performed a t-test with
p = 0.05 for all experiments. The learning rate was set to
α = 0.10 (performance was not overly sensitive to α) and
the exploration rate for all agents was set to � = 0.01. All
value tables and Q-tables were initialized to zero. For all
agents, for the first 20 time steps, learning was turned oﬀ
and agents chose random action selections. After the first
20 steps, learning was turned on for 60 agents at a time until
all of the agents were learning, in the mean time agents who
had not been switched on continued performing randomly.4

5.1

No Teams

The first experiment shows the performance of agents
solving the DCP problem using learning without teams or
4

Allowing all agents to begin learning simultaneously created a “spike” into the system which significantly slowed
down learning. The gradual introduction of the learning
agents is softens this discontinuity in learning [16].
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Figure 3: Number of sensors used when 10,000 sensing agents solved the standard DCP. G and R both
use nearly the optimal number of sensors 50% [2],
but achieve poor performance. Although D and
EDR are both diﬀerence rewards, they lead to very
diﬀerent policies. D uses few sensors, while EDR
uses nearly 80% of the sensing devices.

hierarchical organization. Here, each agent must coordinate
directly with all other agents. In this experiment (Figure
2) random action selection R utilizes approximately half of
the sensors each time step, but performs poorly since the
selection of which sensors is completely random. Similarly,
agents using a global reward G turn on approximately half
of the sensing devices and make better decisions selecting
which sensors to turn on. This results in G outperforming
R by nearly an order of magnitude. However, agents using G still have diﬃculty diﬀerentiating the impact of their
own actions on their reward signal from the actions of other
agents. This is because with G, all agents receive the system performance as their reward signal, regardless of how
their own actions impacted the system performance. This
makes it diﬃcult for these agents to coordinate their actions,
inhibiting system performance.
Diﬀerence rewards D and EDR address this shortcoming
by eﬀectively filtering out the impact of other agents on an
agents’ reward signal and accounting for each agent’s individual contribution to the system performance. However,
as seen in Figure 2, agents using D perform poorly in this
experiment. This is because D only provides constructive
feedback when the agent elects to be active. Agents using
D receive a reward of 0 when they choose to remain oﬀ so
they do not receive enough feedback to successfully coordinate their actions (Section 4.1). The Estimated Diﬀerence
Reward EDR reward does not give a 0 reward to an agent
for being on or oﬀ, instead it gives an estimated value of the
agents cumulative impact on the system over time based
upon its historic action selections (Section 4.1), resulting in
better performance than D in this case (Figure 2).
It is clear from this experiment that the way an agent
handles the information it receives drastically impacts the
performance. Agents using G, D, and EDR received the
exact same information, yet agents using diﬀerence rewards
were able to significantly outperform agents using a traditional global rewards. Here, both D and EDR reduce the
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Figure 4: 10,000 sensors DCP with teams of 100
agents (Section 4.2). Teams of agents using Dck and
EDRck far outperform those using a standard global
reward Gck . Unfortunately, regardless of the reward
used the teams are unable to coordinate together,
resulting in poor performance.

overall coordination complexity for individual agents by filtering much of the noise of other agents’ actions from each
agent’s reward signal (Section 2.1). It is interesting to note
that D and EDR arrive at very diﬀerent policies. Agents
using D typically learn to use around 1% of the overall sensors, while agents using EDR use nearly 80% (Figure 3).
Both of these solutions used far from the theoretical optimal number of sensors, which was determined to be 50%
in [2]. This tells us that shaped rewards alone may not be
enough to maximize system performance for this problem.

5.2

D_H
EDR_H
G_H
1e-07
R_H
TBS
1e-06

Uncoordinated Teams

Next, we integrate random teams into the problem (Section 4.2). Here, the 10,000 sensing agents are randomly
divided into teams of 100, where each agent can only be a
member of a single team. The goal of each team Gck is
to optimize the aggregated attenuation of its own 100 sensing agents (Equation 5). Each team acts independently to
optimize its own attenuation and there is no coordination
between the teams (there are no control agents present to
coordinate the actions of the teams together to optimize the
system performance G). By creating teams of agents, we effectively reduce the information sharing and processing requirements and coordination complexity for agents within
the system. Agents now only need to coordinate with the
other sensing devices in their team.
As seen in Figure 4, team based agents using Gck continue to perform poorly compared to team based agents
using diﬀerence rewards Dck and EDRck in the standard
DCP . Here, the amount of information each agent receives
is reduced by two orders of magnitude, but agents using Gck
still don’t perform well. This is because although the information overhead is reduced one hundred fold to that of a 100
agent system and it is easier for agents to deduce their individual impact on their rewards, the teams are not working
together in an organized way, and are frequently interfering
with each other.
Agents using Dck perform better in this case than they
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Figure 5: 10,000 sensors DCP with hierarchical
teams (Section 4.2). Sensors are divided into teams
of 100 and a control agent is placed over each team.
The discontinuity at 5000 time steps is due to hierarchical learning (Section 5.3). As seen, DH and
EDRH outperform all other approaches (Figure 2).
The hierarchy dictates the control flow and information overheads, while diﬀerence rewards improve
agent decision making.

did without teams (Figure 2), primarily because the amount
of exploration was increased allowing agents using Dck to
stumble across higher quality solutions more frequently, resulting in more sensors being active. Neither agents using
Dck nor EDRck performed as well as agents using EDR
diﬀerence rewards in the standard case (Figure 2) because
teams are not coordinated; each team is individually trying
to optimize its own 100 agent team objective Gck without
accounting for how its actions impact the overall system performance G. Here, the agents are eﬀectively optimizing the
100 sensor DCP problem one hundred times and summing
the results in a suboptimal manner. The performance could
vastly be improved if the teams were allowed to coordinate
their actions to mutually benefit system performance. In
the next experiment we address this by superimposing hierarchical control agents onto each team.

5.3

Hierarchically Coordinated Teams

Finally, we implemented a 2-layer hierarchy into the DCP
(Section 4.2). This hierarchical approach assigns a control
agent for each team which determines how the team participates in sensing. This approach addresses the two key issues
that inhibited the performance in the two previous nonhierarchical experiments. First, it reduces the agent-to-agent
coordination complexity by adding structure and organization to the system. Agents now only need to coordinate with
other agents in their team (agents in the top level of the hierarchy form their own team). The presence of a control
layer on top of the teams solves the team coordination issue
from Experiment 2 (Figure 4). Secondly, the information
sharing and processing requirements are reduced by approximately one hundred fold for all agents within the system.
Here, individual sensing agents continue to optimize their
local team objective Gck , while the hierarchical agents directly optimize their own reward GH (which is the system
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Figure 6: 10,000 sensors solving the DCP with hierarchical teams (Section 4.2). 10% of the bottom layer
agents fail after 2500 time steps. The discontinuity
at 5000 time steps is due to hierarchical learning
(Section 5.3). As seen, when 10% of the sensing devices fail, the remaining 90% are able to coordinate
to adapt their behavior and recover most of the lost
system performance.

Figure 7: 10,000 sensors DCP with hierarchical
teams (Section 4.2). 10% of top layer agents fail after 7500 time steps. The discontinuity at 5000 time
steps is due to hierarchical learning (Section 5.3).
As seen, a combination of shaped rewards and hierarchies proves robust to top layer failures. Agents
using DH and EDRH far outperform agents using a
standard global reward GH .

objective G in these experiments).
Here, the top and bottom level teams were trained separately (Algorithm 2). First, the bottom level agents learned
for 5000 time steps while the top level agents took random
actions and did not learn. Then, the bottom level agents’
learning was turned oﬀ and they followed their learned policies while the top layer agents’ learned for the next 5000
time steps. This was done for two key reasons: 1) the actions of the agents in the bottom layer were independent of
agents in the top layer, and 2) the top layer could not make
optimal decisions until the actions of the bottom layer were
set. The separate training of the top and bottom levels of
the hierarchy is responsible for the learning spike at 5000
time steps in Figures 5-7.
As seen in Figure 5, hierarchical organization benefits
agents using the G, D, and EDR reward structures. Agents
optimizing global rewards (GH ) achieve nearly an order of
magnitude better performance when a hierarchical structure
was added to the system. This is because, in addition to reducing the information overhead, the hierarchical structure
allows teams to coordinate their actions together to improve
system performance. Despite the benefits from the addition
of a hierarchical structure, agents using a traditional global
reward GH were still unable to achieve the same performance as agents using shaped rewards without a hierarchical
structure (Figures 2 and 5).
This shows that simply adding hierarchical organization
to the system may not be enough to maximize system performance. Adding a hierarchy reduces coordination complexity
and information overheads, but it does not attempt to optimize agent decision making given the information each agent
receives. This is why agents using D and EDR rewards in
a nonhierarchical setting where the information overhead
and coordination complexity remain high still outperform
a traditional global reward GH in a hierarchical structure.
Agents using a combination of a hierarchical structure and

shaped rewards outperform nonhierarchical approaches by
orders of magnitude (Figure 5), which supports the fact that
hierarchical structures and shaped rewards oﬀer complimentary benefits in large scale multiagent systems. Hierarchical
organization dictates the control flow and reduces the information overheads, while shaped rewards improve agent
decision making given the information each received.
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5.4

Hierarchically Coordinated Teams with
Failures

Now that we have established that a combination of shaped
rewards and hierarchical organization can dramatically improve the performance of large multiagent systems, we want
to demonstrate the robustness of our approach to component
failures. In the context of this experiment an agent (controller or sensor) getting stuck on will constitute a failure.
Since failures in the top and bottom layers of the hierarchy
may impact the system diﬀerently, we perform a separate
experiment for each case. In the first experiment 10% of
the bottom level sensors fail after 2500 time steps (Figure
6), while the other sensors continue learning. In the next
experiment, 10% of the top level sensors fail at time step
7500, while the others continue learning (Figure 7). In both
cases, the top level hierarchical agents do not begin learning
until time step 5000 (Algorithm 2).
As seen in Figure 6, a combination of diﬀerence rewards
and hierarchies is robust to failures within each individual
team. Here, 10% of the agents in each individual team fail
after 2500 time steps and the remaining sensing devices need
to coordinate their actions with these defective devices in
order to recover system performance. Due to the reduced
coordination requirements imposed by the hierarchical organization, team-based sensing agents only need to coordinate their actions with 100 other agents. These reduced
coordination requirements coupled with agents using diﬀerence rewards enable them to coordinate in order to regain

the performance lost due to failures. In the next experiment (Figure 7), 10% of the control agents failed, each one
impacting an entire team of sensing agents. However, since
the individual teams maintained relatively low attenuations,
when control agents failed and remained on, the remaining
control agents were still able to coordinate their actions in
order to achieve good performance even in the presence of
failures.

6.

DISCUSSION

In very large multiagent systems, agents frequently encounter two key problems: 1) increased coordination requirements, and 2) increased information sharing and processing requirements. We address both of these issues by
combining two well known coordination mechanisms, hierarchical organization and shaped diﬀerence rewards. Hierarchies dictate the control flow and information handling,
lowering the ‘per agent’ coordination complexity in the system. On the other hand, diﬀerence rewards act to optimize
information processing, serving as an information filter (extracting only the specific information relative to a particular
agent) and promote agent coordination. Our results show
that a combination of shaped diﬀerence rewards and hierarchical organization can improve coordination, scalability,
and performance in large multiagent systems. Combining
these approaches led to approximately three orders of magnitude improvement over either method individually in the
DCP, and shows promise for other large multiagent domains
including sensor networks, aerial vehicle coordination, and
network traﬃc management.
This work showed the potential advantages of combining
coordination algorithms in ways that leverage their benefits.
Although many coordination algorithms exist throughout
the literature, they have primarily been used independently
and relatively little work has focused on the performance
increases attainable by combing them. Future work would
include finding new combinations of coordination algorithms
that can be used to improve both agent-to-agent coordination as well as overall scalability. In particular, selecting
coordination mechanisms that are synergistic and not only
work well together but actually magnify each others benefits.
This could be done by defining a set of metrics and characteristics of coordination mechanisms, which could then be
used to determine when coordination mechanisms may be
merged together to improve performance.

7.
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ABSTRACT
Distributed denial of service attacks (DDoS) constitute a serious and evolving threat in the current Internet. The most
common type of these attacks is the flooding DDoS attack,
which is designed to exhaust computer or network resources.
Router throttling is a popular approach in the battle against
these attacks, which views the flooding DDoS problem as a
resource management or congestion problem. In this paper,
we introduce a learning throttling approach which provides
a highly adaptive response to such attacks. We compare our
proposed approach against two other throttling approaches
from the literature. It is shown that our approach eﬀectively
mitigates the impact of flooding DDoS attacks, and that it
overcomes potential stability and convergence problems that
the two throttling approaches suﬀer from.

Categories and Subject Descriptors
I.2.6 [Artificial Intelligence]: Learning; I.2.11 [Artificial
Intelligence]: Distributed Artificial Intelligence—Multiagent systems; C.2.0 [Computer-Communication Networks]: General—Security and protection

General Terms
Security

Keywords
Reinforcement Learning, Network Security, DDoS Attacks,
Throttling

1.

INTRODUCTION

The increasing adoption of technologies and applications
makes computer security a vital and essential part of every organisation. Computer security is based on the principles of confidentiality, integrity and availability; or the CIA
triad as they are usually referred to as [11]. Confidentiality
ensures that classified information is not exposed to unauthorised individuals. Individuals have also the full control
of all the information relating to them. Integrity ensures
that information is not modified or destroyed by unauthorised individuals. It also ensures that a system performs its
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intended functionality. Finally, availability ensures that a
system’s service is provided in a timely and reliable manner
to its legitimate users.
One of the most serious threats in the current Internet is
posed by flooding distributed denial of service (DDoS) attacks, which target the availability of a system [10]. A DDoS
attack is a highly coordinated attack where the attacker (or
attackers) takes under his control a large number of hosts,
called the botnet (network of bots), which start bombarding the target when they are instructed to do so. Such an
attack is designed to exhaust a server’s resources or congest
a network’s infrastructure, and therefore renders the victim
incapable of providing services to its legitimate users.
Research on DDoS defence is focused on three areas, namely,
detection, traﬃc classification and response [8]. Detection
aims at identifying the existence of an attack, while classification distinguishes between legitimate and malicious network packets. Response aims at stopping the flood, or reducing it to acceptable levels. DDoS response, among others,
include filtering, rate limiting or throttling and traﬃc redirection. Due to the distributed nature of these attacks, an
eﬀective DDoS defence requires a distributed coordinated
defence mechanism, where defensive nodes at diﬀerent network locations cooperate to stop the flood, or mitigate its
eﬀectiveness.
Router throttling is a popular method applied by telecommunication companies to regulate traﬃc during periods of
congestion, most commonly known as “traﬃc shaping” [9].
Extensions of router throttling to tackle the flooding DDoS
problem requires these attacks to be viewed as a resource
management or congestion problem [13]. Throttling provides an easy, quick and cheap solution against the DDoS
threat.
In this paper, we introduce a novel router throttling approach, which applies multi-agent reinforcement learning
(MARL). MARL’s task is to learn router throttles in order
to keep the server under protection in a working condition.
It is also responsible for allowing as much legitimate traﬃc as
possible towards the server. Due to the high complexity and
multidimensionality of the DDoS problem, MARL creates
an automated and eﬀective response against DDoS attacks.
The environment is highly dynamic and unpredictable, and
our approach provides adaptive behaviours over frequent environmental changes.
We compare our proposed approach against a baseline
approach, and a popular throttling approach found in the
literature [13]. MARL is shown to overcome stability and
convergence problems, which the other two approaches suf-

fer from. It is also shown that it outperforms the baseline
approach, and has a similar performance with the second approach. To the best of our knowledge, this is the first time
that learning is incorporated in the throttling component of
a DDoS defence mechanism.
The organisation of this paper is as follows. Section 2
describes the background of reinforcement learning, DDoS
attacks and router throttling. Section 3 presents our proposed approach in great detail. We describe our experiments
and present the results in section 4. In section 5 we discuss
about the advantages and limitations of our approach. Finally, section 6 provides a conclusion and direction towards
our future work.

2.

BACKGROUND

This section describes all relevant work upon which this
work is based.

2.1

Figure 1: The agent-handler model (from [10])

Reinforcement Learning

Reinforcement learning is a paradigm in which an active
decision-making agent interacts with its environment and
learns from reinforcement, that is, a numeric feedback in the
form of reward or punishment [12]. The feedback received
is used to improve the agent’s actions. Typically, reinforcement learning uses a Markov Decision Process (MDP) as a
mathematical model.
An MDP is a tuple �S, A, T, R�, where S represents the
state space, A represents the action space, T (s, a, s� ) =
P r(s� |s, a) is the transition probability function which returns the probability of reaching state s� when action a is
executed in state s, and R(s, a, s� ) is the reward function
which returns the immediate reward r when action a executed in state s results in a transition to state s� . The problem of solving an MDP is to find a policy (i.e. a mapping
from states to actions) which maximises the accumulated
reward. When the environment dynamics (transition probabilities and reward function) are available, this task can be
solved using dynamic programming [2].
In most real-world domains, the environment dynamics
are not available and therefore the assumption of perfect
problem domain knowledge makes dynamic programming
to be of limited practicality. The concept of an iterative
approach constitutes the backbone of the majority of reinforcement learning algorithms. These algorithms apply so
called temporal-diﬀerence updates to propagate information
about values of states, V (s), or state-action, Q(s, a), pairs.
These updates are based on the diﬀerence of the two temporally diﬀerent estimates of a particular state or state-action
value. The SARSA algorithm is such a method [12]. After
each real transition, (s, a) → (s� , r), in the environment, it
updates state-action values by the formula:
Q(s, a) ← Q(s, a) + α[r + γQ(s� , a� ) − Q(s, a)]

(1)

where α is the rate of learning and γ is the discount factor.
It modifies the value of taking action a in state s, when
after executing this action the environment returned reward
r, moved to a new state s� , and action a� was chosen in state
s� .
The exploration-exploitation trade-oﬀ constitutes a critical issue in the design of a reinforcement learning agent.
It aims to oﬀer a balance between the exploitation of the
agent’s knowledge and the exploration through which the
agent’s knowledge is enriched. A common method of doing
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so is �-greedy, where the agent behaves greedily most of the
time, but with a probability � it selects an action randomly.
To get the best of both exploration and exploitation, it is
advised to reduce � over time [12].
Applications of reinforcement learning to multi-agent systems typically take one of two approaches; multiple individual learners or joint action learners [5]. The former is
the deployment of multiple agents each using a single-agent
reinforcement learning algorithm. The latter is a group of
multi-agent specific algorithms designed to consider the existence of other agents.
Multiple individual learners assume any other agents to
be a part of the environment and so, as the others simultaneously learn, the environment appears to be dynamic as
the probability of transition when taking action a in state
s changes over time. To overcome the appearance of a
dynamic environment, joint action learners were developed
that extend their value function to consider for each state the
value of each possible combination of actions by all agents.
The consideration of the joint action causes an exponential increase in the number of values that must be calculated with each additional agent added to the system. Typically, joint action learning algorithms have only been demonstrated in trivial problem domains whilst applications in
complex systems most often implement multiple individual
learners [6]. For these reasons, this work will focus on multiple individual learners and not joint action learners.
To model a multi-agent system, the single-agent MDP becomes inadequate and instead the more general Stochastic
Game (SG) is required [4]. A SG of n agents is a tuple
�S, Ai , T, Ri �, i ∈ [1, n], where S is the state space, Ai is the
action space of agent i, T (s, A, s� ) = P r(s� |s, A) is the probability that joint action A in state s will lead to state s� ,
and Ri (s, a, s� ) is the immediate reward r received by agent
i when action a taken in state s results in a transition to
state s� .

2.2

Distributed Denial of Service Attacks

DDoS attacks [10] constitute a major and evolving problem in the current Internet. Such an attack targets the availability of computer or network resources, thus not allowing
its legitimate users to access resources in an eﬃcient manner, or even make the resources completely inaccessible to
them. A DDoS attack is a highly coordinated attack; the
strategy behind it is represented by the agent-handler model
[10] as shown in figure 1.
The model consists of four elements, the clients, handlers,
agents and victim. The handlers (or masters) and the agents

(or daemons or zombies) are hosts compromised by the attackers. Specifically, the clients install a software on vulnerable hosts to compromise them, thus being able to communicate with and control them. The clients communicate
with the handlers, which in turn control the agents in order
to launch a DDoS attack. Typically, the users of the agent
systems are not aware that their system is involved in a coordinated DDoS attack. Moreover, not all available agents
are needed for the attack to take place.
The most common type of DDoS attacks is the flooding
attacks, where the attacker starts bombarding the victim by
sending large volumes of traﬃc towards it, thus causing severe congestion to the victim. Research on flooding DDoS
defence is focused on three areas, namely, detection, traffic classification and response [8]. Detection aims at identifying whether an attack takes place. Accurate detection
occurs when performed in the vicinity of the victim, where
the traﬃc is highly aggregated. Therefore the system can
observe a possible performance degradation.
Traﬃc classification aims at the distinction between legitimate and malicious network packets. Ideal classification
occurs when performed near the source, where it experiences a moderate traﬃc volume. Sophisticated traﬃc profiling requires advanced statistics gathering, thorough packet
inspection and needs to devote many resources. As a consequence, a classification unit can be very expensive and
customers may find the cost unaﬀordable.
Response to the attack aims at stopping the flood or reducing it to acceptable levels. Responding to an attack near
the victim causes heavy collateral damage. Collateral damage occurs when legitimate traﬃc is punished along with the
DDoS traﬃc. Accurate response occurs when performed upstream, that is, close to the sources or in the intermediate
(between the sources and the victim). Some locations are
more beneficial than others, thus requiring less deployment
points.
It’s clear that to combat the distributed nature of these
attacks, a distributed defence mechanism is necessary, where
many defensive nodes, across diﬀerent locations cooperate in
order to stop or reduce the flood [8].

2.3

Router Throttling

Router throttling is a popular method used by telecommunication companies to perform “traﬃc shaping” [9] during
periods of congestion. Extensions of router throttling as a
DDoS defence mechanism requires flooding DDoS attacks to
be seen as a resource management or congestion problem.
We adopt the system model from Yau et al [13].
A network is a connected graph G = (V, E), where V is
the set of nodes and E is the set of edges. All leaf nodes are
hosts and denoted by H. Hosts can be traﬃc sources, and
are not trusted. An internal node represents a router, which
forwards or drops traﬃc received from its connected hosts
or peer routers. The set of routers are denoted by R, and
they are assumed to be trusted, i.e. not to be compromised.
The set of hosts H = V − R is partitioned into the set
of legitimate or good users Hg , and the set of attackers Ha .
A leaf node denoted by S represents the victim server. A
good user sends packets towards the server S at a rate rg ,
and an attacker at a rate ra . We assume that the attacker’s
rate is significantly higher than that of a good user, that is,
ra >> rg . This assumption is based on the rationale that
if an attacker sends at a similar rate to a good user, then
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Figure 2: Network topology
the attacker (the client) must recruit a considerably larger
number of hosts in order to launch an attack with a similar
eﬀect [13].
A server S is assumed to be working normally if its load
r is below a specified threshold Us , that is, r ≤ Us . The
rate rg of a good user is significantly lower than the upper
boundary i.e. rg << Us , where Us can be determined by
observing how users normally access the server.
The authors adopt a proactive, server-initiated approach.
When a server S operates below an upper boundary U s,
it needs no protection. When the server experiences heavy
load, it requests from upstream routers to install a throttle.
In case the server load r is still over the upper boundary U s,
the server asks from upstream routers to increase the throttle. If the server load r drops below a lower boundary Ls,
the server asks the upstream routers to relax the throttle.
The goal is to keep the server load within the boundaries
during a DDoS attack.
Furthermore, the deployment locations are determined by
a positive integer k, and are given by R(k) ⊆ R. R(k) is
defined as the set of routers that are either k hops away
from the server, or less than k hops away but are directly
attached to a host [13]. Consider for example the network
shown in figure 2. It consists of 21 nodes, these are, the
victim server denoted by S, 13 routers denoted by R1 −
R13 and seven hosts denoted by H1 − H7, which are traﬃc
sources towards the server. The set R(4) consists of routers
R4, R7, R8. Router R4 is included in the set R(4), although
it is 3 hops away, because it is directly attached to the host
H1. For this reason, router R6 is not included in the set.
The authors present a baseline throttle approach in which
all routers in R(k) throttle traﬃc for S, by forwarding only a
fraction of the traﬃc. This approach penalises all routers in
R(k) equally, irrespective of whether they are well behaving
or not, and is therefore not a fair approach. The authors
propose a fair throttle approach which installs a uniform
leaky bucket rate at each router in R(k). The algorithm
achieves level-k max-min fairness [13]; a form of equal-share
fairness [8], where the parent divides its bandwidth allocation equally among all its children 1 . Both approaches have
their drawbacks:
1. Stability: System oscillations in order to settle the
server load to a desired level within the lower Ls and
upper Us boundaries, can cause stability, and therefore
1
The alternative design is proportional-share, where the parent takes into consideration its children needs, and divides
its allocation amongst them proportionally.

convergence problems. Performing throttling becomes
challenging as the range [Ls , Us ] becomes smaller.
2. Convergence Time: Even if convergence is obtained,
oscillations can cause an increase in the time required
for the server load to converge to the desired level.
3. Router Locations: Determining the deployment locations using the parameter k may be inappropriate. For
some network topologies, the approach can cause severe collateral damage. Consider for example, the upper branch (i.e. the one having R2 as its root) in the
network topology shown in figure 2. For k ≥ 3, only
router R4 will be selected because it is directly connected to a host (collateral damage occurs to some
extend anyway, because no traﬃc classification is performed).
4. Static Router Selection: Currently, all the available defensive routers take part in the throttling mechanism.
Consequently, there is an increased amount of communication between the server and routers. This has
a direct impact on cost, and also increases the chances
of communication signal exploitation.
We emphasise that router throttling has detection and
response capabilities, but lacks the traﬃc classification capability. In general, the eﬀectiveness of throttling increases
with an increasing value of k. Throttling provides an easy,
quick and relatively cheap solution against the DDoS threat.

3.

LEARNING ROUTER THROTTLING

MARL is a suitable candidate to provide a distributed
coordinated defence, which is essential to tackle the DDoS
attacks. It oﬀers an automated, eﬀective and adaptive response against the distributed nature of these attacks. A reinforcement learning agent is deployed on each of the routers
in R(k). For example, in the network topology shown in figure 2, a reinforcement learning agent is deployed on the set
R(4) i.e. on routers R4, R7, R8. Each defensive router that
performs throttling requires the monitoring of its load, that
is, the arrival rate of the traﬃc destined to the server under
protection. In other words, the state space of each reinforcement learning agent consists of only one state feature, which
is its router load.
Each router applies throttling via probabilistic traﬃc dropping. For example action 0.4 means that the router will
drop (approximately) 40% of its incoming traﬃc towards
the server, thus allowing (approximately) only 60% of it to
reach the server. The action is applied throughout the monitor window. Completing shutting oﬀ the incoming traﬃc
destined to the server by a router is prohibited, that is, the
action 1.0 (which corresponds to 100% drop probability) is
not included in the action space of none of the routers. The
reason being that the incoming traﬃc likely contains some
legitimate traﬃc as well, and therefore dropping all the incoming traﬃc facilitates the task of the attacker, which is to
deny legitimate users access to the server.
According to Mahajan et al [7] “there is no useful, policyfree equivalent of max-min fairness 2 when applied to aggregates; no one would recommend for best-eﬀort traﬃc that
we give ... an equal-share of the bandwidth in a time of high
2

Another algorithm for equal-share fairness.
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congestion. Instead the goal is to ... protect the other traﬃc
on the link”. The first objective of our system is therefore
to allow as much legitimate traﬃc as possible to reach the
server during a period of congestion. The idea behind this
is that (the level of) “fairness” is an emerging property of
the aforementioned objective. The second objective is to
keep the server under working conditions, that is, to keep
its server load below a certain threshold C(= Us ). The two
objectives are encoded in the reward function of each agent,
and all agents receive the same reward.
A network is very dynamic, and most of all, unpredictable.
Applying a learning algorithm in this environment is challenging. Recall the SARSA update rule shown in equation 1.
The update rule performs bootstrapping, that is, it updates
estimates for the current state-action pair (Q(s, a)), based
on previous estimates of it (Q(s, a)) and the next stateaction pair (Q(s� , a� )). Due to the unpredictable nature of
a network, the dependency on the next state-action pair
(Q(s� , a� )) is clearly undesirable. Consider the following example to explain why.
Let s0 be the state perceived at time t0 , and s1 be the state
perceived at time t1 (where t0 < t1 ). At time t0 an agent
decides to perform an action a based on state s0 . Let tm be a
time between the two time steps, i.e. t0 < tm < t1 . Suppose
at time tm more legitimate users make their appearance.
Or suppose at time tm an attack is initiated. It is obvious
that the perceived state s1 will have low correlation with
the action a executed in s0 (unless the action will have an
impact on the attacker’s behaviour, that is, the case where
the attacker changes its behaviour according to the defensive
action).
To deal with this unpredictable behaviour, we modified
the SARSA algorithm in such a way to remove the dependency on the next state-action pair, thus resulting in the
update rule shown in equation 2. This is equivalent to setting the discount factor to γ = 0. We have in fact found that
training the agents using the original SARSA algorithm, can
be hurtful.
Q(s, a) ← Q(s, a) + α [r − Q(s, a)]

4.

(2)

SIMULATIONS

To evaluate our proposed approach we carried out simulations using the ns-2 network simulator [1]. ns-2 is an
advanced network simulator which oﬀers abstraction, scenario generation and extensibility [3]. Abstraction refers to
the simulation at diﬀerent levels of granularity. Scenario
generation refers to the creation of complex traﬃc patterns,
topologies and dynamic events. Extensibility allows users
to add new functionality to the simulator. Despite these
advantages, network simulators cannot always capture important details, which can be captured if wide-area testbeds
or small-scale labs are used. Such alternatives though are
very expensive, and are diﬃcult to reconfigure. Therefore,
the ns-2 is a good compromise. We do not claim to have
created realistic network scenarios or to have stressed our
proposed approach. The simulations are instead intended
to illustrate the basic functionality of our approach.
During the training of the system, we keep track of, and
distinguish between legitimate and bad traﬃc (requirement
for the reward function). However, this is not the case during the evaluation of our system. The rationale behind this

Algorithm 1 Reward function
if (server loadt+1 > C) then
// Punishment
reward = −5
else
// Reward in [0, 1]
reward = legitimate reached server/total legitimate
end if

per router (i.e. its load) is inadequate to perform traﬃc
classification and therefore collateral damage is inevitable
in some episodes. This is the reason the reward received per
episode may vary between a minimum and maximum value,
as shown in figure 3.

is that the defensive system can be trained in simulation, or
in any other controlled physical environment e.g. small-scale
lab, where legitimate and malicious packets can be identified, and then deployed in a realistic network, where such
identification is impossible. Finally, as a convention, bandwidth and traﬃc rates are measured in M bit/s.

4.1

Training

The network topology used for both training and evaluation purposes, is shown in figure 2. All the links have a
bandwidth of 100, a delay (link propagation) of 10ms and
they all use the “Drop Tail” mechanism.
Our purpose is to create a highly dynamic environment,
in which we demonstrate the applicability of MARL. Before
the start of each new episode, an attacker is selected with
a probability of p, and a good user with a probability of
q = 1 − p. We have chosen p and q to be 0.4 and 0.6 respectively, as in [13]. The network shown in figure 2 is therefore an instance of the model, consisting of 4 good sources
(H1, H4, H6, H7) and 3 attackers (H2, H3, H5). Each normal flow is composed of UDP traﬃc at constant rates in the
range [0, 2]. DoS flows are also composed of UDP traﬃc at
constant rates in the range [10, 12]. The packet size for both
normal and DoS flows is 512 bytes.
The MARL approach uses a linear decreasing �-greedy
exploration strategy with an initial � = 0.2 and the learning rate is set to a = 0.1. The reward function of each
agent is shown in algorithm 1; all the routers receive the
same reward. The monitor window is set to 2s. We have
discretised the state space of each router using steps of 5,
and set the number of states to be 8. For example, states
1, 2 and 8 correspond to a router load being in the range of
[0, 5], (5, 10] and (35, ∞) respectively. The action space is
also discretised, thus each agent has five available actions to
choose from, these are, 0, 0.6, 0.7, 0.8, 0.9 which correspond
to 0%, 60%, 70%, 80%, 90% traﬃc dropping. An action is applied throughout the monitor window. To facilitate learning,
action 0.0 is hardwired in the system, that is, a router drops
no traﬃc if it experiences a load which is lower than the
threshold C. The state-action value estimates are stored in
a tabular form.
The system is trained for 15000 episodes, each of a duration of 90s. Traﬃc starts at time t = 0 and finishes at
t = 90. Approximately 50% of the episodes are trained
only with legitimate traﬃc, while the rest are trained with
both legitimate and DDoS traﬃc. Note that because of the
dynamic nature of the training model, the episodes appear
with a diﬀerent sequence in every 15000-episode training.
Figure 3 therefore presents the training results after a single
15000-episode training. A similar graph is obtained after
three training repetitions.
Given such a dynamic environment, the system is able
to converge to the optimal policy. The single state feature
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Figure 3: Training results

4.2

Evaluation

The baseline and fair approaches use a lower threshold
Ls = 8 and an upper threshold Us = 10. Other control parameters are set based on values and ranges recommended
by [13], however no parameter optimisation is performed.
The MARL approach use a threshold of C = 10. Furthermore, each agent uses its policy learnt during the training
period. All approaches use the same monitor window as previously. Defencive nodes for all approaches are deployed on
R(4), i.e. routers R4, R7, R8.
Evaluation is conducted on the network topology shown
in figure 2, and runs for 180s. There are four legitimate
sources, and three attackers. Legitimate users and attackers
send at a constant rate of 1 and 10 respectively. Legitimate traﬃc flows throughout the interval, while an attack
is initiated at time t = 45s and stopped at time t = 135s.
We evaluated our approach by comparing it with the baseline and fair approaches in two diﬀerent network scenarios.
Each scenario is repeated five times by each of the three
approaches.
In the first scenario, the good and bad sources are
H1, H4, H6, H7 and H2, H3, H5 respectively (as in figure 2).
Because of the way the baseline and fair approaches work,
oscillations can sometimes become a bottleneck. Oscillations
cause stability problems, and a possibility of the server load
not to converge within the lower and upper boundaries.
Figure 4 shows how the server load is altered throughout
the scenario. Both the baseline and fair approaches suﬀer
from stability problems; however, we note that these were
not observed at all times. The MARL never experienced
any stability problems. Moreover, as soon as the attack
is initiated, the MARL approach responds rapidly, thus not
allowing the attack to reach its full peak, as opposed to both
the baseline and fair approaches.
Figure 5 shows the average legitimate traﬃc that reached
the server during the scenario. The baseline approach allows only 60% of the total legitimate traﬃc to reach the
server. Clearly, the baseline approach performs worse than

Figure 4: Scenario 1 - Server load

Figure 6: Scenario 2 - Server load

the others because it penalises traﬃc irrespective of whether
routers are well behaving or not. Recall that in this scenario
none of the hosts H6 and H7 misbehave, but still, router R8
penalises traﬃc from them. The fair and MARL approaches
have a very similar performance, allowing 79% and 77% of
legitimate traﬃc respectively. Although the amount of legitimate traﬃc is the primary evaluation criterion, for completeness we also present the average amount of attack traﬃc
that managed to reach the server. Figure 5 also shows these
results, indicating that our approach allows less bad traﬃc
to reach the server compared to the other approaches.

Figure 5: Scenario 1 - Percentage of traﬃc reaching
the server for each of the three approaches
In the second scenario, the good and bad sources are
H1, H2, H4, H7 and H3, H5, H6 respectively. The attackers
are chosen in such a way that all three defensive nodes experience some bad traﬃc. Figure 6 shows how the server load
is altered throughout the scenario. We didn’t observe any
stability problems in the fair approach for this scenario. The
MARL approach didn’t experience any stability problems as
well. Again, as soon as the attack is initiated, the MARL
approach responds rapidly, thus not allowing the attack to
reach its full peak, as opposed to the other two approaches.
The average legitimate traﬃc allowed to reach the server
is 60%, 62% and 63% for the baseline, fair and MARL approaches respectively, as presented in figure 7. As expected,
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the baseline approach performs almost as good as the other
two approaches. Again, for completeness, figure 7 also presents
the average attack traﬃc that reached the server, which
shows that MARL again allows less attack traﬃc compared
to the other approaches.
In summary, the experiments show promising results to
support our claim that our approach is more stable than
the baseline and fair approaches. This is achieved by the
ability of our system to learn the router throttles during its
training. Similarly to the fair approach, evidence suggests
that our approach outperforms the baseline approach, as it
does not penalise well-behaved users.

Figure 7: Scenario 2 - Percentage of traﬃc reaching
the server for each of the three approaches

5.

DISCUSSION

It is of particular importance to emphasise the challenges
encountered. Firstly, throttling does not completely solve
the DDoS problem, in the sense that no traﬃc classification
is performed, and therefore the system cannot distinguish
between DDoS and normal traﬃc. Responding to a DDoS
attack, by only taking into account measurements of the
server and routers’ load, makes throttling itself a challenging
task.
Furthermore, the highly dynamic nature of the environment makes learning diﬃcult. Moreover, the unpredictable
network behaviour requires a modification of the original

SARSA update rule (shown in equation 1), to the one with
removed dependency on the next state-action pair (shown in
equation 2). An extra challenge imposed by the environment
is that a throttling action corresponds to the probabilistic
dropping of traﬃc. By executing for example action 0.5, it
is expected that 50% of the traﬃc will be dropped; this however is just the expected outcome, and not necessarily the
actual one. This makes the learning procedure even more
diﬃcult. Also, an action by the router is applied throughout
the monitor window.
Despite all these challenges, it is apparent that the MARL
algorithm is capable of learning optimal or nearly optimal
policies. An advantage of our approach is that it only needs
to be provided with one threshold C regarding the server
load, as opposed to the baseline and fair approaches which
need to be provided with lower Ls and upper Us thresholds (where C = Us ). Therefore stability and convergence
problems due to oscillations are avoided.
Existing work on machine learning detection involves the
monitoring of network traﬃc, in order to learn whether to
raise an alarm or not. Our system performs throttling only
when the server load exceeds its threshold C. Furthermore,
this work has a narrow but well-defined scope by focusing on
flooding DDoS attacks, as opposed to the majority of work,
which employs a machine learning technique (or techniques)
to detect any kind of intrusion.
Our approach currently makes an additional assumption
that if the server becomes overloaded (its load exceeds C),
this means that the corresponding router (or routers) experiences a traﬃc load of more than C towards the server.
This assumption is not irrational, since a defensive router
can be deployed at a key location, for example at an ingress
router 3 . This however may lead to deception of our system.
Consider for example the network shown in figure 2. The
defensive mechanism will not be initiated in case routers in
R(k) each experience a load of 9. We will address this issue
in our future work.

6.

CONCLUSION AND FUTURE WORK

Concluding, we have presented a novel learning throttling
approach against flooding DDoS attacks, which uses MARL.
We view the flooding DDoS problem as a resource management or congestion problem. MARL learns router throttles
in such a way to ensure that the server under protection
is not overloaded, and as much legitimate traﬃc as possible reaches the server. Our approach creates an automated
response, and mitigates the eﬀectiveness of flooding DDoS
attacks. It is also shown that it overcomes stability and
convergence problems, that other approaches found in the
literature suﬀer from.
As a future work, we plan to investigate the incorporation
of more defensive routers, for example routers R4, R6, R7, R8,
R10 in figure 2. We anticipate that an agent will learn when
to activate a throttle, and to what extend. This would result
to a flexible, dynamic throttling approach, which will oﬀer
more advantages. Collateral damage will be reduced since
throttling will be performed closer to the sources. Cost effectiveness is another advantage, since only activated routers
will take part in the defence mechanism. As a consequence
this will reduce communication costs as well. Additionally,
less communication means fewer chances of communication
3

An ingress router is the place where incoming traﬃc arrives.
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signal exploitation.
Despite these advantages, some challenges arise. Such
a defence will definitely need to be collaborative, due to
the distributed location of the routers. Specifically, when a
downstream router does not experience high traﬃc load, it
must be able to distinguish whether this is because of attack absence, or because of upstream router throttling. We
plan to investigate information sharing mechanisms to address this issue. We also intend to study the scalability of
our approach.

7.
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ABSTRACT

1.

We consider the problem of playing a finitely-repeated twoplayer zero-sum game safely—that is, guaranteeing at least
the value of the game per period in expectation regardless
of the strategy used by the opponent. Playing a stage-game
equilibrium strategy at each time step clearly guarantees
safety, and prior work has conjectured that it is impossible to simultaneously deviate from a stage-game equilibrium (in hope of exploiting a suboptimal opponent) and
to guarantee safety. We show that such profitable deviations are indeed possible—specifically, in games where certain types of ‘gift’ strategies exist, which we define formally.
We show that the set of strategies constituting such gifts
can be strictly larger than the set of iteratively weaklydominated strategies; this disproves another recent conjecture which states that all non-iteratively-weakly-dominated
strategies are best responses to each equilibrium strategy
of the other player. We present a full characterization of
safe strategies, and develop eﬃcient algorithms for exploiting suboptimal opponents while guaranteeing safety. We
also provide the analogous results for sequential perfect- and
imperfect-information games, and present safe exploitation
algorithms and full characterizations of safe strategies for
those settings as well. We present experimental results in
Kuhn poker, a canonical test problem for game-theoretic algorithms. Among other things, the experiments show that
aggressive safe exploitation strategies significantly outperform adjusting the exploitation within equilibrium strategies
only.

In repeated interactions against an opponent, an agent
must determine how to balance between exploitation (maximally taking advantage of weak opponents) and exploitability (making sure that he himself does not perform too poorly
against strong opponents). In two-player zero-sum games,
an agent can simply play a minimax strategy, which guarantees at least the value of the game in expectation against any
opponent. However, doing so could potentially forego significant profits against suboptimal opponents. Thus, an equilibrium strategy has low (zero) exploitability, but achieves
low exploitation. On the other end of the spectrum, agents
could attempt to learn the opponent’s strategy and maximally exploit it; however, doing so runs the risk of being
exploited in turn by a deceptive opponent. This is known as
the “get taught and exploited problem” [9]. Such deception is
common in games such as poker; for example, a player may
play very aggressively initially, then suddenly switch to a
more conservative strategy to capitalize on the fact that the
opponent tries to take advantage of his aggressive ‘image’,
which he now leaves behind. Thus, pure opponent modeling potentially leads to a high level of exploitation, but at
the expense of exploitability. Respectively, the game solving
community has, by and large, taken two radically diﬀerent
approaches: finding game-theoretic solution and opponent
modeling/exploitation.
In this paper, we are interested in answering a fundamental question that helps shed some light on this tradeoﬀ:

Categories and Subject Descriptors
I.2.11 [Distributed Artificial Intelligence]: Multiagent
Systems; J.4 [Social and Behavioral Sciences]: Economics

General Terms
Algorithms, economics, theory

Keywords
Game theory, opponent exploitation, multiagent learning
∗This material is based upon work supported by the National Science Foundation under grants IIS-0964579, IIS0905390, and CCF-1101668. We also acknowledge Intel Corporation and IBM for their machine gifts. A longer version
of this paper will appear in the proceedings of the ACM
Conference on Electronic Commerce [4]. Proofs that have
been omitted in this version can be found there.
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INTRODUCTION

Is it possible to play a strategy that is not
an equilibrium in the stage game while
simultaneously guaranteeing at least the
value of the game in expectation in the
worst case?
If the answer is no, then fully safe exploitation is not possible, and we must be willing to accept some increase in
worst-case exploitability if we wish to deviate from equilibrium in order to exploit suboptimal opponents. However,
if the answer is yes, then safe opponent exploitation would
indeed be possible.
Recently it was proposed that safe opponent exploitation
is not possible [3]. The intuition for that argument was
that the opponent could have been playing an equilibrium
all along, and when we deviate from equilibrium to attempt
to exploit him, then we run the risk of being exploitable
ourselves. However, that argument is incorrect. It does not
take into account the fact that our opponent may give us a
gift by playing an identifiably suboptimal strategy, such as

one that is strictly dominated.1 If such gift strategies are
present in a game, then it turns out that safe exploitation
can be achieved; specifically, we can deviate from equilibrium to exploit the opponent provided that our worst-case
exploitability remains below the total amount of profit won
through gifts (in expectation).
Is it possible to obtain such gifts that do not correspond
to strictly dominated strategies? What about other forms
of dominance, such as weak, iterated, and dominance by
mixed strategies? Recently it was conjectured that all noniteratively-weakly-dominated strategies are best responses
to each equilibrium strategy of the other player [10]. This
would suggest that such undominated strategies cannot be
gifts, and that gift strategies must therefore be dominated
according to some form of dominance. We disprove this
conjecture and present a game in which a non-iterativelyweakly-dominated strategy is not a best response to an equilibrium strategy of the other player. Safe exploitation is
possible in the game by taking advantage of that particular strategy. We define a formal notion of gifts, which is
more general than iteratively-weakly-dominated strategies,
and show that safe opponent exploitation is possible specifically in games in which such gifts exist.
Next, we provide a full characterization of the set of safe
exploitation strategies, and we present several eﬃcient algorithms for converting any opponent modeling algorithm
(that is arbitrarily exploitable) into a fully safe opponent
exploitation procedure. One of our algorithms is similar
to a procedure that guarantees safety in the limit as the
number of iterations goes to infinity [8]; however, the algorithms in that paper can be arbitrarily exploitable in the
finitely-repeated game setting, which is what we are interested in. The main idea of the algorithm is to play an �-safe
best response (a best response subject to the constraint of
having exploitability at most �) at each time step rather
than a full best response, where � is determined by the total amount of gifts obtained thus far from the opponent.
Safe best responses have also been studied in the context
of Texas Hold’em poker [6], though that work did not use
them for real-time opponent exploitation. We also present
several other safe algorithms which alternate between playing an equilibrium and a best response depending on how
much has been won so far in expectation.
It turns out that safe opponent exploitation is also possible
in sequential games, though we must redefine what strategies constitute gifts and must make pessimistic assumptions
about the opponent’s play in game states oﬀ the path of
play. We present eﬃcient algorithms for safe exploitation in
games of both perfect and imperfect information, and fully
characterize the space of safe strategies in these game models.
We compare our algorithms experimentally on Kuhn poker [7], a simplified form of poker which is a canonical problem
for testing game-solving algorithms and has been used as a
test problem for opponent-exploitation algorithms [5]. We
observe that our algorithms obtain a significant improvement over the best equilibrium strategy, while also guaranteeing safety in the worst case. Thus, in addition to providing theoretical advantages over both minimax and fullyexploitative strategies, safe opponent exploitation can be effective in practice.
1

We thank Vince Conitzer for pointing this out to us.
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2.

GAME THEORY BACKGROUND

In this section, we briefly review relevant definitions and
prior results from game theory and game solving.

2.1

Strategic-form games

The most basic game representation, and the standard
representation for simultaneous-move games, is the strategic
form. A strategic-form game (aka matrix game) consists of
a finite set of players N, a space of pure strategies Si for each
player, and a utility function ui : ×Si → R for each player.
Here ×Si denotes the space of strategy profiles — vectors of
pure strategies, one for each player.
The set of mixed strategies of player i is the space of probability distributions over his pure strategy space Si . We
will denote this space by Σi . Define the support of a mixed
strategy to be the set of pure strategies played with nonzero
probability. If the sum of the payoﬀs of all players equals
zero at every strategy profile, then the game is called zero
sum. In this paper, we will be primarily concerned with twoplayer zero-sum games. If the players are following strategy
profile σ, we let σ−i denote the strategy taken by player
i’s opponent, and we let Σ−i denote the opponent’s entire
mixed strategy space.

2.2

Extensive-form games

An extensive-form game is a general model of multiagent
decision making with potentially sequential and simultaneous actions and imperfect information. As with perfectinformation games, extensive-form games consist primarily
of a game tree; each non-terminal node has an associated
player (possibly chance) that makes the decision at that
node, and each terminal node has associated utilities for the
players. Additionally, game states are partitioned into information sets, where the player whose turn it is to move
cannot distinguish among the states in the same information set. Therefore, in any given information set, a player
must choose actions with the same distribution at each state
contained in the information set. If no player forgets information that he previously knew, we say that the game has
perfect recall. A (behavioral) strategy for player i, σi ∈ Σi ,
is a function that assigns a probability distribution over all
actions at each information set belonging to i.

2.3

Nash equilibria

Player i’s best response to σ−i is any strategy in
arg max
ui (σi� , σ−i ).
�
σi ∈Σi

A Nash equilibrium is a strategy profile σ such that σi is a
best response to σ−i for all i. An �-equilibrium is a strategy
profile in which each player achieves a payoﬀ of within � of
his best response.
In two player zero-sum games, we have the following result
which is known as the minimax theorem:
v ∗ = max min u1 (σ1 , σ2 ) = min max u1 (σ1 , σ2 ).
σ1 ∈Σ1 σ2 ∈Σ2
∗

σ2 ∈Σ2 σ1 ∈Σ1

We refer to v as the value of the game to player 1. Sometimes we will write vi as the value of the game to player i.
It is important to note that any equilibrium strategy for a
player will guarantee an expected payoﬀ of at least the value
of the game to that player.
Define the exploitability of σi to be the diﬀerence between
the value of the game and the performance of σi against its
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nemesis, formally:
expl(σi ) = vi − min ui (σi , σ−i ).
σ−i

For any � ≥ 0, define SAFE(�) to be the set of strategies
with exploitability at most �. Define the �-safe best response
of player i to σ−i to be
argmaxσi ∈SAFE(�) ui (σi , σ−i ).

2.4

Repeated games

In repeated games, the stage game is repeated for a finite
number T of iterations. At each iteration, players can condition their strategies on everything that has been observed
so far. In strategic-form games, this generally includes the
full mixed strategy of the agent in all previous iterations,
as well as all actions of the opponent (though not his full
strategy). In extensive-form games, generally only the actions of the opponent along the path of play are observed;
in games with imperfect information, the opponent’s private
information may also be observed in some situations.

3.

Now consider a variant of RPS in which player 2 has an
additional pure strategy T. If he plays T, then we get a payoﬀ
of 4 if we play R, and 3 if we play P or S. The payoﬀ matrix of
this new game RPST is given in Figure 2. Clearly the unique
equilibrium is still for both players to randomize equally
between R, P, and S. Now suppose we play our equilibrium
strategy in the first game iteration, and the opponent plays
T; no matter what action we played, we receive a payoﬀ of
at least 3. Now suppose we play the pure strategy R in the
second round in an attempt to exploit him (since R is our
best response to T). In the worst case, our opponent will
exploit us in the second round by playing P, and we will
obtain payoﬀ -1. But combined over both time steps, our
payoﬀ will be positive no matter what the opponent does at
the second iteration. Thus, our strategy constituted a safe
deviation from equilibrium. This was possible because of
the existence of a ‘gift’ strategy for the opponent; no such
gift strategy is present in standard RPS.

SAFETY

One desirable property of strategy for a repeated game is
that it is safe — that it guarantees at least vi per period
in expectation. Clearly playing a minimax strategy at each
iteration is safe, since it guarantees at least vi in each iteration. However, a minimax strategy may fail to maximally
exploit a suboptimal opponent. On the other hand, deviating from stage-game equilibrium in an attempt to exploit a
suboptimal opponent could lose the guarantee of safety and
may result in an expected payoﬀ below the value of the game
against a deceptive opponent (or if the opponent model is
incorrect).

3.1

A game in which safe exploitation is possible

A game in which safe exploitation is not
possible

Consider the classic game of Rock-Paper-Scissors (RPS),
whose payoﬀ matrix is depicted in Figure 1. The unique
equilibrium σ ∗ is for each player to randomize equally among
all three pure strategies.
R
P
S

Figure 1:

R
0
1
-1

P
-1
0
1

R
0
1
-1

R
P
S

Figure 2:

4.

P
-1
0
1

S
1
-1
0

T
4
3
3

Payoﬀ matrix of RPST.

CHARACTERIZING GIFTS

What exactly constitutes a gift? Does it have to be a
strictly dominated pure strategy, like T in the preceding
example? What about weakly-dominated strategies? What
about iterated-dominance, or dominated mixed strategies?
Recent work has conjectured the following:
Conjecture 1. [10] An equilibrium strategy makes an
opponent indiﬀerent to all non-[weakly]-iteratively dominated
strategies. That is, to tie an equilibrium strategy in expectation, all one must do is play a non-[weakly]-iteratively dominated strategy.
This conjecture would seem to imply that gifts correspond
to strategies that put weight on pure strategies that are
weakly-iteratively dominated. However, consider the game
shown in Figure 3.

S
1
-1
0

Payoﬀ matrix of Rock-Paper-Scissors.

Now suppose that our opponent has played Rock in each of
the first 10 iterations (while we have played according to σ ∗ ).
We may be tempted to try to exploit him by playing the pure
strategy Paper at the 11th iteration. However, this would
not be safe; it is possible that he has in fact been playing his
equilibrium strategy all along, and that he just played Rock
each time by chance (this will happen with probability 3110 ).
It is also possible that he will play Scissors in the next round
(perhaps to exploit the fact that he thinks we are more likely
to play Paper having observed his actions). Against such a
strategy, we would actually have a negative expected total
profit — 0 in the first 10 rounds and -1 in the 11th. Thus,
our strategy would not be safe. By similar reasoning, it is
easy to see that any deviation from σ ∗ will not be safe, and
that safe exploitation is not possible in RPS.
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U
D

Figure 3:

L
3
2

M
2
3

R
10
0

A game with a gift strategy that is not weakly

iteratively dominated.

It can easily be shown that this game has a unique equilibrium, in which P1 plays U and D with probability 12 , and P2
plays L and M with probability 12 . The value of the game to
player 1 is 2.5. If player 1 plays his equilibrium strategy and
player 2 plays R, player 1 gets expected payoﬀ of 5, which
exceeds his equilibrium payoﬀ; thus R constitutes a gift, and
player 1 can safely deviate from equilibrium to try to exploit
him. But note that R is not dominated under any form of
dominance. This disproves the conjecture, and causes us to
rethink our notion of gifts.

Proposition 1. It is possible for a strategy that survives
iterated weak dominance to obtain expected payoﬀ worse than
the value of the game against an equilibrium strategy.
We define a gift strategy as follows:
Definition 1. A strategy σ−i is a gift strategy if there
exists an equilibrium strategy σi∗ for the other player such
that σ−i is not a best response to σi∗ .
Proposition 2. Assuming we are not in a trivial game
in which all of player i’s strategies are minimax strategies,
then non-stage-game equilibrium safe strategies exist if and
only if there exists at least one gift strategy for the opponent.

5.

SAFETY ANALYSIS OF SOME NATURAL
EXPLOITATION ALGORITHMS

Now that we know it is possible to safely deviate from
equilibrium in certain games, can we construct eﬃcient procedures for implementing such safe exploitative strategies?
In this section we analyze the safety of several natural exploitation algorithms.

5.1

Risk What You’ve Won (RWYW)

The ‘Risk what you’ve won’ algorithm (RWYW) is quite
simple; essentially, at each iteration it risks only the amount
of profit won so far. More specifically, at each iteration t,
RWYW plays an �-safe best response to a model of the opponent’s strategy (according to some opponent modeling algorithm M ), where � is our current cumulative payoﬀ minus
(t − 1)v ∗ . Pseudocode is given in Algorithm 1.
Algorithm 1 Risk What You’ve Won (RWYW)
v ∗ ← value of the game to player i
k1 ← 0
for t = 1 to T do
π t ← argmax
t M (π)

round otherwise. So our expected payoﬀ in the second round will be
1
2
1
3 · (−1) + 3 · 0 = − 3 . In all subsequent rounds our expected payoﬀ
will be zero. Thus our overall expected payoﬀ will be − 13 , which is
less than the value of the game; so RWYW is not safe.

RWYW is not safe because it does not adequately diﬀerentiate between whether profits were due to skill (i.e., from
gifts) or to luck.

5.2

Risk What You’ve Won in Expectation
(RWYWE)

A better approach than RWYW would be to risk the
amount won so far in expectation. Ideally we would like
to do the expectation over both our randomization and our
opponent’s, but this is not possible in general since we only
observe the opponent’s action, not his full strategy. However, it would be possible to do the expectation only over
our randomization. It turns out that we can indeed achieve
safety using this procedure, which we call RWYWE. Pseudocode is given in Algorithm 2. Here ui (πit , at−i ) denotes our
expected payoﬀ of playing our mixed strategy πit against the
opponent’s observed action at−i .
Algorithm 2 Risk What You’ve Won in Expectation
(RWYWE)
v ∗ ← value of the game to player i
k1 ← 0
for t = 1 to T do
π t ← argmax
t M (π)
π∈

SAFE(k

)

Play action ati according to π t
The opponent plays action at−i according to unobserved distrit
bution π−i
.
Update M with opponent’s actions, at−i
kt+1 ← kt + ui (πit , at−i ) − v ∗
end for

Lemma 1. Let π be updated according to RWYWE, and
suppose the opponent plays according to π−i . Then for all
n ≥ 0,

SAFE

π∈
(k )
ati according to

Play action
πt
Update M with opponent’s actions, at−i
kt+1 ← kt + ui (ati , at−i ) − v ∗
end for

E[kn+1 ] =

n
�
t=1

Proposition 3. RWYW is not safe.
Proof. Consider RPS, and assume our opponent modeling algorithm M says that the opponent will play according to his distribution
of actions observed so far. Since initially k1 = 0, we must play our
equilibrium strategy σ ∗ at the first iteration, since it is the only strategy with exploitability of 0. Without loss of generality, assume the
opponent plays R in the first iteration. Our expected payoﬀ in the
first iteration is 0, since σ ∗ has expected payoﬀ of 0 against R (or any
strategy). Suppose we had played R ourselves in the first iteration.
Then we would have obtained an actual payoﬀ of 0, and would set
k2 = 0. Thus we will be forced to play σ ∗ at the second iteration as
well. If we had played P in the first round, we would have obtained
a payoﬀ of 1, and set k2 = 1. We would then set π 2 to be the pure
strategy P, since our opponent model dictates the opponent will play
R again, and P is the unique k2 -safe best response to R. Finally, if
we had played S in the first round, we would have obtained an actual
payoﬀ of -1, and would set k2 = −1; this would require us to set π 2
equal to σ ∗ .
Now, suppose the opponent had actually played according to his
equilibrium strategy in iteration 1, plays the pure strategy S in the
second round, then plays the equilibrium in all subsequent rounds.
As discussed above, our expected payoﬀ at the first iteration is zero.
Against this strategy, we will actually obtain an expected payoﬀ of
-1 in the second iteration if the opponent happened to play R in
the first round, while we will obtain an expected of 0 in the second
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t
ui (πit , π−i
) − nv ∗ .

Lemma 2. Let π be updated according to RWYWE. Then
for all t ≥ 1, kt ≥ 0.
Proposition 4. RWYWE is safe.
Proof.

By Lemma 1,
T
�
t=1

t

t

ui (πi , π−i ) = E[k

T +1

∗

] + Tv .

By Lemma 2, kT +1 ≥ 0, and therefore E[kT +1 ] ≥ 0. So
T
�
t=1

t

t

∗

ui (πi , π−i ) ≥ T v ,

and RWYWE is safe.

RWYWE is similar to the Safe Policy Selection Algorithm
(SPS), proposed in [8]. The main diﬀerence is that SPS uses
an additional decay function f, using the update step
kt+1 ← kt + f (t + 1) + ui (π t , at−i ) − v ∗ .

They are able to show that SPS is safe in the limit as
T → ∞;2 however SPS is arbitrarily exploitable in finitely
repeated games. Furthermore, even in infinitely repeated
games, the SPS can lose a significant amount; it is merely the
average loss that approaches zero. We can think of RWYWE
as SPS but using f (t) = 0 for all t.

5.3

Best equilibrium strategy

Given an opponent modeling algorithm M , we could play
the best Nash equilibrium according to M at each time step:
π t = argmaxπ∈SAFE(0) M (π).
This would clearly be safe, but can only exploit the opponent
as much as the best equilibrium can, and potentially leaves
a lot of exploitation on the table.

5.4

Regret minimization between an equilibrium and an opponent modeling algorithm

We could use a no-regret algorithm (e.g., [1]) to select between an equilibrium and opponent modeling algorithm M
at each iteration. As pointed out in [8], this would be safe
in the limit as T → ∞. However, this would not be safe
in finitely-repeated games. Note that even in the infinitelyrepeated case, no-regret algorithms only guarantee that average regret goes to 0 in the limit; in fact, total regret can
still grow arbitrarily large.

5.5

Regret minimization in the space of equilibria

Regret minimization in the space of equilibria is safe, but
again would potentially miss out on a lot of exploitation
against suboptimal opponents. This procedure was previously used to exploit opponents in Kuhn poker [5].

5.6

Best equilibrium followed by full exploitation (BEFFE)

The BEFFE algorithm works as follows. We start oﬀ playing the best equilibrium strategy according to some opponent model M . Then we switch to playing a full best response for all future iterations if we know that doing so will
keep our strategy safe in the full game (in other words, if
we know we have accrued enough gifts to support full exploitation in the remaining iterations). Pseudocode is given
in Algorithm 3.
This algorithm is similar to the DBBR algorithm [3], which
plays an equilibrium for some fixed number of iterations,
then switches to full exploitation. However, BEFFE automatically detects when this switch should occur, which has
several advantages. First, it is one fewer parameter required
by the algorithm. More importantly, it enables the algorithm to guarantee safety.
Proposition 5. BEFFE is safe.
One possible advantage of BEFFE over RWYWE is that
it potentially saves up exploitability until the end of the
game, when it has the most accurate information on the
opponent’s strategy (while BEFFE does exploitation from
the start when the opponent model has noisier data). On
the other hand, BEFFE possibly misses out on additional
2
We recently discovered a mistake in their proof of safety in
the limit; however, the result is still correct.
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Algorithm 3 Best Equilibrium Followed by Full Exploitation (BEFFE)
v ∗ ← value of the game to player i
k1 ← 0
for t = 1 to T do
t
πBR
← argmaxπ M (π)
t
� ← v ∗ − minπ−i ui (πBR
, π−i )

if kt >= (T − t + 1)(v ∗ − �) then
t
π t ← πBR
else
π t ← argmax
M (π)
π∈

SAFE(0)

end if
Play action ati according to π t
The opponent plays action at−i according to unobserved distrit
bution π−i
.
Update M with opponent’s actions, at−i
kt+1 ← kt + ui (πit , at−i ) − v ∗
end for

rounds of exploitation by waiting until the end, since it may
accumulate additional gifts in the exploitation phase that it
did not take into account. Furthermore, by waiting longer
before turning on exploitation, one’s experience of the opponent can be from the wrong part of the space, that is, the
space that is reached when playing equilibrium but not when
exploiting. Consequently, the exploitation might not be as
eﬀective because it may be based on less data about the opponent in the pertinent part of the space. This issue has
been observed in opponent exploitation in Heads-Up Texas
Hold’em poker [3].

5.7

Best equilibrium and full exploitation when
possible (BEFEWP)

BEFEWP is similar to BEFFE, but rather than waiting
until the end of the game, we play a full best response at
each iteration where its exploitability is below kt ; otherwise
we play the best equilibrium. Pseudocode is given in Algorithm 4.
Algorithm 4 Best Equilibrium and Full Exploitation When
Possible (BEFEWP)
v ∗ ← value of the game to player i
k1 ← 0
for t = 1 to T do
t
πBR
← argmaxπ M (π)
t
� ← v ∗ − minπ−i ui (πBR
, π−i )
if � <= kt then
t
π t ← πBR
else
π t ← argmax

π∈

SAFE(0) M (π)

end if
Play action ati according to π t
The opponent plays action at−i according to unobserved distrit
bution π−i
.
Update M with opponent’s actions, at−i
kt+1 ← kt + ui (πit , at−i ) − v ∗
end for

Like RWYWE, BEFEWP will continue to exploit a suboptimal opponent throughout the match provided the opponent keeps giving us gifts. It also guarantees safety, since we
are still playing a strategy with exploitability at most kt at
each iteration. However, playing a full best response rather
than a safe best response early in the match may not be the
greatest idea, since our data on the opponent is still quite
noisy.

Proposition 6. BEFEWP is safe.

6.

Proposition 8. Sequential RWYWE is safe.

A FULL CHARACTERIZATION OF SAFE
STRATEGIES IN STRATEGIC-FORM
GAMES

In the previous section we saw a variety of opponent exploitation algorithms, some which are safe and some which
are unsafe. In this section, we fully characterize the space of
safe algorithms. Informally, it turns out that an algorithm
will be safe if at each time step it selects a strategy with
exploitability at most kt , where k is updated according to
the RWYWE procedure. Note that this does not mean that
RWYWE is the only safe algorithm, or that safe algorithms
must explicitly use the given update rule for kt ; it just means
that the exploitability at each time step must be bounded by
the particular value kt , assuming that k had hypothetically
been updated according to the RWYWE rule.
Definition 2. An algorithm for selecting strategies is
expected-profit-safe if it satisfies the rule
π t ∈ SAFE(kt )

at each time step t from 1 to T , where initially k1 = 0 and
k is updated using the rule
k

t+1

t

← k + ui (π

t

, at−i )

−v

∗

Proposition 7. A strategy π (for the full game, not the
stage game) is safe if and only if it is expected-profit-safe.

7.

SAFE EXPLOITATION IN SEQUENTIAL
GAMES

In sequential games, we cannot immediately apply RWYWE
(or the other safe algorithms that deviate from equilibrium),
since we do not know what the opponent would have done at
game states oﬀ the path of play (and thus cannot evaluate
the expected payoﬀ of our mixed strategy).

7.1

Sequential games of perfect information

In sequential games of perfect information, it turns out
that to guarantee safety we must assume pessimistically that
the opponent is playing a nemesis oﬀ the path of play (while
playing his observed action on the path of play). This pessimism potentially limits our amount of exploitation when
the opponent is not playing a nemesis, but is needed to guarantee safety.
Algorithm 5 Sequential RWYWE
v ∗ ← value of the game to player i
k1 ← 0
for t = 1 to T do
π t ← argmax
t M (π)
π∈

SAFE(k

)

Play action ati according to π t
The opponent plays action at−i according to unobserved distrit
bution π−i
.
Update M with opponent’s actions, at−i
t
τ−i
← strategy for the opponent that plays at−i on the path of
play, and plays a best response to π t oﬀ the path of play.
t
kt+1 ← kt + ui (πit , τ−i
) − v∗
end for
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We now provide a full characterization of safe exploitation
algorithms in sequential games—similarly to what we did for
strategic-form games earlier in the paper.
Definition 3. An algorithm for selecting strategies in sequential games of perfect information is expected-profit-safe
if it satisfies the rule
π t ∈ SAFE(kt )

at each time step t from 1 to T , where initially k1 = 0 and
k is updated using the same rule as Sequential RWYWE.
Proposition 9. A strategy π in a sequential game of perfect information is safe if and only if it is expected-profitsafe.

7.2

Sequential games of imperfect information

In sequential games of imperfect information, not only do
we not see the opponent’s action oﬀ of the path of play,
but sometimes we do not even see his private information.
We consider the two cases—when his private information is
observed and unobserved—separately.

7.2.1

Opponent’s private information is observed at
the end of the game

When the opponent’s private information is observed at
the end of each game iteration, we can play a procedure similar to Sequential RWYWE. Here, we must pessimistically
assume that the opponent would have played a nemesis at
every information set oﬀ of the path of play (though we do
not make any assumptions regarding his play along the path
of play other than that he played action at−i with observed
t
private information θ−i
). Pseudocode for this procedure is
given in Algorithm 6.
Algorithm 6 Safe exploitation algorithm for sequential
games of imperfect information where opponent’s private
information is observed at the end of the game
v ∗ ← value of the game to player i
k1 ← 0
for t = 1 to T do
π t ← argmax
t M (π)
π∈

SAFE(k

)

Play action ati according to π t
The opponent plays action at−i with observed private informat
tion ρt−i , according to unobserved distribution π−i
.
t
Update M with opponent’s actions, a−i , and his private infort
mation, θ−i
t
τ−i
← strategy for the opponent that plays a best response to
π t subject to the constraint that it plays at−i on the path of play
t
with private information θ−i
.
t+1
t
t
t
k
← k + ui (πi , τ−i ) − v ∗
end for

Proposition 10. Algorithm 6 is safe.
Definition 4. An algorithm for selecting strategies in sequential games of imperfect information is expected-profitsafe if it satisfies the rule
π t ∈ SAFE(kt )

at each time step t from 1 to T , where initially k1 = 0 and
k is updated using the same rule as Algorithm 6.

Proposition 11. A strategy π in a sequential game of
imperfect information is safe if and only if it is expectedprofit-safe.

7.2.2

Opponent’s private information is not observed

Unfortunately we must be extremely pessimistic if the opponent’s private information is not observed, though it can
still be possible to detect gifts in some cases. We can only
be sure we have received a gift if the opponent’s observed
action would have been a gift for any possible private information he may have. Thus we can run an algorithm similar
t
to Algorithm 6, where we redefine τ−i
to be the opponent’s
best response subject to the constraint that he plays at−i
with some private information.
The approaches from this subsection and the previous subsection can be combined if we observe some of the opponent’s
private information afterwards but not all. Again, we must
be pessimistic an assume he plays a nemesis subject to the
restriction that we plays the observed actions with the observed part of his private information.

7.3

Detecting gifts within a game iteration

In some situations, we could detect gift actions early in
the game that would allow us to risk trying to exploit him
even in the middle of a single game iteration. We can use
a variant of the Sequential RWYWE update rule to detect
t
gifts during a game iteration, where we redefine τ−i
to be
t
the opponent’s best response to πi subject to the constraint
that he has taken the observed actions along the path of
play thus far. This would allow us to safely deviate from
equilibrium to exploit him even during a game iteration.

8.

EXPERIMENTS

We ran experiments using the sequential imperfectinformation variants of several of the safe algorithms presented in Section 5. The domain we consider is Kuhn poker [7],
a simplified form of poker which has been frequently used as
a test problem for game-theoretic algorithms [5].

8.1

Kuhn poker

Kuhn poker is a two-person zero-sum poker game, consisting of a three-card deck and a single round of betting.
The full rules can be found in the papers cited above. The
1
≈ −0.0556. Player 2 has
value of the game to player 1 is − 18
a unique equilibrium strategy, while player 1 has infinitely
many equilibrium strategies parameterized by a single value.

8.2

Experimental setup

We experimented using several of the safe strategies described in Section 5 — RWYYE, Best equilibrium, BEFFE,
and BEFEWP. For all algorithms, we used a natural opponent modeling algorithm similar to prior work [3, 5]. We
also compare our algorithms to a full best response using
the same opponent modeling algorithm. This strategy is
not safe and is highly exploitable in the worst case; but it
provides a useful metric for comparison.
Our opponent model assumes the opponent plays according to his observed frequencies so far in the game, where we
assume that we observe his hand at the end of each game
iteration as prior work on exploitation in Kuhn poker has
done [5]. We initialize our model by assuming a Dirichlet
prior of 5 fictitious hands at each information set at which
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the opponent has played according to his unique equilibrium
strategy.
We adapted all five algorithms to the imperfect-information
setting by using the pessimistic update rule described in
Algorithm 6. We ran the algorithms against three general
classes of opponents. The first class of opponent selects an
action uniformly at random at each information set (random
opponents were used previously in Kuhn poker [5]). The
second opponent class is also static but more sophisticated;
at each information set it selects each action at each information with probability chosen randomly but within 0.2 of
the equilibrium probability (recall that player 2 has a unique
equilibrium strategy). Thus, these opponents play relatively
close to optimally, and are perhaps more indicative of realistic suboptimal opponents. The third class of opponents is
dynamic. Opponents in that class play the first 100 hands
randomly, and then play a true best response (i.e., nemesis strategy) to our player’s strategy. So, after the first 100
hands, we make the opponent more powerful than any real
opponent could be in practice.
We ran all five algorithms against (the same) 800 random opponents, 2400 sophisticated static opponents, and
800 dynamic opponents. Each match against a single opponent consisted of 1000 hands, and we assume that the hands
for both players were dealt identically for each of the algorithms against a given opponent (to reduce variance). For
example, suppose algorithm A1 is dealt a K and opponent
O is dealt a Q in the first hand of the match. Then in the
runs of all other algorithms A against O, A is dealt a K and
O is dealt a Q in the first hand.

8.3

Experimental results

The results from our experiments are given in Table 1.
Against random opponents, the ordering of the performances
of the safe algorithms was RWYWE, BEFEWP, BEFFE,
Best Nash (and all of the individual rankings are statistically significant using 95% confidence intervals). Against sophisticated static opponents the rankings of the algorithms’
performances were identical, though the only significant result at the 95% level was that RWYWE outperformed Best
Nash. (Recall that the value of the game to player 1 is
1
≈ −0.0556, so a negative win rate is not necessarily
− 18
indicative of losing). In summary, against static opponents,
our most aggressive safe exploitation algorithm outperforms
the other safe exploitation algorithms that either stay within
equilibrium strategies or use exploitation only when enough
gifts have been accrued to use full exploitation. Against
the dynamic opponents, our algorithms are indeed safe as
the theory would predict, while the best response algorithm
does very poorly (and worse than the value of the game).
Table 1:

Win rate in $/hand of the five algorithms against

opponents from each class. The ± given is the 95% confidence
interval.

RWYWE
BEFEWP
BEFFE
Best Nash
Best response

Random
0.363 ± 0.003
0.353 ± 0.003
0.199 ± 0.003
0.143 ± 0003
0.470 ± 0.003

Sophisticated
-0.0096 ± 0.0017
-0.0105 ± 0.0017
-0.0111 ± 0.0017
-0.0135 ± 0.0017
0.0563 ± 0.0018

Dynamic
-0.021 ± 0.003
-0.020 ± 0.003
-0.041 ± 0.003
-0.035 ± 0.003
-0.121 ± 0.003

In some matches, RWYWE steadily accumulates gifts along
the way, and kt increases throughout the match. An example of the graph of profit and kt for one such opponent is

given in Figure 4. In this situation, the opponent is frequently giving us gifts, and we quickly start playing (and
continue to play) a full best response according to our opponent model.

Figure 4:

Profit and kt over the course of a match of

RWYWE against a random opponent. Profits are denoted
by the thick blue line using the left Y axis, while kt is denoted by the thin green line and the right Y axis. Against
this opponent, both kt and profits steadily increase.

In other matches, kt remains very close to 0 throughout
the match, despite the fact that profits are steadily increasing; one such example is given in Figure 5. Against this
opponent, we are frequently playing an equilibrium or an
�-safe best response for some small �, and only occasionally
playing a full best response. Note that kt falling to 0 does
not necessarily mean that we are losing or giving gifts to
the opponent; it just means that we are not completely sure
about our worst-case exploitability, and are erring on the
side of caution to ensure safety.

example, risking the amount of profit won so far is not safe
in general, while risking the amount won so far in expectation is safe. We described how some of these algorithms
can be used to convert any opponent modeling algorithm
(that is arbitrarily exploitable) into a fully safe opponent
exploitation procedure. Next we provided a full characterization of safe algorithms for strategic-form games, which
corresponds to precisely the algorithms that are expectedprofit safe. We also provided algorithms and full characterizations of safe strategies in sequential games of perfect and
imperfect information. In our experiments, against static
opponents, several safe exploitation algorithms significantly
outperformed an algorithm that selects the best Nash equilibrium strategy; thus we conclude that safe exploitation is
feasible and potentially eﬀective in realistic settings. Our
most aggressive safe exploitation algorithm outperformed
the other safe exploitation algorithms that use exploitation
only when enough gifts have been accrued to use full exploitation. In experiments against an overly strong dynamic
opponent that plays a nemesis strategy after 100 iterations,
our algorithms are indeed safe as the theory would predict,
while the best response algorithm does very poorly (and
worse than the value of the game).
Several challenges must be confronted before applying safe
exploitation algorithms to larger sequential games of imperfect information, such as Texas Hold’em poker. First, the
best known technique for computing �-safe best responses
involves solving a linear program on par with performing
a full equilibrium computation; performing such computations in real time, even in a medium-sized abstracted game,
is not feasible in Texas Hold’em. In addition, perhaps performance can be improved if we integrate our algorithms
with lower-variance estimators of our expected profits [2].

10.

Profit and kt over the course of a match of
RWYWE against a random opponent. Profits are denoted

Figure 5:

by the thick blue line using the left Y axis, while kt is denoted by the thin green line and the right Y axis. Against
this opponent, kt stays relatively close to 0 throughout the
match, while profit steadily increases.

9.

CONCLUSIONS AND FUTURE
RESEARCH

We showed that safe opponent exploitation is possible in
certain games, disproving a recent conjecture. Specifically,
profitable deviations from stage-game equilibrium are possible in games where ‘gift’ strategies exist for the opponent,
which we define formally and fully characterize. We considered several natural opponent exploitation algorithms and
showed that some guarantee safety while others do not; for
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ABSTRACT
Reinforcement Learning (RL) agents could benefit society by
learning tasks that require learning and adaptation. However, learning these tasks eﬃciently typically requires a wellengineered reward function. Intrinsic motivation can be
used to drive an agent to learn useful models of domains with
limited or no external reward function. The agent can later
plan on its learned model to perform tasks in the domain
if given a reward function. This paper presents the texplore with Variance-And-Novelty-Intrinsic-Rewards algorithm (texplore-vanir), an intrinsically motivated modelbased RL algorithm. The algorithm learns models of the
transition dynamics of a domain using decision trees. It calculates two diﬀerent intrinsic rewards from this model: one
to explore where the model is uncertain, and one to acquire
novel experiences that the model has not yet been trained
on. This paper presents experiments demonstrating that
the combination of these two intrinsic rewards enables the
algorithm to learn an accurate model of a domain with no
external rewards and that the learned model can be used
afterward to perform tasks in the domain. While learning the model, the agent explores the domain in a developing and curious way, progressively learning more complex
skills. In addition, the experiments show that combining the
agent’s intrinsic rewards with external task rewards enables
the agent to learn faster than using external rewards alone.

Categories and Subject Descriptors
I.2.6 [Artificial Intelligence]: Learning

General Terms
Algorithms

to learn as much as possible about the world. This learned
knowledge can be used later to perform tasks in the world.
This paper presents an intrinsically motivated model-based
RL algorithm, called texplore with Variance-And-NoveltyIntrinsic-Rewards (texplore-vanir), that learns a model
of a domain without external rewards. The agent is based
on a typical model-based RL framework. texplore-vanir
combines model learning through the use of decision trees
with two unique intrinsic rewards calculated from the tree
models. texplore-vanir uses its decision tree models to
calculate two diﬀerent intrinsic rewards. The first reward
is based on variance in its models’ predictions to drive the
agent to explore where its model is uncertain. The second
reward drives the agent to novel states which are the most
diﬀerent from what its models have been trained on so far.
The combination of these two rewards enables the agent to
explore in a developing curious way, learning progressively
more complex skills in the domain. In addition, the agent
can learn an accurate and useful model of the domain.
This paper presents two main contributions:
1. Novel methods for obtaining intrinsic rewards from a
decision tree based model of the world.
2. The texplore-vanir algorithm for intrinsically motivated model learning.
Section 4 presents experiments showing that the algorithm:
1) explores in a developing, curious way; 2) learns a more
accurate model than other approaches; and 3) can use its
learned model later to perform tasks specified by a reward
function. In addition, it shows that the agent can use the
intrinsic rewards in conjunction with external rewards to
learn a task faster than if using external rewards alone.

2.

Keywords
Reinforcement Learning, Artificial Curiosity, Developmental
Learning

1. INTRODUCTION
Reinforcement Learning (RL) agents could be useful in
society because of their ability to learn and adapt to new
environments and tasks. However, they typically require a
well-engineered reward function to specify the task to be
learned and enable it to be learned eﬃciently. Intrinsic motivation can be used to make agents learn more eﬃciently
by augmenting external rewards in a task. They can also
be used in the absence of external rewards to drive an agent

127

BACKGROUND

This section presents background in two main areas. Section 2.1 covers background material on Reinforcement Learning (RL), which is used as the framework for texplorevanir. Section 2.2 describes background on other approaches
to Intrinsic Motivation (IM).

2.1

Reinforcement Learning

We adopt the standard Markov Decision Process (MDP)
formalism for this work [23]. An MDP is defined by a tuple
�S, A, R, T �, which consists of a set of states S, a set of actions A, a reward function R(s, a), and a transition function
T (s, a, s� ) = P (s� |s, a). In each state s ∈ S, the agent takes
an action a ∈ A. Upon taking this action, the agent receives

a reward R(s, a) and reaches a new state s� , determined from
the probability distribution P (s� |s, a). Many domains utilize
a factored state representation, where the state s is represented by a vector of n state variables: s = �x1 , x2 , ..., xn �.
A policy π specifies for each state which action the agent
will take.
The value Qπ (s, a) of a given state-action pair (s, a) is an
estimate of the expected future reward that can be obtained
from (s, a) when following policy π. The goal of the agent
is to find the policy π mapping states to actions that maximizes the expected discounted total reward over the agent’s
lifetime. The optimal value function Q∗ (s, a) provides maximal values in all states and is determined by solving the
Bellman equation:
�
Q∗ (s, a) = R(s, a) + γ
P (s� |s, a) max
Q∗ (s� , a� ),
(1)
�
s�

a

where 0 < γ < 1 is the discount factor. The optimal policy
π is then as follows:
π(s) = argmaxa Q∗ (s, a).

(2)

RL methods fall into two general classes: model-based
and model-free methods. Model-based RL methods learn a
model of the domain by approximating R(s, a) and P (s� |s, a)
for each state and action. The agent can then calculate a
policy (i.e. plan) using this model. Model-free methods
update the values of actions only when taking them in the
real task. One of the advantages of model-based methods is
their ability to plan multi-step exploration trajectories. The
agent can plan a policy to reach intrinsic rewards added into
its model to drive exploration to interesting state-actions.

2.2 Intrinsic Motivation
This section presents background on Intrinsic Motivation
(IM). Work on intrinsically motivated agents originally came
from two diﬀerent goals [16]. The first goal is for the intrinsic
motivation to drive the agent to maximize its knowledge
about the world and its ability to control it. The second
goal is to enable cumulative, open-ended learning on robots.
Work towards the first goal fits nicely within the RL framework. Intrinsic rewards can be used with model-free RL
agents to drive them to update their value function (and
thus learn a good policy) as quickly as possible [5]. For
model-based agents, rewards can be used to drive the agent
to learn an accurate model as eﬃciently as possible [2].
These diﬀerent approaches demonstrate that the correct
intrinsic motivation is dependent on the type of algorithm.
For example, with a q-learning agent [25], it makes sense
to give intrinsic rewards for where the value backups will
have the largest eﬀect, as done in [5]. When learning with
a tabular model, the agent must gain enough experiences in
each state-action to learn an accurate model of it. Thus it
makes sense to use intrinsic motivation to drive the agent to
acquire these experiences, as done by r-max [2].
This work takes the approach of using a model-based RL
algorithm in a domain with no external rewards. This approach can be thought of as a pure exploration problem,
where the agent’s goal is simply to learn as much about the
world as possible. Bayesian methods such as Duﬀ’s optimal probe [7] attempt to solve this problem optimally, but
are computationally intractable. texplore-vanir extends a
model-based RL algorithm called texplore to use intrinsic
motivation. Its intrinsic rewards should drive it to quickly
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learn an accurate model in a domain with no external rewards.

3.

ALGORITHM

This section presents the texplore with Variance-AndNovelty-Intrinsic-Rewards algorithm (texplore-vanir), an
algorithm for an intrinsically motivated curious agent. First
we present some essential properties that the agent should
have, before presenting its specific approach to model learning and intrinsic motivation.
Our goal is to develop an RL agent that uses intrinsic
rewards to explore in a developing curious way and learn a
useful model of the domain’s transition dynamics. To this
end, we have the following desiderata for such an algorithm:
1. The algorithm should be model-based, both to enable
multi-step exploration trajectories and to allow the
agent to use the learned model later to perform tasks.
2. It should incorporate generalization into its model learning to learn the model quickly.
3. It should not be required to visit every state-action in
the task.
4. It should decide which areas of the state space are
interesting to it without having to sample them first.
Now, we present texplore-vanir, an algorithm that has
all of these desired properties. It uses decision trees to learn
models that generalize predictions across state-actions in the
domain, similar to spiti [6] and texplore [10]. It incorporates intrinsic rewards that drive the agent towards two
types of state-actions: ones where its model is uncertain
and ones where its model may have generalized incorrectly.
texplore-vanir extends the texplore model-based RL algorithm [10] by incorporating intrinsic rewards that motivate the agent to explore in a developing, curious way to
learn useful models of domains with no external rewards.
texplore-vanir follows the typical approach of a modelbased RL agent. It plans a policy using its learned model
(including intrinsic rewards), takes actions following that
policy, acquiring new experiences which are used to improve
its model, and repeats. In order to be applicable to learning on robots, texplore-vanir uses the Real-Time Model
Based Architecture presented in [9]. This architecture uses
approximate planning with uct [13] and parallelizes the
model learning, planning, and acting such that the agent
can take actions in real-time at a specified frequency.
The following section presents details on texplore’s model
learning approach, which is used by texplore-vanir. Then,
Section 3.2 describes how the learned models are used in
calculating intrinsic rewards for exploration by texplorevanir.

3.1

Model Learning

Making the intrinsically motivated agent model-based enables it to: 1) plan multi-step exploration trajectories; 2)
learn faster than model-free approaches; and 3) use the
learned model to solve tasks given to it after its learning.
It is desirable for the model to generalize the learned transition and reward dynamics across state-actions. This generalization enables the model to make predictions about unseen or infrequently visited state-actions, and therefore not

have to visit each and every one. Thus, texplore-vanir
approaches the model learning task as a supervised learning
problem, with the current state and action as the input, and
the next state as the output to be predicted. In order to improve generalization, texplore-vanir follows the approach
of [15] and [11] in predicting the relative transitions (s� − s)
between states rather than absolute outcomes.
Like Dynamic Bayesian Network (dbn) based RL algorithms [8, 4], texplore-vanir learns a model of the factored domain by learning a separate prediction for each of
the n state features. texplore-vanir assumes that each of
the state variables transitions independently, as dbn-based
methods do. Therefore, the separate feature predictions can
be combined to create a prediction of the complete state
vector.
texplore-vanir follows the approach of texplore [10]
by using a decision tree to predict the change in each state
feature. The decision trees are learned using an implementation of Quinlan’s C4.5 algorithm [18]. The C4.5 algorithm
builds a tree that splits on the inputs (current state features
and action), with each leaf of the tree making a diﬀerent prediction. The splits are formed by choosing the feature with
the highest information gain. Decision trees were chosen
because they generalize broadly at first, but can be refined
with training to make accurate predictions for individual
state-actions.
Another desirable property for the model learning algorithm to have is a measure of uncertainty in the model’s predictions. texplore-vanir accomplishes this goal by building multiple hypotheses of the true model of the domain in
the form of a random forest. The variance of the diﬀerent
trees’ predictions can be used as a measure of the uncertainty
in the model. A random forest is a collection of m decision
trees, each of which diﬀer because they are trained on a random subset of experiences and have some randomness when
choosing splits at the decision nodes. The agent then plans
over the average of the predictions made by each tree in the
forest. Random forests have been proven to converge with
less generalization error than individual tree models [3]. A
complete diagram of texplore-vanir’s model learning process is shown in Figure 1.

3.2 Intrinsic Motivation
The main contribution of this paper is a method for extending the model-based texplore algorithm for learning
specific RL tasks to the texplore-vanir algorithm for exploration by a curious agent. This curiosity is operationalized via intrinsic rewards for 1) preferring to explore areas
of the state space where there is a large degree of uncertainty in the model, and 2) preferring regions of the state
space that are far from previously explored areas (regardless
of how certain the model is).
The variance of the predictions of each of the trees in
the forest can be used to motivate the agent towards the
state-actions where its models disagree. These state-actions
are the ones where there are still multiple hypotheses of the
true model of the domain that make diﬀering predictions.
texplore-vanir calculates a measure of the variance in the
predictions of the change in each state feature for a given
state-action:
D(s, a) =

n �
m �
m
�

i=1 j=1 k=1

rel
DKL (Pj (xrel
i |s, a)||Pk (xi |s, a)), (3)
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Figure 1: Model Learning. This is how the algorithm learns a model of the domain. The agent calculates the diﬀerence between s� and s as the transition eﬀect srel . Then it splits up the state vector
and learns a random forest to predict each state feature. Each random forest is made up of stochastic
decision trees, which get each new experience with
probability w. The random forest’s predictions are
made by averaging each tree’s predictions, and then
the predictions for each feature are combined into a
complete model of the domain.
where for every pair of models (j and k) in the forest, it
sums the KL-divergences between the predicted probability
distributions for each feature i. This measure D(s, a) tells us
how much the predictions of the diﬀerent models disagree.
This measure is diﬀerent than just measuring where the predictions are noisy, as D(s, a) will be 0 if all the tree models
predict the same stochastic outcome distribution. An intrinsic reward proportional to this variance measure, called
the variance-reward, can then be incorporated into the
agent’s model for planning:
R(s, a) = vD(s, a),

(4)

where v is a coeﬃcient determining how big this reward
should be. This reward can be combined with other rewards
(intrinsic or extrinsic) to drive the agent.
This reward will drive the agent to the state-actions where
its models have not yet converged to a single hypothesis of
the world’s true dynamics. However, there will still be cases
where all of the agent’s models are making incorrect predictions. Therefore, texplore-vanir also needs a measure of
how likely it is for the model’s predictions to be incorrect.
For the decision tree model that texplore-vanir uses, the
model is more likely to be incorrect when it has to general-

State
Features
Actions

id, x, y, key, locked, red-e, red-w, red-n, red-s,
green-e, green-w, green-n, green-s,
blue-e, blue-w, blue-n, blue-s,
east, west, north, south, press, pickup

Table 1: Properties of the Light World domain.
ize its predictions farther from the experiences it is trained
on. Therefore, texplore-vanir utilizes a second intrinsic
reward based on the L1 distance in feature space from a
given state-action and the nearest one that the model has
been trained on. If X is a set of all seen state-actions, then
the L1 distance from a given state-action to the nearest seen
state-action is:
δ(s, a) =

min

�sx ,ax �∈X

|| �s, a� − �sx , ax � ||1 .

(5)

A reward proportional to this distance, called the noveltyreward, drives the agents to explore the state-actions that
are the most novel compared to the state-actions it has seen
before:
R(s, a) = nδ(s, a),

(6)

where n is a coeﬃcient determining how big this reward
should be. One nice property of this reward is that given
enough time, it will drive the agent to explore all the stateactions in the domain, as any unvisited state-action is diﬀerent in some feature from the visited ones. However, it will
start out driving the agent to explore the state-actions that
are the most diﬀerent from ones it has seen.
The texplore with Variance-And-Novelty-Intrinsic-Rewards
algorithm (texplore-vanir) is completed by combining these
two intrinsic rewards together. They can be combined with
diﬀerent weightings of their coeﬃcients (v and n) to drive
the agent to both explore novel state-actions where its model
may have generalized incorrectly and state-actions where its
model is uncertain. In addition, these two intrinsic rewards
can be combined with an external reward defining a task.
A combination of these two intrinsic rewards should drive
the agent to explore in a developing and curious way: seeking out novel and interesting state-actions, while exploring
increasingly complex parts of the domain.

4. EMPIRICAL RESULTS
Evaluating an agent’s curiosity is not as straightforward
as evaluating a standard RL agent on a specific task. Rather
than attempting to accrue reward on a specific task, a curious agent’s goal is better stated as preparing itself for any
task. We therefore evaluate texplore-vanir in four ways
on a complex domain with no external rewards. First, we
measure the accuracy of the agent’s learned model in predicting the domain’s transition dynamics. Second, we test
whether the learned model can be used to perform tasks
in the domain when given a reward function. Third, we
examine the agent’s exploration to see if it is exploring in
a developing, curious way. Finally, we demonstrate that
texplore-vanir can combine its intrinsic rewards with external rewards to learn faster than if it was given only external rewards. These results demonstrate that the intrinsic
rewards and model learning approach texplore-vanir uses
are suﬃcient for the agent to explore in a developing curious way and to learn a transition model that is useful for
performing tasks on the domain.
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Figure 2: The Light World domain. In each room,
the agent must navigate to the key, pickup they key,
navigate to the lock, press it, and then navigate to
and exit through the door to the next room.

The agent is tested on the Light World domain, presented
in [14], and shown in Figure 2. In this domain, the agent
goes through a series of rooms. Each room has a door, a
lock, and possibly a key. The agent must go to the lock
and press it to open the door, at which point it can then
leave the room. It cannot go back through the door in the
opposite direction. If a key is present, it must pickup the
key before pressing the lock. Open doors, locks, and keys
each emit a diﬀerent color light that the agent can see. The
agent has sensors that detect each color light in each cardinal
direction. The sensors have a maximal value of 1 when the
agent is at the light, and their values go down to 0 when
the light is 20 steps away. The agent’s state is made up of
17 diﬀerent features: its x and y location in the room, the
id of the room it is in, whether it has the key, whether the
door is locked, as well as the values of the 12 light sensors,
which detect each of the three lights in the four cardinal
directions. The agent can take six possible actions: it can
move in each of the four cardinal directions, press the lock,
or pickup the key. The first four actions are stochastic; they
move the agent in the intended direction with probability 0.8
and to either side with probability 0.1 each. The press and
pickup actions are only eﬀective when the agent is on top
of the lock and the key, respectively. The agent starts in a
random state in the top left room in the domain, and can
proceed through the rooms indefinitely. The states features
and actions of the domain are listed in Table 1.
This domain is well-suited for this task because the domain has a rich feature space and complex dynamics. There
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Figure 3: Model accuracy of each algorithm plotted
versus number of steps the agent has taken, averaged over 30 trials. The versions of TEXPLOREVANIR with n >= 1 learn the most accurate models.

Figure 4: Cumulative rewards received by each algorithm over the 1000 steps of the task, averaged over
30 trials. TEXPLORE-VANIR with v = 1, n = 3 receives the most reward.

are simple actions that move the agent in diﬀerent directions, as well as more complex actions (pickup and press)
that interact with objects in diﬀerent ways. There is a progression of the complexity of the uses of these two actions.
Picking up the key is easier than pressing the lock, as the
lock requires the agent to have already picked up the key
and not yet unlocked the door.
Five versions of the algorithm using the following sets of
coeﬃcients are compared:

approach is not using the RL framework, it selects actions
only to maximize the immediate reward, rather than the discounted sum of future rewards. Another drawback of this
approach is that before intrinsic rewards from any region can
be calculated, the agent must take actions from that part of
the domain a few times to build an error curve for its model
of that region.
All the algorithms are run in the Light World domain for
1000 steps without any external reward. During this phase,
the agent is free to play and explore in the domain, all the
while learning a model of the dynamics of this world. For
some of the experiments, a second phase of the experiment
is run with external rewards to see if the agent’s learned
model is useful. All of the algorithms use the rtmba parallel
architecture [9] and take actions at 1 Hz.
First, the accuracy of the agent’s learned model is examined. After every 25 steps, 5000 state-actions from the domain are randomly sampled and the model’s predicted probabilities of each next state are compared with the true next
state probabilities. Figure 3 shows 1.0 minus the average
error in the predicted probabilities of the model learned by
each agent. This figure shows that the versions of texplorevanir with n >= 1 learn the most accurate models, with
the version with v = 1, n = 3 having the highest accuracy.
iac, the tabular model, and the random agent have the
poorest model accuracy.
While all the versions of texplore-vanir with n >= 1
reach similar levels of model accuracy, it is more important
for the algorithm to be accurate in the interesting and useful parts of the domain than for it to be accurate about
every state-action. Therefore, we want to test if the learned
models are useful to perform a task. After the algorithms
learned models without rewards for 1000 steps, they are provided with a reward function for a task. The task is for the
agent to continue moving through the rooms (requiring it to
use the keys and locks). The reward function is a reward of 1
for moving from one room to the next, and a reward of 0 for
all other actions. The agents are tested using their learned
transition models, the given external reward function, and
no intrinsic rewards for 1000 steps on the task.
Figure 4 shows the cumulative external reward received

1. v = 1, n = 0
2. v = 0, n = 1
3. v = 1, n = 1
4. v = 3, n = 1
5. v = 1, n = 3
In addition, texplore-vanir is tested against the following
agents:
1. Agent which selects actions randomly
2. Agent which selects the least taken action at each state
3. Agent which acts randomly with a tabular model
4. Intelligent Adaptive Curiosity (iac) [17]
These four algorithms provide two diﬀerent ways to explore
using texplore-vanir’s tree model, as well as an algorithm
using a tabular model, and an existing model for intrinsically
motivated learning (iac).
Intelligent Adaptive Curiosity (iac) [17] is a method for
providing intrinsic reward to encourage a developing agent
to explore. Their approach does not adopt the RL framework, but is similar in many respects. iac splits the state
space into regions and attempts to learn a model of the transition dynamics in each region. It maintains an error curve
for each region and uses the slope of this curve as the intrinsic reward for the agent, driving the agent to explore
the areas where its model is improving the most. Since this
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Figure 5: This plot shows the number of times that TEXPLORE-VANIR with v = 1, n = 3 and a Random
Agent select the press action in various states over 1000 steps in the task with no external rewards, averaged
over 30 trials. Note that the random agent attempts the press action much less than TEXPLORE-VANIR
does. TEXPLORE-VANIR starts out trying to press the key, which is the easiest object to find, and eventually
does learn to press the lock, but has diﬃculty learning when to press the lock (it must be with the key but
without the door already being open). The agent does not try calling the press action on random states very
often. In contrast, the random agent calls press action on random states more often than it calls it correctly
on the lock.
by each algorithm over the 1000 steps of the task. For comparison, an optimal policy would be expected to receive a
cumulative reward of 60.2 over the 1000 steps. This figure
shows more variation in the abilities of each agent to perform the task. Although all the versions of texplore-vanir
with n >= 1 have similar model accuracies, texplorevanir with v = 1, n = 3 has the greatest cumulative reward for most of the steps. At the end of the 1000 steps,
however, texplore-vanir with v = 1, n = 3 is equaled by
texplore-vanir with n = 1. In comparison, the versions
exploring randomly or with v = 1 perform much worse than
texplore-vanir with n >= 1 and all the methods using
tree models perform much better than the tabular model.
Next, the exploration of the texplore-vanir agent with
v = 1, n = 3 is examined. In addition to learning an accurate
and useful model of the task, we desire the agent to exhibit
a developing curiosity. Precisely, the agent should progressively learn more complex skills in the domain, rather than
explore randomly or exhaustively. In this domain, the agent
should first learn to pick up the key, then learn how to use
the key at the lock, and then how to go through the door to
the next room.
Figures 5(a) and 5(b) show the number of times that
texplore-vanir with v = 1, n = 3 and the random agent
select the press action in various states over 1000 steps in
the task with no external rewards, averaged over 30 trials.
Comparing the two figures clearly shows that texplorevanir calls the press action many more times than the random agent. Figure 5(a) also shows that texplore-vanir
tries press on objects more often than on random states in
the domain. In contrast, Figure 5(b) shows that the random
agent tries press on arbitrary states in the domain more often than it uses it correctly.
Analyzing the exploration of texplore-vanir further,
Figure 5(a) shows that it initially tries press on the key,
which is the easiest object to access, then tries it on the
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lock, and then on the door (which is not visible until unlocked). The figure also shows that texplore-vanir takes
longer to learn the correct dynamics of the lock, as it continues to press the lock incorrectly, either without the key
or with the door already unlocked. These plots show that
texplore-vanir is acting in an intelligent, curious way, trying actions on the objects in order from the easiest to hardest
to access, and going back to the lock repeatedly to learn its
more complex dynamics.
Finally, not only should the agent’s intrinsic rewards be
useful when learning in task without external rewards, they
should also make an agent in a domain with external rewards learn more eﬃciently. For this experiment, the algorithms are run for 1000 steps with their intrinsic rewards
added to the previously used external reward function that
rewards moving between rooms. Figure 6 shows the cumulative external reward received by each agent over the 1000
steps of the task. The versions of texplore-vanir with
both n >= 1 and v >= 1 receive the most reward, with
texplore-vanir with v = 1, n = 3 once again performing
the best, receiving an average of 4.2 reward over the 1000
steps. In contrast, the agent using only external rewards
(texplore-vanir with v = 0, n = 0) receives only an average of 0.07 reward over the 1000 steps, and the agent using a
tabular model receives 0 reward. These results demonstrate
that texplore-vanir’s intrinsic rewards can also be used
to speed up learning in tasks that already provide external
rewards.
These results show that texplore-vanir, in particular
with v = 1, n = 3, out-performs all other algorithms on the
four evaluations. It learns more accurate models than the
other approaches when given no external reward and can
use its learned model to perform better on a task than the
other methods as well. It explores the domain in a curious
manner progressing from state-actions with easier dynamics
to those that are more diﬃcult. Finally, texplore-vanir
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Figure 6: Cumulative rewards received by each algorithm, using intrinsic and external rewards combined, over the 1000 steps of the task, averaged over
30 trials. The versions of TEXPLORE-VANIR with
both n >= 1 and v >= 1 receive the most reward,
while the agent using only external rewards performs very poorly.
can use its intrinsic rewards to speed up learning in a case
where it is given external rewards.

5. RELATED WORK
This section reviews related work on intrinsic motivation,
with a focus on work which is built within the RL framework.
Schmidhuber [19] tries to drive the agent to where the
model has been improving the most, rather than trying to
estimate where the model is poorest. The author takes a
traditional model-based RL method, and adds a confidence
module, which is trained to predict the absolute value of
the error of the model. This module could be used to create
intrinsic rewards encouraging the agent to explore high-error
state-action pairs, but then the agent would be attracted to
noisy states in addition to poorly-modeled ones. Instead
the author adds another module that is trained to predict
the changes in the confidence module outputs. Using this
module, the agent is driven to explore the parts of the state
space that most improve the model’s prediction error.
iac [17] (described in the previous section) and later Robustiac [1] are based on a similar idea. They are both methods
that encourage a developing agent to explore areas of the
state space where the model is improving the most. These
approaches do not use the RL framework and have no way of
incorporating external rewards, but could be used to provide
intrinsic rewards to an existing RL agent. Both of these last
two algorithms require the agent to have sampled part of the
state space before it can judge if intrinsic rewards should be
provided in that region.
r-max [2] is a reinforcement learning method that explores eﬃciently through the use of intrinsic rewards. The
algorithm learns a maximum-likelihood tabular model of the
task. The model used by the algorithm provides the maximum reward in the domain, rmax , as an intrinsic reward to
any state-actions that have been visited less than m times.
This reward drives the agent to visit each state-action m
times so that the agent can learn an accurate model of each
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state-action. The algorithm is guaranteed to learn an optimal policy in a number of time steps polynomial in the
number of state-actions in the domain.
Jonsson and Barto [12] take a similar approach to texplorevanir, in that they also learn trees to model the domain.
Their method learns conditional trees using Bayesian Information Criterion to perform splits. Since having a uniform
distribution over input values will provide the best information for making splits in the tree, their method provides
intrinsic motivation for actions that would increase the uniformity of the inputs to the tree. This reward only drives
local exploration, but does enable the agent to quickly learn
accurate models of certain tasks. This work was extended
to perform more global exploration by adding options to set
each state feature to any possible value [24]. The agent could
then select options to set features to values where it could
then take actions to better improve the uniformity of input
features to its trees. However, this approach assumes that
the agent can set each feature of the domain independently
and learn options to do so.
Singh, Barto, and Chentanez [20] present an approach to
learning a broad set of reusable skills in a playroom domain.
They learn option models for a variety of skills and show
that the agent progresses from learning easier to more diﬃcult skills. However, the skills the agent is to learn are predefined, rather than being entirely intrinsically motivated.
Simsek and Barto [5] present an approach for the pure exploration problem, where there is no concern with receiving
external rewards. They provide a q-learning agent [25]
with intrinsic rewards for where its value function is most
improving. This reward speeds up the agent’s learning of
the true task. However, such a reward to make the agent
perform more value backups on its value function is not necessary for model-based agents, which can perform all the
necessary backups using its model without having to re-visit
each state-action. Stout and Barto [22] extend this work to
the case where the agent is learning multiple tasks and must
balance the intrinsic rewards that promote the learning of
each skill. These algorithms still require an external reward,
as the intrinsic reward is speeding up the learning of the task
defined by the external reward function.
Singh et al. [21] present an interesting perspective on intrinsically motivated learning. They argue that in nature,
intrinsic rewards come from evolution and exist to help us
perform any task. Agents using intrinsic rewards combined
with external rewards should be able to perform better on
tasks than those using solely external rewards. For two different algorithms and tasks, they search over a broad set of
possible task and agent specific intrinsic rewards and find
rewards that make the agent learn faster than if it solely
used external rewards.

6.

DISCUSSION

This paper presents the texplore-vanir algorithm for
intrinsically motivated learning. This algorithm combines
decision tree based model learning with two novel intrinsic
rewards. One reward drives the agent to where the model is
uncertain in its predictions, and the second drives the agent
to acquire novel experiences that its model has not been
trained on. Experiments show empirically that texplorevanir can learn accurate and useful models in a domain
with no external rewards. In addition, texplore-vanir’s
intrinsic rewards drive the agent to learn in a developing

and curious way, progressing from learning easier to more
diﬃcult skills. texplore-vanir can also combine its intrinsic rewards with external task rewards to learn a task faster
than using external rewards alone.
One of the major advantages of texplore-vanir in comparison to others is that it does not require the agent to
sample each region of the state space first to determine if
they are interesting. It can decide certain states are interesting because of the novelty of their state features without
having to visit that region of the state space first. The agent
takes an intelligent approach to exploration, building multiple hypotheses of the true dynamics of the domain and driving itself through the variance motivation to explore where
the various hypotheses make diﬀerent predictions. In addition, the agent continues seeking out novel states that may
provide diﬀerent dynamics from what it has seen before.
Our main interest in the pursuit of this research is to
apply it to developmental learning on robots. Therefore,
one area of future work is to extend the algorithm to work
in large continuous state spaces, such that it can apply on
a robot. Once the algorithm is extended in this way, we
plan to perform experiments on humanoid robots such as
the Aldebaran Nao.
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ABSTRACT
Decentralized partially observable Markov decision processes
(Dec-POMDPs) offer a formal model for planning in cooperative multiagent systems where agents operate with noisy
sensors and actuators, and local information. Prevalent DecPOMDP solution techniques have mostly been centralized
and have assumed knowledge of the model. In real world
scenarios, however, solving centrally may not be an option
and model parameters may be unknown. To address this,
we propose a distributed, model-free algorithm for learning
Dec-POMDP policies, in which agents take turns learning,
with each agent not currently learning following a static policy. For agents that have not yet learned a policy, this static
policy must be initialized. We propose a principled method
for learning such initial policies through interaction with the
environment. We show that by using such informed initial policies, our alternate learning algorithm can find nearoptimal policies for three benchmark problems.

Categories and Subject Descriptors
I.2.11 [Artificial Intelligence]: Distributed Artificial Intelligence—Multiagent Systems

General Terms
Algorithms, Experimentation

Keywords
Reinforcement learning, Decentralized POMDPs

1. INTRODUCTION
Decentralized partially observable Markov decision processes (Dec-POMDPs) offer a formal model for planning in
cooperative multiagent systems where agents operate with
noisy sensors and actuators, and local information. While
many techniques have been developed for solving Dec-POMDPs
exactly and approximately, they have been primarily centralized and reliant on full knowledge of the model parameters. But in real world scenarios, model parameters may not
be known a priori, and centralized solvers fail to decentralize
the policy computation.
Simple distributed reinforcement learning, particularly Qlearning [15], can address both of the above limitations. Qlearning agents can learn mappings from their own actionobservation histories (Hi ) to their own actions (Ai ), via a
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quality function (Qi : Hi × Ai "→ R) that evaluates the longterm effects of selecting an action after observing an individual action-observation history. Since agents cannot observe
states or each others’ actions directly, independent learning [5] is a more reasonable approach than joint learning.
Independent learners ignore the actions and observations of
the other learners and simply learn their own Q-functions
directly.
We investigate two ways of applying independent Q-learning
to solving finite-horizon Dec-POMDP problems: one in which
agents learn concurrently (Q-Conc), and one in which agents
take turns to learn the best responses to each other’s policies (Q-Alt). In the latter method, each agent that has not
yet taken a turn learning needs an initial policy to follow.
There are simple ways to choose an arbitrary initial policy
in constant time, e.g., choose a policy at random or follow a uniform stochastic policy, but such methods do not
consider the transition, observation, or reward structure of
the Dec-POMDP. As the main contribution of this paper,
we propose a simple and principled approach to building
a finite initial joint policy that is based upon the transition and reward (but not the observation) functions of a
Dec-POMDP. To lay the groundwork, we first discuss how
this initial joint policy can be computed in a centralized,
model-based fashion. We then discuss how agents can learn
such policies in a distributed, model-free manner, and then
demonstrate for three benchmark problems that Q-Alt initialized with this informed policy (QIP-Alt) produces better joint policies than Q-Conc and Q-Alt initialized with
uniform stochastic policies (QSto-Alt) and Q-Alt initialized
with randomly-chosen pure policies (QRand-Alt).
This work extends the short paper [8], and the informed
policy that we propose has also been used for initialization in
another successful Monte Carlo based approach called MCQAlt [2].

2.

BACKGROUND

In this section we introduce the POMDP and the DecPOMDP formalisms, both of which will be used in our work.

2.1

POMDPs

We can define a partially-observable Markov decision process (POMDP) as a tuple $S, A, P, R, Ω, O%, where:
• S is a finite set of (unobservable) environment states.
• A is a finite set of actions.

• P (s! |s, a) gives the probability of transitioning to state
s! ∈ S when action a ∈ A is executed in state s ∈ S.
• R(s, a) gives the reward the agent receives upon executing action a ∈ A in state s ∈ S.

2.2

• Ω is a finite set of observations.

• n is the number of agents playing the game.

• O(ω|s! , a) gives the probability of observing ω ∈ Ω if
the current state is s! ∈ S and the previous action was
a ∈ A.
POMDP is an extension of the MDP formalism, where
only certain features of the environment may be directly
observed by an agent. That is, the agent may not directly
know the state and must instead use observations received
from the environment and the transition and observation
probabilities to maintain a belief over the environment states
and act rationally under this uncertainty.
An agent can interact with a POMDP for a finite or infinite number of steps, or horizon. At each step, the agent
chooses an action and receives reward based upon the environment state and the action executed, and it receives an observation based upon the action executed and the resulting
state. At a given step, the agent knows all of the actions it
has executed and all of the observations it has received up to
that point, and the goal is then to find a policy which maps
action-observation histories to actions, such that the reward
the agent expects to receive is maximized. More formally,
if the t step history of an agent is ht = $a1 , ω1 , . . . , at , ωt %,
then its policy must map this action-observation history to
some action that the agent will execute in the next step,
at+1 .
For a finite horizon, such a policy can be represented as a
tree where each level of the tree corresponds to a step and
every node is labeled with an action to be performed. If T
represents the horizon, then each node of depth d < T has
|Ω| children, i.e. one child for each observation. An agent
follows a tree policy by executing the action that labels the
root node, and then by following the subtree policy along
the branch corresponding to the observation it receives.
Figure 1 gives an example policy as both an action-observation
history to action mapping (left) and a policy tree (right) for
the single agent tiger problem introduced in [7] with T=3.
In the tiger problem, Ω = {HearLef t(HL), HearRight(HR)}
and A = {Listen(L), OpenLef t(OL), OpenRight(OR)}.
An agent following this policy will always listen twice. If
it hears the tiger behind the same door twice, it will open
the opposite door. If the agent receives mixed observations,
it will not open a door. Note that a single policy may not
be able to map many histories to actions because they do
not partake in the policy, e.g., histories beginning with the
agent opening a door are not a part of the policy in Figure 1.

Figure 1: Two equivalent representations of an example policy for the single-agent tiger problem.
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Decentralized POMDPs

The Decentralized POMDP (Dec-POMDP) formalism extends the POMDP formalism to accommodate multiple agents.
We can define a Dec-POMDP as a tuple $n, S, A, P, R, Ω, O%,
where:

• S is a finite set of (unobservable) environment states.
• A = ×i Ai is a set of joint actions, where Ai is the set
of individual actions that agent i can perform.
• P (s! |s, "a) gives the probability of transitioning to state
s! ∈ S when joint action "a ∈ A is taken in state s ∈ S.
• R(s, "a) gives the immediate reward the agents receive
upon executing action "a ∈ A in state s ∈ S.
• Ω = ×i Ωi is the set of joint observations, where Ωi
is the finite set of individual observations that agent i
can receive from the environment.
• O("
ω |s! , "a) gives the probability of the agents jointly
observing ω
" ∈ Ω if the current state is s! ∈ S and the
previous joint action was "a ∈ A.
In Dec-POMDPs, it is generally assumed that agents cannot communicate their observations and actions to each other.
These constraints are often present in real world scenarios,
where communication may be expensive or unreliable. Consider, for instance, a scenario in which a team of robots must
coordinate to search a disaster area for survivors. In such a
task, robots may need to spread out to efficiently cover the
area and also may need to travel deep underneath rubble,
both of which could interfere with wireless communication.
Assuming agents cannot communicate observations and
actions, each agent must choose actions based only upon his
own actions and observations; however, since the transition,
reward, and observation functions depend on joint actions,
the quality of each agent’s policy is dependent on the policies
played by all agents or the joint policy. The goal of the
Dec-POMDP problem, then, is to find the joint policy that
maximizes the expected reward received by the agents. The
problem of finding this optimal joint policy has been proven
to be NEXP-complete [3].

3.

Q-LEARNING FOR DEC-POMDPS

While many Dec-POMDP solution techniques have been
devised, most of the prevalent Dec-POMDP solution techniques have been centralized and have required knowledge of
the model. That is, a central solver determines which joint
policy the agents should follow given P ,R, and Ω, and then
it distributes these policies to the agents. However, in realworld scenarios, the model may not be available, and it may
not be feasible for the problem to be solved centrally. There
is a need then, for a method by which agents can learn a
Dec-POMDP policy in a distributed manner without prior
knowledge of the model.
Reinforcement learning algorithms have previously been
applied in infinite horizon POMDPs in both model-based
[4, 9, 13] and model-free ways [10]. Model-based methods
first learn a model of the environment, and then compute a
policy based on that model, where model-free methods learn

a policy directly. In Dec-POMDPs, the actions and observations of the other agents are hidden, which makes modelbased learning complex; therefore, we opt for the model-free
approach. Recently, Zhang and Lesser [17] have applied reinforcement learning to a variant of the finite horizon DecPOMDP problem, where agents are organized in a network,
and agents’ influences on one another are limited to cliques.
While our goal is similar, we focus on less structured DecPOMDPs that are inherently less-scalable.
Reinforcement learning algorithms for finite horizon often
evaluate an action-quality value function Q, given by
!
Q(s, a, t) = R(s, a) + γ max
P (s! |s, a)V π (s! , t + 1) (1)
π

s!

where γ ∈ [0, 1] is a discount factor, R(s, a) is the reward
the agent receives for executing a in state S, and P (s! |s, a)
is the probability of transitioning from state s to state s! if
action a is executed. V π (s! , t + 1) gives the expected sum
of rewards received when executing policy π starting at step
t + 1 given that the state is s! .
Since state transitions are dependent on joint actions in
Dec-POMDPs, the equivalent Q function would be Q(s, "a, t),
i.e. based upon joint actions; however, since each agent can
only know his own actions and observations, we use an independent learning [5] approach where each agent is responsible for learning individual action quality values. Since the
states are not visible to the agents, we use a Q function
based upon the policy representation of Dec-POMDPs, i.e.
each agent maps his individual action-observation histories
to actions [17].
Agents can learn these Q-Values concurrently; however,
this can lead to oscillation, and our empirical results show
that allowing the agents to alternate learning can produce
better policies. To elaborate, in alternate learning, the agents
take turns learning, and while an agent is learning, all other
agents play static policies. Nair et. al have previously proposed an algorithm named JESP [11] in which agents alternately compute best responses to each other’s policies using knowledge of the model; however, as we do not assume
knowledge of the model, we instead learn the best-response
policies.
For the sake of clarity, we will assume only two agents in
notation. Given the policy of the other agent π− , the quality of learner i’s action at a given level t individual actionobservation history ht is then given by
Q∗ (ht , a|π− ) = R∗ (ht , a|π− ) +

!

H ∗ (ht , a, ht+1 |π− ) ·

H ∗ (ht , a, ht+1 |π− ) =

!

s,s! ,h

P (s|ht , h− )P (h− |ht , π− ) ·

−

!

P ("
ω |s! , "a) (5)

ω− ∈Ω−

where h− is the history of action-observations encountered
by the other agent, and ω
" = $ω, ω− % and "a = $a, a− % are the
joint observation and joint action, respectively.
Since the agents cannot communicate and do not have
prior knowledge of the model, a learning agent will not have
knowledge of π− , h− , and a− and must estimate R∗ and
H ∗ (and therefore Q∗ ) from its own experience of executing
actions and receiving observations and rewards. We denote
the estimation of Q∗ as Q. An agent can learn Q(ht , a) by
applying the following update each time it executes a when
the current history is ht
"
#
!
Q(ht , a) = Q(ht , a) + α r + γ max
Q(h
t+1 , a ) − Q(ht , a)
!
a

(6)
where ω and r are the observation and reward received, respectively, after executing a, and ht+1 = (ht , a, ω).
In our work, we compare both alternating and concurrent Q-learning methods, both of which use the Q update
method in equation 6. We refer to these as Q-Alt and QConc, respectively. For both learning methods, each agent
follows Algorithm 1 during each episode. In Q-Conc, the
learning flag is always true for every agent, but in Q-Alt,
the learning flag can only be true for one agent at a time.
Because the observation and reward functions in DecPOMDPs depend on joint actions, step 4 of algorithm 1
represents a synchronization point because an agent cannot
receive r or ω until all agents have executed an action. This
does not, however, imply that agents must execute actions
simultaneously.
Algorithm 1 ExecuteEpisode(learning)
1: h1 ← ∅
2: for t = 1 to T do
3:
a ← SelectAction(ht , learning)
4:
Execute a and receive r, ω.
5:
ht+1 ← (ht , a, ω)
6:
if learning then
7:
Q(ht , a) ← Q(ht , a) +
8:
α [r + γ maxa! Q(ht+1 , a! ) − Q(ht , a)]
9:
end if
10: end for

ω∈Ωi

max Q∗ (h∗t+1 , a! ) (2)

a! ∈Ai

where ht+1 is a level-t + 1 action-observation history produced by the concatenation of ht and (a, ω), i.e. ht+1 =
(ht , a, ω). The best response policy of the learner, πl , to the
other agents’ policy is given by
πl (ht ) = arg max Q∗ (ht , a|π− )
a∈Ai

(3)

The function R∗ and H ∗ represent the expected immediate reward and history transition functions for the learner,
given by
!
P (s|ht , h− )P (h− |ht , π− )R(s, a) (4)
R∗ (ht , a|π− ) =
s,ht
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Algorithm 2 SelectAction(ht , learning) for agent i
1: if learning then
2:
if explore then
3:
return explored action
4:
else
5:
return arg maxa∈Ai Q(ht , a)
6:
end if
7: else
8:
return π(ht ), the current static policy for this agent.
9: end if
Algorithm 2 describes the method by which agents select
actions to execute. If an agent is currently learning it will

either explore (explore and explored action are calculated
by a chosen exploration method) or choose an action based
upon current Q-Values; however, if an agent is not currently
learning - which will only occur in alternate learning - it
will choose an action based upon some policy π. Now, if
the agent has already learned, π will be the policy it learned
previously; however, if the agent has not had a turn learning,
π must be some initial policy.
There are multiple efficient ways to arbitrarily initialize π.
For example, we could let π be a pure policy (i.e. one where
each possible action-observation history maps to exactly one
action) chosen at random (as is done in the JESP algorithm),
or alternatively, we could let π be a uniform stochastic policy, where the agent always chooses an action at random
from a uniform distribution. We note, however, that such
methods do not consider the behavior of the model. That
is, for problems with identical |A| and |Ω| the policies would
initialized the same way, regardless of how P , R, and Ω are
defined. In the following section, we will present a principled
method for choosing an initial policy that respects both P
and R (but not Ω).
The main motivation for selecting initial policies in a more
informed manner is the hope of getting in the zone of attraction of the optimal Nash equilibrium. Our approach of
alternating best response learning can be essentially looked
upon as a form of hill climbing where each step is taken by
a different agent. Since hill climbing can only be guaranteed to converge to a local optimum, we expect alternating
best response learning to eventually lead to a locally optimal
Nash equilibrium policy. In order to overcome locality of
the optimum, hill climbing approaches often resort to multiple (re)starts, which is unrealistic in our case since each
hill climbing step is an entire best response learning phase
with a non-trivial cost. Instead, we devote some effort in
selecting the initial location of the agents in the joint policy
space, hoping that this sets us close enough to the globally
optimal Nash equilibrium so that it becomes the attractor
to the alternating hill climbing trajectory.

4. INFORMED INITIAL POLICIES
In this section, we present a centralized, model-based method
to compute an initial policy which is informed by the model.
The high-level idea is to map a Dec-POMDP problem into a
constrained POMDP problem, solve that POMDP problem,
and then map the resulting optimal POMDP policy back
into the space of Dec-POMDP joint policies.
To ground the intuition on existing literature, consider the
QP OM DP heuristic used in [16], that finds an upper-bound
for a Dec-POMDP by mapping the problem into a POMDP
where the action set is the set of all joint actions and the
observation set is the set of all joint observations.
The QP OM DP relaxation can be formalized as follows.
Given a Dec-POMDP instance D = $n, S, A, P, R, Ω, O%,
create and find the optimal policy value for a POMDP instance D! = $S, A, P, R, Ω, O%.
Essentially, QP OM DP assumes the agents are allowed to
share their individual observations, which, in turn, eliminates miscoordination because the agents know exactly what
their teammates have observed and executed and can therefore choose the best action for each contingency. This is
not the case in Dec-POMDP, where each agent must choose
the best action based only upon its own action-observation
history. In a policy found by QP OM DP , an agent may have
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different actions associated with the same action-observation
history, disambiguated by others’ action-observation histories; however, agents do not have access to the observations
of other agents during Dec-POMDP execution. Thus, the
resulting POMDP policy cannot be (and was not intended
to be) mapped to a Dec-POMDP policy in a meaningful
way.
In this backdrop, we note that if there were only one possible observation that each agent could receive at each step,
this ambiguity would disappear because the agents would be
able to know the joint observation history at all times.
Unfortunately, most (if not all) Dec-POMDPs of interest
will have more than one observation; however, if the agent
policies ignore observations, a similar effect can be achieved.
Our proposed method is simple. Create and solve a POMDP
where the action set is the set of all joint actions and the
observation set is {δ} (a dummy observation). That is, for a
Dec-POMDP D = $n, S, A, P, R, Ω, O%, create the POMDP
D! = $S, A, P, R, {δ}, O%. Since δ is the only possible observation, the optimal POMDP policy can be thought of as a
chain of joint actions πopt = "a1 , "a2 , . . . , "aT , where T is the
horizon. The informed initial Dec-POMDP policy can then
be constructed for each agent i by setting all level t action
nodes to ati (agent i’s contribution to at ). That is, agent i
will always execute ati at level t, regardless of what it has
previously observed. Figure 2 depicts this process for T = 2.

5.

LEARNING INFORMED INITIAL POLICIES

In the previous section, we presented a centralized, modelbased method for calculating an informed initial policy; however, if we are to use such initial policies for model-free, distributed algorithms (such as Q-Alt), the method by which
we calculate these policies should be model-free and distributed as well.
It is generally assumed in Dec-POMDPs that the agents
cannot observe each other’s actions, so without extra assumptions, the agents must learn independently. One simple approach would be concurrent Q-learning, where each
agent i tries to learn
Q! : H Ai × Ai "→ R

(7)
i
hA
t

Ai

for all individual action-only histories
∈ H
and individual actions a ∈ Ai . To accomplish this, agents use a
modified version of algorithm 1 where the true observation ω
is replaced with the dummy observation γ. Since the agents
learn concurrently, the learning flag will always be true for
each agent.
Independent concurrent learning can lead to oscillation
because each agent is learning in a dynamic environment
(all other agents are treated as part of the environment)
that changes in response to the agent’s behavior.
Suppose, though, that each agent i can announce the random seed he will use for exploration and his action set Ai before learning begins. This would allow each agent to model
the exploration of every other agent. Since observations are
ignored when learning the initial policy and since the agents
all receive identical rewards, if agents can model each other
agent’s exploration, then each agent can learn the function
Q! : H A × A "→ R
directly, where A is the set of joint actions and H

(8)
A

repre-

Figure 2: Conversion of the optimal policy of the constrained POMDP to a valid policy of the original
Dec-POMDP for T=2.
sents the set of joint action-only histories. Note that such
a technique can not be applied to learn Q : H × A "→ R,
where H is the set of joint action-observation histories because observations are generated by nature, not the agents,
and hence unsharable by announcing random seeds..
The agents can learn equation 8 by making a few modifications to algorithms 1 and 2. Specifically, all actions must be
joint actions rather than individual actions, and the Q function should accept joint action-observation histories rather
than individual histories. As before, ω should be replaced
by the dummy observation γ, and the agents will learn concurrently (i.e. the learning flag will always be true).
It is important to note that because the set of joint actions
A grows exponentially in the number of agents (i.e. |A| =
O(|Ai∗ |n ), where Ai∗ represents the largest individual action
set), the potential memory requirement (O((|Ai∗ |n )T ·|Ai∗ |))
for the joint Q’-Value function also grows exponentially in
the number of agents. However, for scenarios where this
memory requirement is intractable, it is likely that the number of episodes required for convergence of the independent
Q’-Value function is also intractably large.

6. INITIAL POLICIES FOR CONCURRENT
LEARNERS
In allowing the agents to share random seeds for policy
initialization, we are introducing extra information that QConc is unable to exploit. For comparison purposes, we also
would like to give Q-Conc access to this information as well.
While our learned initial policy is readily usable for alternate
learning where all agents except the currently learning agent
follow static policies, applying our learned initial policy to
concurrent learning where no agent follows a static policy is
less straightforward.
In order to use our informed initial policy for concurrent
learning, we use the Q! -Values learned as per Section 5 to
initialize the agents’ Q-Values as follows. When an agent
i encounters a history ht = (a1 , o1 , a2 , o2 , . . . , at , ot ) for the
first time, if it learned independent Q! -Values (per equation
Ai
i
7), it will set Q(ht , a) = Q! (hA
=
t , a)∀a ∈ Ai , where ht
(a1 , a2 , . . . , at ).
The process is less straightforward if agents learned joint
Q! -Values (per equation 8). Recall from section 4 that
an informed initial policy can be written as a single chain
of joint actions. Suppose hA
t /ht is the joint action-only
history in which all agents except for i are executing actions per the informed initial policy and agent i is executing (a1 , a2 , . . . , at ). Also, suppose "at+1 /a is the action
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corresponding to step t + 1 in the inital policy chain with
agent i’s action replaced with a. Then, agent i will initialize
Q(ht , a) = Q! (hA
at+1 /a)∀a ∈ Ai . Essentially, agent i is
t /ht , "
assuming that the other agents will continue still follow the
initial policy, even though ht or a may deviate from it.

7.

EVALUATION

In this section, we evaluate the performance of the five
different Q-learning settings: QIP-Alt, QIP-Conc, Q-Conc,
QSto-Alt, and QRand-Alt for the BroadcastChannel [6], DecTiger
[11], and MarsRover [1] benchmark problems. Note that we
do not compare against state-of-the-art model-based DecPOMDP solvers such as GMAA*-ICE [14] because such
solvers rely on full knowledge of the model, which we do
not assume is available.

7.1

Problem Domains

In the BroadcastChannel domain, two nodes broadcast
messages over a channel that is limited to one message at
a time. The nodes receive a reward for each message they
successfully send; however, if they attempt to send a message
at the same time, a collision occurs. Each node has a buffer
that holds at most one message, and at every step this buffer
becomes full with some probability.
In the Dec-Tiger domain, there are two doors. Behind
one door is treasure, but behind the other door is a tiger.
Opening the door concealing the treasure, yields a reward,
and opening the door concealing the tiger, yields a penalty.
The two agents do not know a priori which door the tiger is
behind; however, they are allowed to listen for clues. Upon
listening, each agent either hears the tiger behind the left
door or the right door. The observations are noisy, however,
and each agent has a fifteen percent chance of hearing the
tiger behind the wrong door. This serves to make coordination more difficult, as an agent cannot be sure what the
other has heard, and miscoordination is heavily penalized.
In the MarsRover domain, two rovers are tasked with conducting scientific experiments at four different test sites, arranged in a four-by-four grid. At each step the agents can
choose to move north, south, east, or west, or they can sample or drill. Two of the sites are intended to be sampled,
and thus drilling them incurs a large negative reward. Two
of the sites must be drilled by both agents simultaneously.
Each agent has full knowledge of his own location as well as
whether or not an experiment has been performed at each
site.
With only two states, two observations, and two actions,
BroadcastChannel is the smallest of the three. It is also os-

tensibly the least complex, as it has been solved for a horizon
of 900 [14]. DecTiger with two states, two observations, and
three actions is larger and has only been solved for a horizon
of six. MarsRover with 256 states, eight observations, and
six actions is the largest of the three, and it has only been
solved for a horizon of four [12].

7.2 Policy Computation and Evaluation
In order to compare the performance of the different settings, we must calculate the value of the policies they produce. One method for calculating a learned policy value
is simulation-based, that simply allows the agents to interact with the environment for a sufficient number of episodes
and averages the total reward received per episode; however,
since the domains we use are known benchmark problems,
we can exactly calculate the value of a policy using the model
parameters. To evaluate the value of a joint policy "π , we find
!
V #π ("h0 ) =
b0 (s)V #π ("h0 , s)
(9)
s∈S

where b0 ∈ ∆(S) is the initial state distribution. V #π ("ht , s)
for a given joint history "ht and state s is given by
$
V #π ("ht , s)
= R(s, "π ("ht )) + s! ∈S P (s! |s, "π ("ht )) ·
$
ω |s! , "π ("ht ))V #π (("ht , "π ("ht ), ω
" t ), s! ) (10)
ω
# ∈Ω O("
where "π ("ht ) = $π1 (ht,1 ), . . . , πn (ht,n )%.

7.3 Experimental Results
For each domain, we chose eleven increasing values k1 , . . . , k11
and allowed each setting to learn for an k = k1 , . . . , k11
episodes. The k values were rounded to integers, and derived from experiments with another algorithm (reported in
[2]).
k represents the total number of episodes agents are allowed to execute, including episodes required to learn initial
policies and all alternations. Thus, in Q-Conc and QIP-Conc
both agents learn for k episodes (with agents devoting k! of
those episodes to learning the initial policy in QIP-Conc), in
QSto-Alt and QRand-Alt each agent learns for nk episodes
(where n is the number of agents), in QIP-Alt each agent
!
episodes. Note that since QIP-Alt and
learns for k! + k−k
n
QIP-Conc allocate k! episodes for learning the initial policy,
they are at a relative disadvantage if the initialization is not
helpful because the other settings have k! extra episodes for
learning.
k
We used k! = 20000 for DecTiger and k! = max(200000, 20
)
for both BroadcastChannel and MarsRover. For the alternating settings in Dectiger and BroadcastChannel, the
!
agents were allowed one alternation each with k−k
episodes
n
!
per alternation (k = 0 for QSto-Alt and QRand-alt), and
in the MarsRover problem each agent was allowed we used
epsilon-greedy exploration with ' = .05. two alternations
!
with k−k
episodes per alternation. In all runs, we used a
2n
learning rate α = .001, and for our exploration method (lines
2-3 in algorithm 2), we used epsilon-greedy exploration with
' = .05 [15]. All trials were run on an Intel Xeon 3.00 Ghz
processor.
|v
−vopt |
Tables 1, 2, and 3 give the relative error, learned
vopt
(where vopt is the value of the known optimal policy), averaged over 50 runs for each setting, domain, horizon, and
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value of k. We have opted to report this data in tables because the range of values is wide some cases (e.g. [0, 16.494]),
and such a coarse resolution makes it difficult to interpret
relations between smaller values. If an error value reported
in the table is bolded, this indicates that it is greater than
the error for QIP-Alt for the same horizon and k. In addition to the tables, we report average relative error versus
average runtime for QIP-Alt and Q-Conc for all the three
domains in figures 3, 4, and 5. Note the the horizontal axes
have been scaled logarithmically in these figures.
First note that for each domain and horizon, there exists a
k beyond which QIP-Alt produces lower error than all other
settings. In the case of BroadcastChannel, the advantage of
QIP-Alt is less pronounced; however, since BroadcastChannel is the simplest of our domains, this is not entirely surprising. For MarsRover and DecTiger, the results are stronger,
however. QIP-Alt is the only algorithm to have average relative error of zero (implying that all 50 policies found were
optimal). In most cases, the nearest competitor in those two
domains has error > .2 (and often it is much higher). As
noted previously, T=4 is the highest horizon for which the
MarsRover domain has been solved by a centralized algorithm with knowledge of the model. It is encouraging then
that, being distributed and model-free, QIP-Alt is able to
achieve near optimal solutions on average for that horizon.
In the case of QIP-Conc, it is unclear whether or not initializing the Q-Values as described in section 6 is beneficial.
For Dectiger with T = 3, k ≥ 105.02 and BroadcastChannel
with T = 3, k ≥ 105.73 , it is clearly an improvement on QConc, but for other domain-horizon combinations, it is not
so clearly beneficial, especially in the MarsRover domain.
While these results suggest that the informed policy is
beneficial if optimality is the only goal, they do not speak
to the practicality of it. For instance, while QIP-Alt produces its lowest error for T=3 in MarsRover at k = 107.48 ,
it takes on average 60000 seconds to produce that result,
whereas k = 106.42 requires only 3000 seconds on average.
In real-world scenarios, time may be more important than
optimality. To this end, we provide a figures 3, 4, and 5,
which show average relative error vs average runtime for
QIP-Alt and QIP-Conc for all three domains. Since these
are benchmark problems, we have no reason to prefer time
over optimality (or vice-versa), so it is difficult to make a
qualitative judgement about them; however, had QIP-Alt
required days or months to produce error below that produced by Q-Conc, the informed policy would likely be of
less practical use.

Figure 3: Average relative error vs runtime in
seconds for QIP-Alt and QIP-Conc in the BroadcastChannel domain.
Horizontal axis has been
scaled logarithmically.

k

T=3
QIP-Alt QIP-Conc

105.34
105.46
105.73
106.00
106.27
106.57
106.97
107.24
107.60
108.16
108.84

0.171
0.200
0.041
0.034
0.026
0.026
0.013
0.015
0.006
0.005
0.004

0.175
0.094
0.061
0.053
0.052
0.052
0.036
0.034
0.027
0.026
0.011

T=4

Q-Conc

QSto-Alt QRand-Alt

0.080
0.080
0.065
0.061
0.061
0.061
0.061
0.061
0.061
0.061
0.061

0.085
0.089
0.059
0.049
0.041
0.040
0.033
0.034
0.035
0.032
0.032

0.112
0.128
0.121
0.112
0.109
0.112
0.107
0.113
0.108
0.114
0.107

QIP-Alt QIP-Conc

0.164
0.183
0.097
0.067
0.047
0.037
0.014
0.013
0.013
0.005
0.004

0.255
0.141
0.078
0.069
0.067
0.066
0.033
0.035
0.039
0.036
0.047

T=5

Q-Conc

QSto-Alt QRand-Alt

0.111
0.106
0.092
0.061
0.056
0.051
0.050
0.050
0.041
0.041
0.037

0.229
0.190
0.145
0.105
0.065
0.050
0.036
0.031
0.028
0.027
0.026

0.173
0.166
0.120
0.125
0.122
0.116
0.109
0.123
0.105
0.111
0.111

QIP-Alt QIP-Conc

0.201
0.196
0.128
0.079
0.073
0.061
0.025
0.019
0.016
0.004
0.004

0.330
0.186
0.117
0.102
0.091
0.087
0.031
0.036
0.038
0.033
0.023

Q-Conc

QSto-Alt QRand-Alt

0.149
0.134
0.115
0.089
0.068
0.057
0.050
0.049
0.045
0.045
0.030

0.231
0.227
0.194
0.165
0.139
0.097
0.075
0.065
0.054
0.031
0.023

0.242
0.203
0.205
0.184
0.159
0.153
0.152
0.143
0.146
0.153
0.154

Table 1: Average relative errors (compared to the optimal value) for the BroadcastChannel domain for all
settings and horizons T=3,4,5. Bolded values are less than respective QIP-Alt values.

k

T=3
QIP-Alt QIP-Conc

104.40
104.63
104.81
105.02
105.37
105.56
105.74
106.13
106.42
106.82
107.48

0.402
0.263
0.084
0.032
0.000
0.000
0.000
0.000
0.011
0.000
0.000

2.058
1.425
0.972
0.182
0.042
0.032
0.053
0.031
0.042
0.042
0.053

T=4

Q-Conc

QSto-Alt QRand-Alt

0.734
0.617
0.511
0.286
0.136
0.114
0.104
0.104
0.125
0.125
0.157

1.437
1.612
1.065
1.054
1.054
1.065
1.054
1.054
1.054
1.054
1.054

6.407
6.194
6.212
6.115
6.019
5.974
6.046
5.912
6.017
6.026
5.863

QIP-Alt QIP-Conc

1.014
0.537
0.395
0.197
0.000
0.000
0.005
0.005
0.000
0.005
0.000

2.297
1.507
1.071
0.301
0.300
0.288
0.301
0.311
0.299
0.321
0.278

T=5

Q-Conc

QSto-Alt

QRand-Alt

0.726
0.704
0.692
0.550
0.357
0.369
0.335
0.391
0.334
0.345
0.356

15.439
11.667
6.158
2.031
1.329
1.409
1.322
1.428
1.321
1.329
1.320

13.257
10.894
9.511
8.125
7.850
7.998
8.163
7.626
8.266
7.887
7.990

QIP-Alt QIP-Conc

1.807
1.221
1.177
1.208
1.156
1.153
1.159
0.078
0.005
0.030
0.029

1.885
1.522
1.227
0.802
0.751
0.705
0.691
0.641
0.633
0.586
0.275

Q-Conc

QSto-Alt

QRand-Alt

1.135
1.122
1.089
1.034
0.941
0.816
0.754
0.648
0.575
0.470
0.359

17.912
15.293
16.069
12.485
3.340
2.052
1.646
1.215
1.521
1.200
1.201

16.494
13.940
12.921
9.844
6.415
6.611
5.817
6.035
5.959
5.842
5.821

Table 2: Average relative errors (compared to the optimal value) for the DecTiger domain for all settings
and horizons T=3,4,5. Bolded values are less than respective QIP-Alt values.

k

T=2
QIP-Alt QIP-Conc

105.34
105.46
105.73
106.00
106.27
106.57
106.97
107.24
107.60
108.16
108.84

0.426
0.430
0.366
0.274
0.274
0.280
0.076
0.000
0.000
0.000
0.000

0.862
0.407
0.381
0.381
0.381
0.381
0.381
0.366
0.381
0.380
0.381

T=3

Q-Conc

QSto-Alt QRand-Alt

0.343
0.343
0.343
0.343
0.343
0.343
0.343
0.343
0.343
0.343
0.343

0.529
0.476
0.434
0.415
0.382
0.380
0.377
0.376
0.375
0.374
0.374

0.408
0.418
0.298
0.291
0.274
0.274
0.288
0.288
0.301
0.281
0.263

QIP-Alt QIP-Conc

0.570
0.589
0.567
0.520
0.435
0.413
0.388
0.202
0.051
0.057
0.002

0.682
0.666
0.469
0.433
0.429
0.427
0.426
0.427
0.423
0.422
0.421

T=4

Q-Conc

QSto-Alt QRand-Alt

0.478
0.444
0.411
0.409
0.404
0.401
0.399
0.398
0.398
0.396
0.393

0.592
0.601
0.529
0.505
0.461
0.465
0.473
0.451
0.444
0.444
0.436

0.509
0.517
0.465
0.461
0.386
0.378
0.374
0.369
0.383
0.358
0.342

QIP-Alt QIP-Conc

0.551
0.537
0.517
0.447
0.425
0.387
0.349
0.271
0.095
0.076
0.069

0.672
0.664
0.525
0.365
0.336
0.311
0.302
0.301
0.299
0.302
0.297

Q-Conc

QSto-Alt QRand-Alt

0.445
0.431
0.376
0.340
0.328
0.308
0.287
0.282
0.277
0.272
0.296

0.561
0.586
0.537
0.499
0.432
0.376
0.394
0.383
0.366
0.363
0.301

0.525
0.506
0.480
0.407
0.354
0.331
0.314
0.327
0.297
0.292
0.270

Table 3: Average relative errors (compared to the optimal value) for the MarsRover domain for all settings
and horizons T=2,3,4. Bolded values are less than respective QIP-Alt values.
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Figure 4: Average relative error vs runtime in seconds for QIP-Alt and QIP-Conc in the DecTiger
domain. Horizontal axis has been scaled logarithmically.

Figure 5: Average relative error vs runtime in seconds for QIP-Alt and QIP-Conc in the MarsRover
domain. Horizontal axis has been scaled logarithmically.

8. CONCLUSION
We have presented a simple, principled technique to compute a valid Dec-POMDP policy for use as an initial policy
in conjunction with reinforcement learning. Furthermore,
we have discussed how such policies can be learned in a
model-free manner, and we have shown for three benchmark
problems that using such policies as initial policies (instead
of stochastic policies or pure policies chosen at random) can
improve the outcome of alternating Q-learning.
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ABSTRACT
The ability to learn and adapt when playing against an adaptive opponent requires the ability to predict the opponent’s
behavior. Capturing any changes in the opponent’s behavior during a sequence of plays is critical to achieve positive
outcomes in such an environment.
We identify two new requirements that we suggest are essential for agents that learn in adaptive environments. These
requirements are dictated by the fact that repeated interactions in practice have to be limited and that the opponent
can rapidly change strategy through the sequence of interactions. We believe that building intelligent agents that can
survive in environments with such requirements will lead to
wider deployment of learning agents.
We propose a novel algorithm that is able to learn and
adapt rapidly to an opponent even when the number of interactions is limited and the opponent is adapting quickly by
changing its strategy. The context we use for the experimental work is two player normal form games. We compare the
performance of an agent using our algorithm against agents
using existing multiagent learning algorithms.

1.

INTRODUCTION

Learning in the presence of opponents is challenging not
only because the opponent’s behavior is unknown, but also
because the opponent can change behavior and adapt to
other players. We assume the opponent is adversarial in nature and that the learning agent does not know what strategy the opponent plays. Modeling the behavior of the opponent is a key to success. Moreover, capturing any changes in
the opponent’s behavior could help avoid issues of deception
and exploitation by the opponent.
Multiagent learning has emerged as an active area of research in the past decade with algorithms that can function
in adaptive environments as well as theoretical properties
for new algorithms [15]. However, the deployment of such
algorithms to real world application remains limited due to
some unrealistic constraints. In this work we identify two
constraints that have appeared in previous work [10, 17]
that we believe could potentially increase the deployment of
multiagent learning algorithms.
One of the major constraints initially set for agents that
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play against an opponent in a competitive environment is
the assumption that the opponent is either stationary or
will converge to a stationary policy [4]. New criteria that,
to some degree, relax the stationarity assumption have been
proposed in [15]. However, there are still some critical assumptions that we believe are obstacles for the use of learning agents in real world domains.
The first obstacle relates to the need for extremely long
sequences of interactions between the agents, often in the
order of hundreds of thousands, before the agent learns how
to play against the opponent. The second relates to the fact
that abrupt changes in the opponent’s policy often require
restarting the learning process. The second issue has been
analyzed from diﬀerent view points in terms of data bias and
computing best-response in games [12].
We proposed an algorithm for fast learning (FAL) against
an opponent that deals with those constraints [10]. In this
paper we briefly describe FAL and introduce a more refined
algorithm, called FAL-Ensemble, that is capable of detecting
changes in the opponent’s behavior faster than the original
FAL. We show experimentally how the algorithm performs
compared to other commonly used multiagent learning algorithms in scenarios that have the following properties:
1. Limited repeated interactions. We consider cases
where agents have a limited number of repeated interactions with an adaptive opponent and do not have a
long term history to build an opponent model. An intelligent agent deployed in the world is typically faced
with a task and a limitation in its possible repeated interactions with its opponent. This is often true for the
general case of any opponent but is even more relevant
when the opponent is a human. Repeated interactions
beyond a few hundred games are a luxury in the world
and a rare commodity when an actual human is at the
other end. Current literature typically shows empirical
results in thousands of interactions even for simple normal form games. While convergence to equilibrium in
the long term is very important theoretically, it doesn’t
address the issue of how to deal with a limited number
of interactions.
2. Rapidly adaptive opponents. An abrupt policy
change requires an agent to be able to learn fast so
it can adapt to the changes in the opponent’s play.
There are numerous reasons for an opponent to change
its policy such as the ability to deceive its opponents.
The opponent could initially adopt a suboptimal strategy to confuse the learning agent and then switch to
another strategy that could lead to more gains.

2.

RELATED WORK

Multiagent learning has been an active area of research
in the past decade, with the emergence of many criteria
and theoretical foundations for developing new algorithms.
Within the AI community, the problem has been addressed
mainly from three diﬀerent approaches, as elaborated in the
extensive survey by Busoniu et al. [6].
The first approach is focused on adapting single agent
reinforcement algorithms for the multiagent setting, as in
Littman [13] and other multiagent reinforcement learning
methods, but incorporating the adversarial nature of the
environment. The second approach combines policy search
methods with knowledge of the adversarial nature, as in the
work of Bowling [4]. The third approach starts initially from
a game theoretic perspective and attempts to produce an
algorithmic framework as in [14, 16] and others.
We describe briefly a few algorithms from the diﬀerent
approaches. Minimax-Q [13] was one of the early algorithms
with a clear framework for the multiagent learning problem.
Minimax-Q is a modified Q-Learning algorithm that uses
minimax instead of max in the action choosing step. The
performance of Minimax-Q is demonstrated in a two-player
grid-like game of soccer.
Godfather and Bully were introduced in [14] as examples of leader strategies that can influence the best response
of follower agents in repeated games. Such strategies were
shown to be advantageous in some normal form games. They
represent a class of deterministic strategies that act with full
knowledge of the game structure and the opponent’s previous actions. Bully plays the minimax strategy that obtains
the security value, which is the minimum value a player can
obtain regardless of what the opponent does. Godfather is
a generalization of Tit-For-Tat [14] that oﬀers the opponent
the opportunity to choose an action with a reward higher
than its security value. If the opponent refuses the oﬀer
Godfather punishes it.
The “Win or Learn Fast”(WOLF) [4] principle can be applied in any setting where an algorithm is learning with some
learning rate. The idea is that as long as the agent is winning the learning rate is increased by a variable α but when
losing another rate β > α is used. Empirical results running
a policy hill climbing (WOLF-PHC) algorithm show the algorithm will converge to the optimal policy when playing
against a stationary opponent. Note that if the learning rate
used is 1 then WOLF-PHC is equivalent to Q-Learning.
Bowling and Veloso proposed two criteria for multiagent
learning, rationality and convergence. Rationality states
that if the opponents converge to stationary policies then the
learning algorithm will converge to a best response. Convergence states that the learner will converge to a stationary
policy.
Powers and Shoham [16] extended those criteria to include
a larger class of opponents. They parameterize the class of
opponents against which they achieve optimal performance.
This expands the set of allowable opponents from just opponents with stationary policies to adaptive opponents. However, to guarantee the algorithmic properties, the length of
history the opponent can use is limited to only the last k
moves. Without this assumption an agent will see the history only once and will be unable to learn. The class of adaptive opponents is restricted to a target class known a priori
and to learn the agent needs to play a very long training
sequence. In the results presented the training sequence is
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200K rounds for small matrix games. Their algorithm guarantees the following: (1) Targeted Optimality: the agent’s
payoﬀ approaches best response after a phase of exploration
against the target class of opponents. (2) Optimality: the
agent is Pareto eﬃcient in self-play meaning that it cannot
be dominated. (3) Security : the payoﬀ against any other
opponent approaches the security value.
Adapt When Everybody is Stationary, Otherwise Move
to equilibrium (AWESOME) [9] is an algorithm for learning
against stationary opponents by observing the opponent’s
actions. AWESOME precomputes a Nash equilibrium for
the game and at each iteration of the game it checks whether
the opponent is playing the precomputed Nash equilibrium
or is playing a non-stationary strategy. It performs the check
by defining an epoch and comparing the distribution of actions in the current epoch to the precomputed distribution
of actions for the Nash equilibrium. If it determines that the
opponent is not playing the Nash equilibrium it then compares the distribution of actions in the current epoch to the
previous epoch to determine whether the opponent is playing some other stationary strategy. If it is then AWESOME
plays its best response otherwise it restarts. After each
restart AWESOME forgets what it has learned and begins
by playing the Nash equilibrium and performing the strategy checks. AWESOME learns the best response against a
stationary opponent and in self-play.
ReDValer [2] also works against stationary players and
observes the opponent’s mixed strategy. ReDValer has an
additional feature that guarantees a constant regret. The
algorithm NoRa [3] is a follow up on ReDVaLeR which modifies existing no-regret algorithms for the multiagent setting.
The proposed no-regret learning algorithm satisfies a modified version of Targeted Optimality and Security. The algorithm provides guarantees against stationary opponents, opponents converging to a stationary policy, and produces an
average expected payoﬀ not much worse than what best response to the observed distribution from the opponent would
produce. A limitation of no-regret strategies is that they do
not capitalize on patterns in the opponent play [16] and do
not account for an opponent whose strategy depends on the
agent’s moves.
Weighted Policy Learner (WPL) [1] is an algorithm that
converges to a Nash equilibrium with limited knowledge (i.e.
no knowledge of the underlying game or observation of the
opponent’s action). The algorithm works in two-player twoaction games with limited knowledge where other multiagent
learning algorithms fail.
Eﬃcient Learning Equilibrium (ELE) [5] handles scenarios with imperfect information games. However, it requires
that the learning algorithm itself be in an equilibrium. It
computes the surplus the agent would have from playing
the Nash equilibrium and shows that deviations from such
learning algorithm are irrational in polynomial time.
Learn or Exploit in Adversary Induced Markov decision
process (LoE-AIM) [7] is an algorithm that has target optimality against any opponent with bounded memory. The
memory bound is important because without memory bound
the Markov decision process induced by the adversary joint
histories will have an infinite state space. The algorithm is
distinctive because in theory it makes no assumption about
a target class. However, in the implementation it assumes
it knows if the opponent is stationary or not.

3.

FAST ADAPTIVE LEARNER (FAL)

We proposed a novel algorithm for an agent which learns
a strategy to use when playing repeated games against an
adaptive opponent [10]. The key feature of our algorithm
is that it is able to learn in a limited number of repeated
interactions and is able to detect and adapt to potentially
abrupt changes in the opponent’s strategy.
The algorithm, at a high level, has two parts: (1) a Predictive Model which makes a prediction about the opponent’s
next action; (2) a Reasoning Model which chooses a suitable
best response accordingly.
There is a large class of models and methods that can be
used for both parts of the algorithm. However, in order to
meet the requirements of limited repeated interactions and
fast adaptive opponents we need to impose constraints on
the models. These are the main requirements on each part:
1. the Predictive model makes a prediction about the opponent’s next action with the following requirements:
(a) is online in nature;
(b) weighs the recent observation more than the past;
(c) preserves the ordering of the sequence of repeated
interactions;
(d) is sensitive to abrupt changes in data streams.
2. The Reasoning model chooses a suitable best response
with the following requirements:
(a) reasons about the temporal accuracy of the predictive model above;
(b) reasons if the opponent is cooperative or competitive;
(c) attempts to teach the opponent to cooperate (if
the opponent is teachable);
(d) analyzes its own average reward and whether it
is “losing” or “winning” and incorporates it in its
decision making process.
We instantiate our Fast Adaptive Learner (FAL) algorithm with the models we describe next.

3.1 Predictive Model
For the Predictive Model, we use an algorithm called Entropy Learning Pruned Hypothesis Space (ELPH) [11]. ELPH
was developed as an online predictive algorithm for sequences
that met the requirements we specified above for the predictive model. ELPH has the ability to learn to predict from a
sequence of observations rapidly and therefore can adapt to
non-stationary opponents quickly.
At the core of ELPH is the hypothesis space, which is
constantly updated with patterns and predictions using the
recent history of events and predictions. Every time an observation matches one or more patterns, ELPH computes
the entropy of the matching set and uses the entropy to
prune the rules that have high entropy. The rule with the
lowest entropy is then used to make the prediction. Pruning
facilitates adaptation because it removes unsuccessful rules
from the hypothesis space. Algorithm 1 provides a sketch of
how ELPH works, more details are in [11].

3.2 Reasoning Model
For the Reasoning Model, we adapt a solution which is a
compromise of two strategies: (1) a Godfather like strategy,
called Godfather-Future, which takes as input the predicted
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Algorithm 1 ELPH: Entropy Learning Pruned Hypothesis
Space
1: λ: is the threshold for hypothesis pruning.
2: {a1 , a2 , . . . , ak } is the history of k actions.
3: create all possible subsets of the history {a1 , a2 , . . . , ak }
4: compute the reliable entropy for each subset
5: prune subsets with entropy greater than λ
6: make a prediction based on the lowest entropy hypothesis.

future opponent action; (2) a model, called Meta-Prediction,
which reasons about the success of the predictive model in
predicting the opponent’s next action.
The Godfather-Future strategy computes a targetable pair
of actions, i.e. any pair of deterministic strategies with the
property that it yields a reward for the players higher than
their security value.
While the original Godfather plays its half of the targetable pair if the opponent played its half in the last interaction, Godfather-Future plays its half of the targetable
pair if the opponent is predicted to play its half in the next
interaction.
The Meta-Prediction computes a weighted average prediction success on a moving horizon. Let’s assume that
Pi ∈ {0, 1} is the prediction of the predictive model in interaction i, Pi = 1 if it predicted successfully and 0 otherwise.
The weighted Wt average prediction success at time t is
Wt =

(t)Pt + (t − 1)Pt−1 + . . . + (t − k)Pt−k
t + (t − 1) + . . . + (t − k)

where k is a constant.
Meta-Prediction compares the value of Wt to a parameter
β. If Wt > β then Meta-Prediction will consider the ELPH
prediction reliable, otherwise it replaces the prediction with
the opponent’s last action. If β is set to 1 then the model will
behave similarly to the original Godfather; as β gets closer
to zero, the ELPH predictions are used more regardless of
their accuracy. How to choose an appropriate value for β is
discussed later in the experimental work.
Algorithm 2 is a high-level description of how FAL works.
Algorithm 2 FAL Algorithm
1: T eachmin : is the teaching period
2: β: is the threshold of confidence in the prediction
3: while i ≤ end of game do
4:
if Wt ≤ β then
5:
Predicted Next Action ← Last Action
6:
else
7:
Predicted Next Action ← ELPH Predicted Action
8:
end if
9:
if i ≤ T eachmin then
10:
Play half of Targetable Pair
11:
else
12:
Next Action ← Godfather-Future Predicted Next
Action
13:
Compute Average Prediction Success
14:
end if
15:
Increment i
16: end while

4.

ENSEMBLE OF FAST ADAPTIVE LEARNERS (FAL-ENSEMBLE)

The FAL-Ensemble algorithm (shown as Algorithm 3) functions in a way similar to the original FAL algorithm with a
significant diﬀerence. It monitors the number of new hypotheses generated in its ELPH predictive model. If at time
t the number of new hypotheses reaches a threshold of δ it
creates a new predictive model that starts the observations
from time t going forward. This process is repeated, every
time the number of new hypotheses is above the threshold,
a new model is added. When making a prediction FALEnsemble takes a majority vote among the ensemble of predictive models weighted by their past accuracy.
Algorithm 3 FAL-Ensemble Algorithm
1: δ: is the threshold for starting a new model.
2: M1 , . . . Mj : is the set of ELPH models.
3: Mk = {ELPH(0)}
4: while i ≤ end of game do
5:
if i ≤ T eachmin then
6:
Next Action ← Play half of Targetable Pair.
7:
else
8:
Next Action ← Weighted Majority Vote from Mk
9:
end if
10:
Added Hypotheses ← Sum of added hypotheses in Mk
11:
if Added Hypotheses
≥ δ then
S
12:
Mk ← Mk
ELPH(i)
13:
end if
14:
Add New Observation to all models in Mk
15:
Increment i
16:
17: end while

5.

EXPERIMENTAL RESULTS

We compared experimentally the performance of diﬀerent
learning algorithms, using two-player repeated normal form
games as the setting for our experiments. An example of a
game matrix is in Table 1, where the row player’s payoﬀ is
given first followed by the column player’s payoﬀ. At each
interaction the players play a simultaneous move. After each
interaction, each player receives a payoﬀ which depends on
the joint action chosen for the interaction.
Each of the normal form games we have chosen was played
for 100 iterations. We repeated each of the 100 iterations 100
times to compute average outcomes and reduce the noise.
We choose to limit the number of repeated games to 100
to support the core idea of having limited repeated interactions. We also tried the diﬀerent algorithms against an adversary that at some point switches strategy. This enabled
us to explore how the agents respond to situations where the
opponent does not converge to a stationary policy.
We have chosen two set of algorithms for our experimental work. Bully and Godfather are representatives of deterministic methods. Q-Learning, WOLF-PHC, and AWESOME represent learning methods. Each one of the learning
methods also represents one of the approaches of multiagent
learning discussed earlier in section 2 and in [6]. All methods assume knowledge of the underlying game and observe
the opponent’s actions.
Q-Learning is a classical learning method, WOLF-PHC
is one the early algorithms that combine policy search and
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opponent modeling, AWESOME learns best response. The
specific algorithms and strategies we use are:
• Q-Learning is a general purpose semi-supervised learning algorithm that we adapted for the repeated game
setting. Q-Learning traditionally assumes a stationary, fully observable environment. In this framework
we break these assumption [14].
• WOLF-PHC operates on a diﬀerent assumption from
Q-Learning with the specific notion of deciding the
best action depending on whether the agent is losing
and winning. WOLF-PHC updates the belief on the
current actions with a steady rate as long as it leads
to wins. When the action leads to losses, WOLF-PHC
changes that belief on the actions with a higher rate
in order to find another suitable action. WOLF-PHC
converges to the optimal policy under the assumption
that the opponent is a learner that will converge to a
stationary policy.
• FAL and FAL-Ensemble are our proposed algorithms.
• Godfather is a general class of Tit-For-Tat strategies
with the basic idea of giving the opponent the chance
to “cooperate” by playing a targetable pair that gains
the opponent more than the security value. However
if the opponent fails to play the targetable pair, Godfather will punish it by playing the minimax strategy.
• Bully is a deterministic policy that chooses the action
the maximizes the player’s payoﬀ assuming the opponent will best respond. A more detailed description of
Bully is in [14] .
• AWESOME is an adaptive algorithm that learns to
play against opponents that (eventually) play a stationary strategy. It does this by observing its opponent’s actions and either plays a precomputed Nash
equilibrium strategy or a best response strategy.
The experimental work is divided into two groups of experiments. In the first group we test diﬀerent agents, each
one using one of the algorithms in the set listed above. The
agents play in pairwise runs against each other in each game.
The second group involves a subset of agents this time playing against a specific agent that switches strategy. The goal
of this second group of experiments is to understand how fast
diﬀerent types of agents adapt to an opponent that switches
its strategy during the game. For FAL, the β is set at 0.75
unless otherwise stated.

Experiment 1
The tables of results presented in this experiment represent
the average reward at the end of 100 iterations for each
game. Each entry in the table contains two values. The first
represents the reward obtained by the row player and the
second represents the reward obtained by the column player
when playing against each other. We only show the results of
FAL because FAL-Ensemble and FAL were identical due to
the fact that in FAL-Ensemble the added hypotheses didn’t
reach the threshold to create an Ensemble.

Chicken
In the game of Chicken, shown in Table 1, in the most cooperative solution each player can get a payoﬀ of 3.0. However,
at each interaction the opponent has an incentive to exploit
to receive a reward of 3.5. If both agents deviate they both
get a lower outcome of 1.0.

3.0,3.0
3.5,1.5

1.5,3.5
1.0,1.0

3.0,3.0
5.0,0.0

Table 1: Chicken game matrix.
Q1
WF
FAL
GF
Bully
AW

Q1
WF
2.4,2.4 2.4,2.4
2.4,2.4

FAL
1.8,2.6
1.8,2.6
3.0,3.0

GF
2.5,2.5
2.3,2.3
3.0,3.0
3.0,3.0

Bully
1.3,2.5
1.3,2.5
1.0,1.0
1.0,1.0
1.0,1.0

0.0,5.0
1.0,1.0

Table 3: Prisoner’s Dilemma game matrix.
AW
2.6,2.5
2.7,2.4
2.9,2.9
3.5,1.5
3.5,1.5
2.5,2.5

Table 2: Average pairwise payoﬀs after 100 repeated
games of Chicken.

Analysis. The reward obtained by Bully is 1.0, which is the
lowest reward possible. This happens because Bully assumes
the opponent will best respond and so it will never try to
cooperate. It is evident that in this game cooperation would
yield a higher payoﬀ of 3.0 for both players. Agents that are
willing to cooperate, like FAL and Godfather, or are willing
to understand when there is potential of higher reward, like
Q-learning and WOLF-PHC, end up choosing a set of actions that lead to higher reward, as shown in Table 2. However, an agent like AWESOME doesn’t attempt to cooperate
and plays the Nash equilibrium strategy to start and it continues to use it against Bully, Godfather, and in self-player.
Against WOLF-PHC and Q-Learning, AWESOME switches
to a best response strategy when these agents are exploring
or cooperating (in the case of FAL). Due to this, AWESOME receives a lower reward then when playing against
other agents.
It is important to notice the speed at which the agents
were able to get the higher cooperative outcome of 3.0. Let’s
look at the row of FAL. FAL learns and signals to the opponent that it is willing to cooperate. Q-Learning, while
better than Bully, is slow at converging to cooperation and
gets only a payoﬀ of 1.8 after 100 games.
Unfortunately, WOLF-PHC and Q-Learning are learners
but are relatively slow in learning the cooperative nature
of the opponent. The slowness in their learning is evident
when compared to the speed of FAL in self-play or even the
original Godfather, which is a stationary strategy. Playing
against Bully is the most clear example of how the lack of
fast learning implies higher reward for the opponent. Bully
is a deterministic policy which does not cooperate, but QLearning and WOLF-PHC are unable to realize this fast
enough and continue to explore in the hope of finding a better outcome. FAL with its fast prediction of the opponent’s
actions is able to realize this and to revert back to the security value.

Prisoner’s Dilemma
In Prisoner’s Dilemma, shown in Table 3, the dominant
strategy is to defect and receive a reward of 1.0. Cooperating would lead to a higher outcome of 3.0 but with the
added risk of getting 0 if the opponent decided to betray.
Analysis. The issue of speed of learning remains a challenge in this game but there are some interesting diﬀerences
between the nature of the games Chicken and Prisoner’s
Dilemma that lead to WOLF-PHC and Q-Learning to learn
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Q1
WF
FAL
GF
Bully
AW

Q1
1.7,1.7

WF
FAL
1.7,1.7 2.2,2.2
1.9,1.9 2.2,2.2
3.0,3.0

GF
2.4,2.4
2.4,2.4
3.0,3.0
3.0,3.0

Bully
0.9,1.4
0.9,1.4
1.0,1.0
1.0,1.0
1.0,1.0

AW
1.8,1.1
2.0,1.1
1.9,2.0
1.0,1.0
1.0,1.0
1.0,1.0

Table 4: Average pairwise payoﬀs after 100 repeated
games of Prisoner’s Dilemma.
β
1
0.75
0.55
0.35

WOLF-PHC
2.4
2.2
2.1
2.0

FAL
2.4
2.2
2.1
2.0

Table 5: The eﬀect of diﬀerent β choices for FAL on
WOLF-PHC vs FAL in Prisoner’s Dilemma.

relatively faster than Bully. In Chicken the diﬀerence was
between getting a reward of 1.0 versus 1.5 while in Prisoner
Dilemma the diﬀerence is either 1 or 0 against Bully.
In a side sub-experiment reported in Table 5 we investigated the eﬀect of using diﬀerent values of β on the performance of our algorithm. This sub-experiment was conducted
in Prisoner’s Dilemma because it was the game with most
significant changes in rewards.
We assume that the benefit occurs because FAL, by trusting its prediction, gives a longer grace period before it punishes the opponent which gives more time to the opponent
to understand that FAL is willing to cooperate. However,
this result depends on the exploration policy. The grace period might not be suﬃcient for WOLF-PHC to reach the
cooperation stage.
Q-Learning against a simple strategy such as Bully fails to
learn that Bully is stationary quickly enough and continues
its attempt to explore. This leads to more than 10% loss in
reward than the security value. This problem is not apparent
in others agents that are adapting faster.
Note that it is evident that Q-Learning in its basic setting
has no concept of winning and losing and it is simply learning
parameters based on the collected reward. On the other
hand, WOLF-PHC has a clear concept of winning and losing
and that aﬀects its parameter learning. WOLF-PHC is able
to learn at a faster rate than Q-Learning and obtains an
average reward of 1.9 in self-play while Q-Learning gets 1.7
in self-play.
AWESOME is able to receive the Nash equilibrium reward
against Bully, Godfather, and in self-play and is able to receive a higher reward when playing against FAL, WOLFPHC, and Q-Learning. It is able to receive a higher reward
against these agents because it can take advantage of the
initial exploration period of Q-Learning and WOLF-PHC
to earn the highest possible reward of 5.0 until Q-Learning
and WOLF-PHC eventually converge. Against FAL it is
able to receive an even higher reward because FAL initially

3.0,3.0
0.0,2.0

2.0,0.0
1.0,1.0

Table 6: Deadlock game matrix.
Q1
WF
FAL
GF
Bully
AW

Q1
WF
2.7,2.7 2.7,2.7
2.7,2.7

FAL
2.8,2.8
2.8,2.8
3.0,3.0

GF
3.0,3.0
3.0,3.0
3.0,3.0
3.0,3.0

Bully
3.0,3.0
3.0,3.0
3.0,3.0
3.0,3.0
3.0,3.0

AW
2.1,2.1
1.8,1.9
3.0,3.0
3.0,3.0
3.0,3.0
3.0,3.0

Table 7: Average pairwise payoﬀs after 100 repeated
games of Deadlock.

Analysis. In Battle of the Sexes, Godfather and Bully simply play one of the cooperative actions. FAL starts by playing one of the cooperative actions and learns what the opponent strategy is. However, it does not switch strategies
because it will not gain any reward by doing so. In fact, if
FAL were to switch strategies it would force both itself and
its opponent to lose out on all potential reward. WOLFPHC and Q-Learning receive slightly below the equilibrium
reward due to the exploration period. AWESOME best responds to WOLF-PHC and Q-Learning during this time and
is able to obtain more reward than it would if it were to not
switch from the Nash equilibrium strategy. However, the average reward AWESOME receives is low because it is slow
to recognize that its opponent has switched strategies and
AWESOME receives a reward of 0.0 for a few iterations.

Collaboration
cooperates and AWESOME is able to earn a reward of 5.0
many times until FAL learns it is doing this and switches to
play the Nash equilibrium strategy.

Deadlock
In the game Deadlock, the choice of action is obvious, which
is to choose action 1, i.e. cooperating. This leads to a reward
of 3.0 for both sides.
Analysis. Deadlock is a simple game where the choices are
clear. Most agents choose the cooperative action. The exception is Q-Learning and WOLF-PHC which get rewards
slightly below 3.0 due to their exploration, especially when
playing against other learning agents. The question remains
what is the value of exploration in this game. This is a
game where any exploration could be viewed as an irrational
choice, because there is no incentive to get a higher reward
from the one given. Godfather and Bully are deterministic strategies so they do not change their choice. FAL and
AWESOME converge to a cooperative state and do not explore a suboptimal solution while in self-play. WOLF-PHC
and Q-Learning continue to explore in self-play and against
other learners.

Battle of the Sexes
In the game of Battle of the Sexes both players want to
coordinate but they have conflicting interests. There are two
pure Nash equilibria where both players choose the same
action and one mixed Nash equilibria where both players
play their preferred action more often than the opponents
preferred action.
3.0,2.0
0.0,0.0

0.0,0.0
2.0,3.0

Q1
WF
2.7,2.1 2.6,2.2
2.7,2.0

FAL
2.9,1.9
2.9,2.0
2.0,3.0

GF
3.0,2.0
2.9,2.1
2.0,3.0
2.0,3.0

3.0,3.0
0.0,0.0

2.0,2.0
3.0,3.0

Table 10: Collaboration game matrix.
Q1
WF
FAL
GF
Bully
AW

Q1
2.8,2.8

WF
FAL
2.7,2.7 2.9,2.9
2.7,2.7 2.9,2.9
3.0,3.0

GF
2.9,2.9
2.9,2.9
3.0,3.0
3.0,3.0

Bully
2.9,2.9
3.0,3.0
3.0,3.0
3.0,3.0
3.0,3.0

AW
2.5,2.5
2.4,2.4
3.0,3.0
3.0,3.0
3.0,3.0
3.0,3.0

Table 11: Average pairwise payoﬀs after 100 repeated games of Collaboration.
Analysis. In Collaboration, Godfather, Bully, and FAL
play one of the cooperative actions and FAL learns that it
should not change actions because it will receive less reward
even though it knows what action its opponent will play.
WOLF-PHC and Q-Learning again receive slightly below
the equilibrium reward, similar to Battle of the Sexes, due to
the exploration period. AWESOME best responds but the
average reward is higher for this game because AWESOME
does not receive a reward of 0.0 as often since it now also
may receive a reward of 2.0.

Coordination

Table 8: Battle of the Sexes game matrix.
Q1
WF
FAL
GF
Bully
AW

In the Collaboration game both players want to coordinate
and choose the same action and don’t have a preference for
which action they both agree on. There are two pure Nash
equilibria where both players choose the same action.

Bully
3.0,2.0
2.9,2.0
2.0,3.0
2.0,3.0
2.0,3.0

AW
1.5,1.1
1.5,1.2
2.0,3.0
2.0,3.0
2.0,3.0
2.0,3.0

Table 9: Average pairwise payoﬀs after 100 repeated
games of Battle of the Sexes.
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In the Coordination game both players want to coordinate
and choose the same action and they both prefer action 1
over action 2. There are two pure Nash equilibria where both
players choose the same action however action 1 dominates
the other.
Analysis. In Coordination, the results are similar to Collaboration however the cases when Q-Learning plays against
AWESOME and when WOLF-PHC plays against AWESOME are interesting. Both players receive far lower than
the equilibrium reward. This is because Q-Learning and
WOLF spend time exploring and as such sometimes play
action 2. This will initially give both players a reward of
1.0. AWESOME eventually determines that its opponent is

0.0,0.0
2.0,2.0

3
0

Table 12: Coordination game matrix.
Q1
WF
FAL
GF
Bully
AW

Q1
WF
2.3,2.3 2.2,2.2
2.2,2.2

FAL
2.4,2.4
2.6,2.6
3.0,3.0

GF
2.7,2.7
2.7,2.7
3.0,3.0
3.0,3.0

Bully
2.3,2.3
2.4,2.4
3.0,3.0
3.0,3.0
3.0,3.0

AW
1.3,1.3
1.3,1.3
3.0,3.0
3.0,3.0
3.0,3.0
3.0,3.0

Average Delta Reward

3.0,3.0
1.0,1.0

GodFather vs. Switch

-3
3
0

WOLF-PHC vs. Switch

-3
3
0

Table 13: Average pairwise payoﬀs after 100 repeated games of Coordination.

5.1 Experiment 2: Switching Strategy
In Experiment 1 we have shown that FAL is able to learn
faster, adapt and achieve better results than Q-Learning,
WOLF-PHC, and Bully. FAL was also able to receive better results in self-play in comparison to AWESOME in selfplay. However, the performance of Godfather, and FAL are
almost identical in many scenarios. Moreover, we would like
to further show the power of FAL-Ensemble over the original FAL. In order to show the importance of fast adaptive
learning we present what happens against an opponent that
changes its strategy after some period of time. Detecting
the change and adapting to it is the real advantage that we
are aiming at achieving in this work.
We introduce a new agent we call Switch agent. The agent
starts by following the classical Godfather strategy until it
reaches stage 40 of the game. After that, the agent follows a
deterministic repeated sequence of actions {a1 , a2 , a1 , a1 , a2 , a1 }
indefinitely. This agent is intended to be deterministic and
predictable with a bounded memory. The choice of making the agent switch to a deterministic policy was made to
simplify the analysis. Despite its simplicity, learning to play
against this opponent is challenging.
In this experiment, we show the results of the Switch agent
playing against Godfather, WOLF-PHC, FAL, and FALEnsemble in the game of Chicken. The rest of the games
show similar trends as Chicken so the analysis would be
similar. WOLF-PHC and Godfather were chosen to represent the learner agents because of their strong performance
in Experiment 1. Figure 1 shows the average reward over
time for the 4 agents against the Switch agent.
Analysis of Rewards Figure 1 shows the graph for the
Switch agent against the four agents Godfather, WOLFPHC, FAL, and FAL-Ensemble. The figure reports the difference Delta in average reward between the agents and the
Switch agent. Positive Delta rewards imply Switch is getting
more reward and 0 is a tie. FAL and Godfather were able to
detect that the opponent is cooperative and converged to a
stable reward. WOLF-PHC attempted to learn the cooperative nature but started by fluctuating and did not actually
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0
-3

FAL-Ensemble vs. Switch
0

20

40
60
Games Stage

80

100

Figure 1: Average delta reward for the 4 Agents
vs. Switch agent. Positive values imply the Switch
agent is getting more reward, 0 are ties, and the
positive values are the others.
converge to constant reward as FAL and Godfather.
At stage 40 of the game, the Switch agent switches to its
deterministic strategy. At that stage, the behaviors of the
four agents vary. FAL goes on a period of attempting to predict the opponent’s action. In this period FAL’s prediction
accuracy fluctuates which leads into a phase where FAL will
use a combination of its prediction or the opponent’s previous action to decide its own next action. This continues
until FAL succeeds in predicting the Switch agent action sequence which will occur at around stage 60. From that point
forward, FAL has a 100% accurate prediction of Switch that
will lead to stable Delta rewards. FAL-Ensemble starts a
new Predictive model at time 40 and is able to capture the
new behaviors without any biases in less than 8 interactions
in comparison to 20 in FAL.
1

0.8

Prediction Success

playing a stationary strategy and plays its best response to
this strategy which is to play action 2 instead of its initial
Nash equilibrium action 1. This forces both players to receive a reward of 2 and the joint strategy of both players
playing action 2 is a Nash equilibrium so both players never
deviate from this strategy from then on.

FAL vs. Switch

-3
3

0.6

0.4

0.2
Prediction Success

0
0

20

40

60

80

100

Games Stage

Figure 2: FAL success at predicting the agent’s next
action.
Figure 2 shows the success of FAL in predicting the action of the Switch agent. The graph shows how FAL after
the first 7 interactions is able to determine the next action
of its opponent with 100% accuracy. When it reaches stage
40, the prediction success dropped and continued to fluctuate around 40% and 70% but in around 20 interactions it

1
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0.8

0.6

0.4
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Preduction Success
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Figure 3: Godfather success at predicting the
agent’s next action (Godfather prediction is simply
the opponent’s last action).

went up to almost 100%. This is very significant as it shows
that our predictive model is capable of adapting rapidly to
changes in the opponents behavior.
Stage 40 and beyond shows a shortcoming of the Godfather strategy. Godfather continues to miscalculate the next
action and ends up either getting 1.5 or 3.0, which is driven
by the actions of the Switch agent. This issue rises because
Godfather makes its next action based on the last action of
the opponent while in order to fully capture the opponent
a model needs to look at least three past actions as a sequence. Figure 3 shows by using the opponents last action
as prediction for its next action Godfather was able to predict the first 40 stages. However, after stage 40 Godfather’s
prediction is almost random. This also explains our requirement of a predictive model that is able to find and exploit
any information hidden in the ordered sequence of actions.
WOLF-PHC struggles in a fashion similar to Godfather
after stage 40, by alternating between rewards of 1.5 and
above 3.0. The issue with WOLF-PHC that even if WOLFPHC is able to quickly learn the probability of each action, it
will not be a clear sequence predicted as provided by FAL.
This will cause WOLF-PHC to have sub-optimal best response to the Switch agent in the limited interactions as
shown in the delta rewards. The comparison of these results
is important as it shows the true power of FAL in comparison to both WOLF-PHC and Godfather. Moreover, it shows
the power of FAL- Ensemble by eliminating bias and add a
new predictive model to the Ensemble.

6.

CONCLUSIONS AND FUTURE WORK

Our goal in this work was to motivate and introduce the
need for new requirements on multiagent learning algorithms.
We want to be able to build agents that learn even when
interacting with an opponent for a limited number of repeated interactions as well as that have the capability to
adapt to sudden and frequent changes in the opponent’s
strategy regardless of whether the opponent is truly adaptive or even stationary in the limit. We proposed a new algorithm, FAL, and its variation, FAL-Ensemble, which creates
a new predictor whenever the opponent strategy switches
and which makes predictions by a majority vote among its
predictive models. We showed experimentally that FAL and
FAL-Ensemble outperform other algorithms in this context.
Future work will be directed at examining theoretical properties of FAL, extending it to work with n-player games,
making predictions for more than the next opponent’s action, and applying it to a larger class of games.
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ABSTRACT
We address the problem of creating agents that can negotiate in an environment where adapting to the norms of the
society is a significant factor to performing well. We focus on
the Social Ultimatum Game, a multi-agent multi-round extension of the Ultimatum Game, a classical game-theoretic
problem which has been studied for decades due to the variability of the behavior it elicits. We create ten societies of
agents based on five classes of agent behavior to create a diverse test environment. We used Amazon Mechanical Turk
to evaluate how human participants adapt to these various
societies, serving as a baseline for several agent-based approaches. Current approaches primarily succeed in societies
similar to their own and fail elsewhere. We construct a new
type of adaptive agent, based on single-step marginal-value
optimization, and show that it outperforms humans across
these varying agent societies when playing the Social Ultimatum Game.

Categories and Subject Descriptors
I.2.11 [Artificial Intelligence]: Distributed Artificial Intelligence—Intelligent agents, Multiagent systems

General Terms
Algorithms, Economics, Experimentation

Keywords
Multi-Agent Systems, Game Theory, Ultimatum Game, Mathematical Models of Human Behavior, Learning, Adaptation

1.

INTRODUCTION

Creating software agents that can negotiate eﬀectively is
an important problem that has been studied by agent researchers in contexts such as the trading agent competition
and the virtual agents community. In the former, a goal is
typically to find optimal policies in settings with uncertain
and incomplete information, and where policies are evaluated in societies of entirely artificial agents [25]. In the latter, a goal is to create agents that can interact with humans
— in many cases, to train them in negotiation with individuals from particular cultures or diﬀerent value settings [22].
In this paper, we examine a problem that combines the
complexities of these goals. We want to create negotiating
agents that can perform eﬀectively in multiple environments,
specifically in a multitude of societies where values and styles
of negotiation might be significantly diﬀerent. For example,
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certain societies may have a high degree of reciprocity. Others may have extremely high (or low) standards for what is
considered a fair trade. Since performance can be highly dependent on the interaction environment, the design of such
a negotiation agent is not a straightforward optimization
problem. Performance depends on adapting to the norms of
that society by learning quickly through interaction.
As context for this investigation, we use the Social Ultimatum Game [6], a multi-agent multi-round extension of the
Ultimatum Game. The Ultimatum Game has a three-decade
history in social sciences that shows how cultural and other
factors significantly aﬀect behavior/performance. It maps to
real-world problems because each interaction splits surplus
from a joint activity (a common negotiation issue) and thus
abstracts many economic transactions. In the classical Ultimatum Game, an endowment can be shared by a proposer
and responder, if the responder agrees to the proposer’s split
of the endowment. Otherwise, neither the proposer or responder receives any reward. Even in this one-shot interaction, it has been shown through many investigations in a
wide-range of research communities that humans exhibit a
wide range of behaviors that deviate from a “rational” payoﬀmaximizing strategy based on factors such as cultural background, occupation and emotional factors among others.
In order to perform well, it is important for the proposer
to have an accurate model of the responder. The Social
Ultimatum Game allows each player to take the role of the
proposer, to pick the responder from the set of all players,
to decide to accept or reject any oﬀers it receives from the
other players, and to repeat this process for multiple rounds.
Thus, players have the chance to learn and adapt to the
game population. Also, the game adds an alternate method
for generating payoﬀs: enticing the other players to choose
oneself as the responder.
To investigate adaptation in this context, we implemented
several behavioral and bargaining approaches, drawn from
the wide literature in this area: adaptive fairness, quantal response equilibrium, regret minimization, tit-for-tat, sigmoid
acceptance learning, and randomized expected reward. We
introduce a new approach called marginal value optimization. Where necessary, models were trained with data gathered from human players. We then created a collection of
agent societies and conducted experiments where a single
agent of each type was placed into societies of homogeneous
agents of varying types. We also conducted experiments using Amazon Mechanical Turk where a single human played
against these societies to establish a real-world baseline for
performance that required adaptivity to diverse societies.

Our contributions in this paper are (1) a study of how various computational agents perform in diverse agent societies,
(2) how these agents compare against human performance
in these societies and (3) a simple approach based on singlestep marginal-value optimization that outperforms humans.

2.

RELATED WORK

The Ultimatum Game [8] has been studied extensively
by many communities under various conditions in order to
understand the diverse human behavior it elicits and its divergence from the “rational” Nash equilibrium strategy [4,
5, 7, 12, 13, 15, 17]. There are certain conditions under
which people have gravitated towards the payoﬀ-maximizing
strategy including autism [12], or being familiar with economics [14] and others [3, 20, 21, 23]. However, there has
been significant research showing that behavior varies greatly
by culture and society to which one belongs [9, 10, 11, 18].
By adding the ability for the proposer to retrieve information about the recipient’s past actions, others show that
these adaptation rules, together with this added ability to
retrieve reputation information, causes convergence to fair
play [17]. Recently, researchers have been investigating genetic influences on play in the Ultimatum Game [24]. Most
previous research investigates the one-shot game. In contrast, we investigate the multi-agent multi-round Social Ultimatum Game where players explore and build relationships
with other players over time.
Building adaptive agents for economic contexts is an established and prominent research area in the multi-agent
systems community, exemplified by the trading agent competition [25] and various similar competitions. For brevity,
we only mention the background work that directly aﬀects
the agents we created for this investigation. Many of these
agents are implemented within our Social Ultimatum Game
framework, and are the subject of the comparative study
conducted as part of this work.
A seminal work in using agent-based simulation to study
human interaction was Axelrod’s tournament for Prisoner’s
Dilemma that yielded the Tit-for-Tat strategy as a simple
yet powerful strategy for success [2]. Recently, regret minimization has become a prominent method for modeling human behavior as well as for performing well under multiple
scenarios [1].Quantal Response Equilibrium is a methodology for modeling human behavior that has been used in
many settings including game-theoretic agents in security
settings [16, 26]. A sigmoidal acceptance learning (SIGAL)
approach was recently used to model social factors in a
revelation negotiation game and outperformed humans and
equilibrium agents [19]. An agent that used an adaptive
model of fairness along with partial exploration was used to
closely replicate human reciprocity over time in an Ultimatum Game context [6].

3.

and P1 knows this. Yet, humans both make and reject oﬀers
that exceed δ.
The Social Ultimatum Game represents that people operate in societies of multiple agents and repeated interactions.
Players, denoted {P1 , P2 , . . . , PN }, play K ≥ 2 rounds, where
N ≥ 3. In each round k, every player Pm receives a new enk
dowment e and chooses a recipient rm
and makes them an
k
k
oﬀer qm,n (where n = rm ). Each recipient Pn then considers
the oﬀers they received and makes a decision dkm,n ∈ {0, 1}
k
for each oﬀer qm,n
to accept (1) or reject (0) it. If the ofk
k
fer qm,n is accepted by Pn , then Pn receives qm,n
and Pm
k
receives e − qm,n , where e is the endowment to be shared.
k
If the oﬀer qm,n
is rejected by Pn , then both players receive
nothing for that particular oﬀer in round k. Thus, Pm ’s rek
ward in round k, Um
, is the sum of the oﬀers they receive
and accept (if any are made to them) and their portion of the
proposal they make, if their proposal was accepted. Thus,
the utility to the m-th agent in the k-th round is
�
k
k
k
Um
= (e − qm,n
)dkm,n +
qj,m
dkj,m
(1)
j=1...N,j�=m

The total rewards for P�
m over the game is the sum of perk
round winnings, Um = K
k=1 Um .
Figure 1 shows our Social Ultimatum Game interface. The
given example is a 5-person 20-round game. Players are
given avatars to preserve anonymity so that they cannot
identify each other even when playing next to each other.
The equilibrium analysis of the Social Ultimatum Game was
described in [6].

4.

EQUILIBRIUM ANALYSIS

We first address potential equilibrium strategies. First, let
us characterize strategies by statistics that they produce in
steady-state: the distribution of oﬀers made by each player,
where pgm (n, q) denotes the likelihood that Pm will give an
oﬀer of q to Pn , and the distribution of oﬀers accepted by
each player, where pam (n, q) denotes the likelihood that Pm
will accept an oﬀer of q from Pn . Under these conditions,

THE SOCIAL ULTIMATUM GAME

The classical Ultimatum Game is a two-player game where
P1 proposes a split of an endowment e ∈ N to P2 where P2
would receive q ∈ {0, δ, 2δ, . . . , e − δ, e} for δ ∈ N. If P2
accepts, P2 receives q and P1 receives e − q. If P2 rejects,
neither player receives anything.
The subgame-perfect Nash or Stackelberg equilibrium has
P1 oﬀering q = δ (i.e., the minimum possible oﬀer), and P2
accepting, because a “rational” P2 should accept any q > 0,
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Figure 1: The Social Ultimatum Game web interface
for a 5-person 20-round game. Players are given
avatars to preserve anonymity so that they cannot
identify each other even when playing next to each
other.

the expected reward for Pm per round in steady-state is:
� g
�
rm =
qpn (m, q)pam (n, q) +
(e − q)pgm (n, q)pan (m, q) (2)
n,q

�

n,q

g
n,q pm (n, q)

where
= 1, ∀m, as the total outgoing offers must total one oﬀer per round, and the acceptance
likelihoods are pam (n, q) ∈ [0, 1], ∀m, n, q. A player acting to maximize these rewards will modify their oﬀer likelihoods {pgm (n, q)} and acceptance likelihoods {pam (n, q)},
given those of the other players. A player can always create
the desired statistics by playing a stationary mixed strategy
with the desired likelihoods. To optimize the oﬀer likelihoods, Pm will set:
pgm (n, q) > 0, ∀n ∈ N g ⊂ arg max max(e − q)pan (m, q)
n

q

(3)

�
such that n,q pgm (n, q) = 1, and pgm (n, q) = 0, otherwise.
Thus, in equilibrium, Pm will give oﬀers to those agents
whose acceptance likelihoods yield the highest expected payoﬀ. Consequently, the oﬀer likelihoods are a function of the
acceptance likelihoods of the other players. A player’s acceptance
likelihoods are optimized with respect to the term
�
g
qp
(m,
q)pam (n, q) which is a function of the oﬀer likelin
n,q
hoods. Thus, we can analyze steady state outcomes in terms
of only the acceptance likelihoods, where the oﬀer likelihoods
are optimized, as discussed above, in some manner to meet
the outgoing oﬀer limitation of one per round.1

5.

AUTONOMOUS AGENTS

To investigate various agent-based strategies as well as
create diverse agent societies we considered a wide range of
established approaches. We also present a new approach.
We first summarize the approaches below and later provide
more details about how they were adapted to the Social
Ultimatum Game context.
• Tit-for-Tat : This is a fully reciprocal agent that
chooses responders who previously made them oﬀers,
and oﬀers an amount that reciprocates that previous
oﬀer. This is a standard approach based on its success
in [2].
• Regret Minimization : This agent minimizes worstcase regret by hedging among a set of available actions. It hedges by increasing the weights associated
with high payoﬀ actions, and probabilistically chooses
actions based on these weights, which are initialized
using human data [1].
• Expected Reward QRE : This agent learns the expected rewards of various actions based on human play
data and acts using a quantal response equilibrium
strategy based on these rewards [16, 26].
• SIGAL QRE : This agent also uses a quantal response equilibrium strategy but the utility is based on
the sigmoid acceptance learning approach which incorporates a model of social utility into the rewards [19].
1

The results in this Section 4 were also described in [6]. We
present them here to aid in explanation of the domain, and
also to show the disadvantages of equilibrium-based strategies.
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• Adaptive Fairness : This agent is characterized by a
fairness threshold which is dynamically updated based
on an adaptability parameter and an exploration parameter. It accurately replicates human dynamic reciprocity behavior and is used as a stand-in for various
human-like behaviors that are learned from data [6].
• Marginal Value Optimization : This agent chooses
an action based on the marginal value of being seen
as the preferred partner of each agent in the society.
The value is a product of the expected value of the
oﬀer received from a particular agent and the marginal
increase of the likelihood of receiving an oﬀer. This
new approach is a contribution of this paper.

5.1

Tit-for-Tat

The Tit-for-Tat agent chooses the agent that made it the
highest oﬀer in the previous round as a responder and makes
it an oﬀer of the same value. If no one made it an oﬀer in
the previous round it chooses an agent at random and makes
an oﬀer of a preset value. As an agent society, we chose the
preset value to be $2.

5.2

Regret Minimization (Hedging)

The Hedging agent treats the game as a multi-armed bandit problem and uses a novel extension of the EXP3 Hedging
algorithm first described by Auer et al. [1] that we call SUGHedge. By playing according to the SUG-Hedge algorithm,
the agent can guarantee that its expected regret will be minimized, with an upper bound on expected regret of
√
√
2 e − 1 KT ln K,
where K is the number of possible actions and T is the number of time periods played. Here we use the usual definition
of expected weak regret:
� T
�
� T
�
�
�
max Ea1 ,...,aT
xj (t) − Ea1 ,...,aT
xat (t) ,
1≤j≤K

t=1

t=1

that is, the diﬀerence between the reward that could have
been obtained had a diﬀerent action been chosen over the
T rounds of the game, and the reward that was actually
obtained using the strategy determined by our algorithm.
Due to space constraints, we omit the proof of the regret
bound since it is not directly relevant to this paper.
The SUG-Hedge algorithm is fairly straightforward, and
is shown below. We maintain weights for each of the possible
actions Ai,j , with each action corresponding to a choice of
player i to make an oﬀer to, and a choice of the amount j to
oﬀer. Actions are chosen by sampling a distribution defined
by these weights. When actions result in positive rewards,
the weight for that action is multiplicatively updated. This
update takes into account the fact that rewards can only
be observed for the one action actually chosen; thus an expected reward is calculated and used for the update. By
using an expected reward, we are able to adjust the weights
appropriately, as if we had observed the reward resulting
from each action at each time period.
We make a few further assumptions to increase the use
of the information we gain from each action choice. This is
easily seen by considering an example: Assume the SUGHedge algorithm makes an oﬀer of $4 to player i, who accepts, and thus a reward of $6 is received. Then, we can
assume that oﬀers ≥ $4 to player i would also have been

Feature
BENpk
P.BENpk
P.BENdk
Free Parameter

Algorithm 1 SUG-Hedge
Parameters: γ ∈ (0, 1], K is total number of actions
Initialization: {wm,n }
Repeat for round t = 1, 2 . . . until game ends
1. Get the probability of each action Ai,j
t
Pi,j

Table 1: SIGAL Parameters

wi,j
γ
= (1 − γ) �
+
w
K
j
i,j

5.4

2. Choose an action Ait ,jt randomly according to the dist
t
tribution P1,1
, ..., P4,10
3. For i = it , j � jt ,
t
Xi,j
t
�
�
Revise reward of action Ai,j : X
t
i,j =
�
j �j Pi,j �
� �
�
Xt
t+1
t
Update weight of action Ai,j : wi,j
= wi,j
exp γ Ki,j
accepted. SUG-Hedge thus updates not only wi,4 but also
wi,j where j > 4. This extension enables us to significantly
tighten the bound described above. We also consider further
extensions to SUG-Hedge that account for rewards due to
player reciprocation, but the results are similar, and thus
we omit them here. To initialize the weights {wm,n }, we
calculate the probabilities of diﬀerent oﬀer values based on
the game data collected from human experiments (see Section 5.6), and initialize the weights to reflect the distribution
of oﬀer values exhibited in the data.

5.3

Expected Reward QRE

The quantal response equilibrium (QRE) model captures
the fact that humans do not always choose the option that
yields the highest expected utility. Instead, they follow a
probabilistic, noisy decision process. Our QRE agent learns
a static model of human action selection, using data from
previous experiments where we collected data from games
with five human players. This action selection model is then
used at each round of the game. Thus, the agent does not
adapt during game play.
The QRE model states that an action�a is chosen with
probability p(a), where p(a) = eλU (a) / a∈A eλU (a) . We
calculate the utilities U (a) as the expected utility of playing an action a. To derive this quantity, we calculate the
acceptance rate ra of each oﬀer amount a from our human
game-play data. The expected utility for action a is thus
U (a) = ra (10 − a).
The parameter λ enables us to tune the amount of noise
in the action choice. For example, λ = 0 results in uniform
action choice, and λ = ∞ results in a best response action
choice. Tuning λ is thus an important step in creating the
QRE agent. We use maximum likelihood estimation (MLE)
to fit λ using our human game-play data. The log likelihood
of λ is
�
�
�
� λU (a)
log L(λ|a) = λ
Na U (a) − N log
e
,
a∈A

Value
7.6034
-7.3302
1.7826
-0.5819

a∈A

where Na is the number of times action a was chosen in
our data set. Since log L(λ|a) is a concave function, it has
only one global maximum. Based on our human game-play
dataset, the MLE of λ is 0.1020.
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SIGAL QRE

The Sigmoidal Acceptance Learning (SIGAL) agent introduced by Peled et al. [19] uses a social utility function
instead of a selfish profit-maximizing utility function, and
combines that with a sigmoidal acceptance function to determine action choice. The agent was shown to perform well
relative to humans in two-agent negotiation tasks. Here we
adapt the SIGAL agent to operate in the Social Ultimatum
Game, which can be thought of as a multi-agent negotiation
task. In fact, the Ultimatum Game was originally referred
to as the Ultimatum Bargaining Game.
To adapt SIGAL for the Social Ultimatum Game, we first
modified the set of features used to calculate the social utility. The features we used were:
• BENpk : Proposer’s benefit on the current round k,
• P.BENpk : The benefit gained by the current proposer
during the last interaction between the current proposer and decider, where the current proposer was also
the proposer during that interaction,
• P.BENdk : The benefit gained by the current decider
during the last interaction between the current proposer and decider, where the current decider was the
proposer during that interaction.
Thus we have the feature vector at round k:
xk = (BENpk , P.BENpk , P.BENdk )
Coeﬃcients were learned using logistic regression after a
standard normalization procedure
x̂ =

x − std(X)
,
mean(X)

where X is the set of all feature vectors in our dataset. Table 1 shows the coeﬃcient values learned in this way.
Since the original SIGAL agent was designed for a twoagent negotiation game, we also need to extend the agent to
handle our multi-agent (five-person) game. We maintain the
spirit of the agent by using a QRE model to select which of
the four opponents to make an oﬀer. Similar to the expected
reward QRE agent, we estimate the λ parameter from data,
using the expected social utility instead of the expected reward. In this case, the MLE of λ is 1.030.

5.5

Adaptive Fairness

The full description of the adaptive fairness approach is
described in [6]. For clarity in understanding this work, we
give a short description of the agent here. The desiderata for
this agent incorporates the assumptions that people will: (1)
start with some notion of a fair oﬀer, (2) adapt these notions
over time at various rates based upon their interactions, (3)
have models of other agents, (4) choose the best option while
occasionally exploring for better deals. Each player Pm is

0
characterized by three parameters: αm
: Pm ’s initial acceptance threshold, βm : Pm ’s reactivity and γm : Pm ’s exploration likelihood.
0
The value of αm
∈ [0, e] is Pm ’s initial notion of what constitutes a “fair” oﬀer and is used to determine whether an
oﬀer to Pm is accepted or rejected. The value of βm ∈ [0, 1]
determines how quickly the player will adapt to information during the game, where zero indicates a player who will
not change anything from their initial beliefs and one indicates a player who will solely use the last data point. The
value of γm ∈ [0, 1] indicates how much a player will deviate
from their “best” play in order to discover new opportunities where zero indicates a player who never deviates and
one indicates a player who always does.
Each player Pm keeps a model of other players in order
to determine which player to make an oﬀer to, and how
much that oﬀer should be. The model is composed as follows: akm,n : Pm ’s estimate of Pn ’s acceptance threshold;
ākm,n : Upper bound on akm,n ; and akm,n : Lower bound on
akm,n . Thus, Pm has a collection of models for all other players {[akm,n akm,n ākm,n ]}n for each round k. The value am,n is
the Pm ’s estimate about the value of Pn ’s acceptance threshold, while akm,n and ākm,n represent the interval of uncertainty over which the estimate could exist.
An important emergent property of this agent is that it
can replicate the reciprocity dynamics of human players,
without explicitly being coded to do so. This indicates that
these agents, while not perfectly aligned, are a reasonable
substitute for human-like agents and we can use them to
create various societies.

5.6

Parameters learned from human data

As mentioned in the prior sections, we used a set of human experiments to learn the parameters of several of the
described agents. These experiments were performed under
two diﬀerent settings: (1) University: Undergraduates and
staﬀ at a U.S. university, and (2) Conference: Attendees at
an international conference with primarily computer science
doctoral students and faculty.
We collected 40 game traces for the University setting,
and 80 game traces for the Conference setting. Each game
was a five-person, 20-round Social Ultimatum Game, with
a $10 endowment given to each player in each round. Payouts were given relative to performance, with a conversion
rate of US$0.025 for each Ultimatum Game dollar. From
this data we estimated α, β and γ parameters for the adaptive fairness agents, using diﬀerent subsets of humans for
the diﬀerent experiment settings described in the next section. These experiments include using the top 25% scorers
in the Conference dataset, the top 25% scorers in the University dataset, two clusters of the human population based
on oﬀer value entropy (people who spread their oﬀer values
out the most and the least) and four humans drawn randomly from the populations. The learned parameters are
shown in Table 2. The SIGAL-QRE, ER-QRE and Regret
Minimization agents were also initialized with parameters
learned from the same University and Conference datasets.

5.7

Marginal Value Optimization

One of the fundamental gaps in the other approaches is
that they do not leverage the possibility that the act of making an oﬀer is also an opportunity to aﬀect the mental model
of other agents. An oﬀer is not simply an opportunity for an
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Agent
Conference Top 25%
University Top 25%
Cluster1
Cluster2
Human #2
Human #16
Human #18
Human #39

α
2.950
4.125
3.075
3.875
7
4
4
2

β
0.349
0.390
0.287
0.528
0.482
0.330
0.598
0.631

γ
0.0675
0.0562
0.0737
0.1475
0.1
0.1
0.05
0.15

Table 2: Parameters
agent to obtain a payoﬀ but can also serve to increase the
likelihood that another member of the society will choose
the agent as a partner, or to possibly aﬀect their notion of
what is a fair oﬀer if that society member is also adaptive.
We introduce the marginal value optimization (MVO) agent,
which considers its oﬀer as an opportunity to influence other
agents. On each round it will make an oﬀer value that it
believes will make the target agent believe it is the most
generous agent in the society.
Let us denote this value as the top target value. It chooses
the target agent by calculating the marginal value of making
that particular agent believe that it is the most generous
agent in the society as follows. Let vnk be the marginal value
of making the top target value to the n-th agent in the k-th
round. Let q̂nk be the estimate of the oﬀer value that the n-th
k
agent would make to its target in k-th round. Let p∗ (qn,m
>
0) be the likelihood that the n-th agent will make the MVO
agent an oﬀer in the next round if the MVO agent oﬀers it
k
the top target value in the k-th round. Let p(qn,m
> 0) be
the likelihood that the n-th agent will make the MVO agent
an oﬀer in the next round if the MVO agent does not make
it an oﬀer in the k-th round. The marginal value of making
the n-th agent a top target value oﬀer in the k-th round is
the estimate of the oﬀer that the n-th agent will make back
to the MVO agent multiplied by the marginal increase in
the likelihood that the MVO agent will receive an oﬀer:
�
�
k
k
v k (n) = q̂nk · p∗ (qn,m
> 0) − p(qn,m
> 0)
(4)
This approach actually describes a space of possible approaches that are characterized by the functions that (1)
determine the top target value, (2) estimate the value of the
returning oﬀer, (3) estimate the likelihood of an oﬀer being
reciprocated if the top target value oﬀer is made and (4) the
decay in that likelihood if an oﬀer is not made.
Here, we make very simple assumptions for these functions
as follows: (1) the top target value is the best oﬀer received
in the last two rounds, (2) the estimate of the value of the
returned oﬀer is the last known oﬀer from that agent, (3)
the likelihood of reciprocation of a top target value oﬀer is
1, and (4) the decay is linear such that it reaches zero when
the number of non-oﬀer rounds is the number of players. All
value estimates are set to $5 until we receive data during
game play. All oﬀers made to the MVO agent are accepted.

6.

EXPERIMENTS

The experiments evaluate the adaptiveness of the various
agents, when playing against a society of other players. In
each experiment, we create a five-player game, where a given
test player is evaluated when playing with four other society
agents drawn from a single society type. Each game is 20

rounds, with a $10 endowment provided to each player in
each round. The agent types for the test player were described in the previous section. The ten diﬀerent societies
are as follows:
• AF-Conf-Top25 : 4 Conference Top 25% AF-agents.
This represents the top scoring human strategies in the
Conference dataset.
• AF-Univ-Top25 : 4 University Top 25% AF-agents.
This represents the top scoring human strategies in the
University dataset.
• AF-Cluster-1 : 4 Cluster 1 AF-agents. The Conference data was clustered into two sets: one which
exhibited high oﬀer value entropy, and one which exhibited low oﬀer value entropy. Cluster 1 represented
40 humans who did not change their oﬀer values very
much over time.
• AF-Cluster-2 : 4 Cluster 2 AF-agents. Cluster 2 represented 40 humans who spread out their oﬀer values.
• AF-Alpha-7: : 4 AF-agents, all fit using Human #2.
This society was chosen to stress the adaptiveness of
the test agents by exposing them to a relatively unusual society. Here the human player would initially
only accept oﬀers of at least $7.
• AF-4Types: : AF-agents fit using Human #2, #16,
#18, #39. This society is the only one which is composed of a mix of agents. We selected four random
humans, and fit one AF agent for each of them. As
shown in Table 2, the players varied in terms of initial
oﬀer acceptance threshold, and had generally reasonable rates of adaptiveness and exploration, with some
variation exhibited across the four players.
• SIGAL-QRE : 4 SIGAL-QRE agents.
• ER-QRE : 4 ER-QRE agents.
• Regret : 4 Regret Minimization agents.
• TFT-2 : 4 Tit-for-Tat agents with baseline $2 oﬀers.
We evaluate six diﬀerent types of test agents: (1) Human,
(2) Regret, (3) SIGAL-QRE, (4) ER-QRE, (5) Tit-for-Tat,
and (6) Marginal Value Optimization (MVO). We also evaluated other variations of these test agent types, as well as
test agents based on Adaptive Fairness, but omit the results
here for brevity and because they do not add additional insight to this discussion. Here we present the results of the
sixty diﬀerent pairings of one test agent with one society.
For each pairing of one artificial agent and one society, we
run 1000 games in simulation to obtain an estimate of the
performance in each setting. For each pairing of one human
and one society, we use Amazon’s Mechanical Turk to obtain
the results, obtaining 20 trials for each such pairing.
In total, we ran 200 games using the Mechanical Turk
service. Each game was created as a Human Intelligence
Task (HIT) inside Turk. In each game, the human players
were paid according to their performance, with a conversion
rate of US$0.01 for each $1 earned in the Social Ultimatum
Game. Most players earned between $1.5 and $2 per game.
If it was the first time that a player accepted one of our
HITs, the player would be asked to complete a compliance
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test before starting an actual game. This ensures that the
experiment subjects understood our game rules and would
provide useful data. The compliance test first described the
game rules, provided the user with a chance to play a sample
3-round game, and ended with four short true/false questions to verify that the player understood the rules of the
game. If the answers were wrong, the player had to restart
the process by reviewing the game rules again. After successfully finishing the compliance test, we also gave the user
a short survey to get background information including gender, occupation, age, education, and nationality.
Players could then play the 20-round games described
above, paired against a society of four agents. They used
the interface shown in Figure 1. The type of society was not
revealed to the human player, and in fact, the human players
were not told that they were actually playing against artificial agents. A random delay introduced between the rounds
fostered the perception that they were playing against other
humans, who might take varying amounts of time to decide
on oﬀer amounts and acceptances.

7.

RESULTS

The experiment data is summarized in Figure 2. This
table shows the mean and standard deviations of payoﬀs for
the test players in the 10 diﬀerent agent societies. We can
draw a couple conclusions from this data.
Marginal value optimization (MVO) agent outperforms human players: The main result of the paper is
that the marginal value optimization (MVO) agent outperforms human players in 9 out of 10 societies. In 7 out of 10
societies the diﬀerences in the mean payoﬀ were very high;
the MVO test agent outperformed the human test agent
payoﬀ by 16.6, 17.9, 24.5, 35.9, 41.6, 42.1, and 65.7. The
only society where it does not outperform humans is the
ER-QRE society, where humans obtained an average score
that was $11.70 higher. The ER-QRE society is made up
of agents which follow a static policy, i.e., what transpires
during the execution of the game does not aﬀect ER-QRE
agent decisions at all - it is a static randomizer.
Most agents perform better within their own societies: The other agents (SIGAL-QRE, ER-QRE, Regret,
TFT-2) can generally outperform humans and MVO agents
when put within their own society. They also outperform
humans in societies similar to their own. In particular, these
agent types all have an “accept everything” rule, and perform
well in societies composed of any of these five types of agents.
However, they suﬀer significant degradation when wandering into societies composed of Adaptive Fairness type agents.
This demonstrates the lack of adaptability of these agents,
since they only succeed in societies similar to their own, and
cannot adapt to societies that have a diﬀerent social norm.
In the societies composed of Adaptive Fairness agents, not
all oﬀers are accepted; only fair oﬀers are accepted.
Unlike these agents, humans generally exhibit good adaptability to diﬀerent societies, such as the societies composed
of Adaptive Fairness agents. The results suggest that they
are not as adaptive as one might initially hope to observe,
however. For example, the AF-society where the fairness
threshold is very high causes problems for humans, as does
the society composed of regret minimizing agents. In the
first case, humans cannot adjust to the high threshold and
make many oﬀers which are rejected; in the second case,
humans reject some low oﬀers and thus miss out on many

Figure 2: Mean and Standard Deviation of Payoﬀs for Test Players in Various Societies
future oﬀers (and corresponding payoﬀs). Even given the
limits of human adaptability, the MVO agent is the only
approach that can almost uniformly outperform humans.
To investigate why the MVO agent is able to outperform
humans, we separate the payoﬀs received by the humans and
MVO agents into payoﬀs received from oﬀers received and
payoﬀs received by oﬀers made. The results for the various
societies are shown in Figure 3. We see that MVO’s assumptions about generating payoﬀs from others by being the top
target is validated. The MVO agent is able to generate more
payoﬀs from oﬀers made to it by others, when compared to
human players in all societies.
Furthermore, MVO is also able to generate more payoﬀs
from its own oﬀers when compared to humans in 7 out of
10 societies. This is because the generous oﬀer reduces the
probability of rejection in several of the societies. However,
it pays a price for this in societies where the probability of
rejection is low (or zero). In two of the three cases, it is able
to overcome this loss from improvement in the number and
quality of oﬀers made to it by others.

8.

SUMMARY AND FUTURE WORK

We investigated the eﬃcacy of several negotiation agents
with respect to human performance in adapting to diverse
societies. We use the Social Ultimatum Game for this investigation because of its rich and deep history as a domain for
studying human behavioral diversity due to socio-cultural
and other factors. Drawing from the literature, we generated a large collection of agent approaches including full
reciprocity, regret minimization, quantal response equilibrium and sigmoid acceptance learning.
We performed human subject experimentation for data
gathering in three stages culminating in a study with over
100 participants in Amazon Mechanical Turk. We introduced an approach based on marginal value optimization
which leverages the strategic use of generosity to become
the favorite partner of other agents in the society. This approach is able to outperform humans in a wide range of settings. This investigation shows a path to creating adaptive
agents that perform well in a large set of societies. Applications of the work include developing strategies for automated
trading in domains where norms are significant and creating
agents for negotiating training in culturally-diverse settings.
There is significant room for improvement. We used simple estimation functions for many components of the MVO
methodology. More accurate estimation may lead to greater
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performance. Investigating these parameters is a direction
for future study. Also, we plan on testing the various adaptive agents in societies of multiple human agents. There are
additional variations including game duration and endowment heterogeneity that are of interest. We also plan on
creating social versions of other games such as Prisoner’s
Dilemma, Trust, Dictator, etc. to investigate if we can create agents that can perform well in multiple games and not
just multiple societies.

9.
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ABSTRACT
This paper presents the design and learning architecture
for a fully holonomic omnidirectional walk used by the UT
Austin Villa humanoid robot soccer agent acting in the
RoboCup 3D simulation environment. By “fully holonomic”
we mean the walk allows for movement in all directions with
equal velocity. The walk is based on a double linear inverted
pendulum model and was originally designed for the actual
physical Nao robot. Parameters for the walk are optimized
for maximum speed and stability while at the same time a
novel approach of reweighting rewards for walking speeds
in the cardinal directions of forwards, backwards, and sideways is utilized to promote equal walking velocities in all
directions. A variant of this walk which uses the same walk
engine, but is not fully holonomic as it employs three different sets of learned walk parameters biased toward maximizing forward walking speed, was the crucial component
in the UT Austin Villa team winning the 2011 RoboCup 3D
simulation competition. Detailed experiments reveal that
adaptively changing the weights of rewards over time is an
eﬀective method for learning a fully holonomic walk. Additional data shows that a team of agents using this learned
fully holonomic walk is able to beat other teams, including that of the 2011 RoboCup 3D simulation champion UT
Austin Villa team, that utilize non-fully holonomic walks.

Categories and Subject Descriptors
I.2.6 [Artificial Intelligence]: Learning—Parameter learning; I.2.9 [Artificial Intelligence]: Robotics—Kinematics
and Dynamics

General Terms
Algorithms, Design, Experimentation

Keywords
Bipedal walking, Robot soccer, Machine learning, CMA-ES

1. INTRODUCTION
In this paper, we investigate learning a fully holonomic
humanoid walk in the robot soccer domain. By “fully holonomic” we mean a walk that allows for movement in all directions with equal velocity. This is in contrast to the “nonfully holonomic” learned walk used by the 2011 RoboCup1
3D simulation league champion team UT Austin Villa. The
1

http://www.robocup.org/
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2011 UT Austin Villa team’s walk employs three diﬀerent
sets of learned walk parameters biased toward maximizing
forward walking speed as the kinematics of the simulated
robot model inherently allow for walking forwards faster
than walking sideways. Although the learned walk of the
2011 UT Austin Villa soccer agent was the key component
in the team winning the 3D simulation competition [9], its
heavy emphasis on forward walking speed causes in to be
significantly slower in other walking directions such as backward and sideways. This lack of speed when not moving
forward slows the agent’s reaction time and does not allow
for quick changes of direction. In order to decrease this delay in changing directions, we would like to learn a set of
walk parameters for the walk engine mentioned in Section 3
that allows for equal velocities in all walk directions.
The research reported in this paper is performed within
a complex simulation domain, with realistic physics, state
noise, multi-dimensional actions, and real-time control. In
this test domain, teams of nine autonomous humanoid robots
play soccer in a physically realistic environment. Though no
simulation perfectly reflects the real world, the physical realism of the RoboCup domain enables pertinent research on
realistic robotic tasks such as humanoid locomotion. An
important advantage of working in simulation is that extensive experimentation and learning is possible without risk of
mechanical wear and tear on any physical device.
As each robot is controlled through low-level commands
to its joint motors, getting the robot to walk without falling
over is a non-trivial challenge. In this paper, we describe
a parameterized omnidirectional walk engine, whose parameters directly aﬀect the speed and stability of the robot’s
walk, such as step height, length, and timing. Optimal parameters would allow the robot to stably walk as fast as possible in all situations. However, the set of possible walking
directions is continuous, so it is infeasible to learn specific
parameters for each direction. Therefore, the robot learns a
general set of parameters with the goal for it to be able to
move equally well in all directions.
The primary contribution of this paper is a methodology
for adaptively changing the weights of rewards over time to
encourage fast yet close to equal speeds for movement in all
directions. There has been some related work in the area of
bipedal locomotion such as using dynamic shaping rewards
to integrate prior domain knowledge into the learning process for faster walking speeds [8]. Our work diﬀers in that
we are not incorporating domain knowledge into the learning process, but are instead trying to learn a walk with two
conflicting objectives: fast walking speed and equal walking

velocities in all directions. These objectives clash with each
other as an increase in speed in one direction often results
in a decrease in speed in the perpendicular direction due to
the robot’s kinematics and joint structure.
The rest of the paper is structured as follows. Section 2
gives a domain description. Sections 3 and 4 describe our
agent’s omnidirectional walk engine and associated parameters for optimization respectively. Section 5 details the
non-fully holonomic multiple parameter set walk optimization framework used by the 2011 champion UT Austin Villa
agent. In Section 6 we discuss a fully holonomic walk optimization framework using dynamic rewards. Game performance results of agents with diﬀerent learned walks are
given in Section 7, and Section 8 summarizes.

2. DOMAIN DESCRIPTION
Robot soccer has served as an excellent platform for testing learning scenarios in which multiple skills, decisions, and
controls have to be learned by a single agent, and agents
themselves have to cooperate or compete. There is a rich
literature based on this domain addressing a wide spectrum
of topics from low-level concerns, such as perception and motor control [4, 10], to high-level decision-making problems [7,
11].
The RoboCup 3D simulation environment is based on
SimSpark [3], a generic physical multiagent system simulator. SimSpark uses the Open Dynamics Engine [2] (ODE) library for its realistic simulation of rigid body dynamics with
collision detection and friction. ODE also provides support
for the modeling of advanced motorized hinge joints used in
the humanoid agents.
The robot agents in the simulation are homogeneous and
are modeled after the Aldebaran Nao robot [1], which has
a height of about 57 cm, and a mass of 4.5 kg. The agents
interact with the simulator by sending torque commands
and receiving perceptual information. Each robot has 22
degrees of freedom: six in each leg, four in each arm, and
two in the neck. In order to monitor and control its hinge
joints, an agent is equipped with joint perceptors and effectors. Joint perceptors provide the agent with noise-free
angular measurements every simulation cycle (20 ms), while
joint eﬀectors allow the agent to specify the torque and direction in which to move a joint. Although there is no intentional noise in actuation, there is slight actuation noise
that results from approximations in the physics engine and
the need to constrain computations to be performed in realtime. Visual information about the environment is given to
an agent every third simulation cycle (60 ms) through noisy
measurements of the distance and angle to objects within
a restricted vision cone (120◦ ). Agents are also outfitted
with noisy accelerometer and gyroscope perceptors, as well
as force resistance perceptors on the sole of each foot. Additionally, agents can communicate with each other every
other simulation cycle (40 ms) by sending messages limited
to 20 bytes. Figure 1 shows a visualization of the Nao robot
and the soccer field during a game.

in the forward, side, and turn directions, permitting it to
approach continually changing destinations (often the ball)
more smoothly and quickly than the team’s previous year’s
set of unidirectional walks [12].
We began by re-implementing the walk for use on physical Nao robots before transferring it into simulation to compete in the RoboCup 3D simulation league. Many people in
the past have used simulation environments for the purpose
of prototyping real robot behaviors; but to the best of our
knowledge, ours is the first work to use a real robot to prototype a behavior that was ultimately deployed in a simulator.
Working first on the real robots lead to some important discoveries. For example, we found that decreasing step sizes
when the robot is unstable increases its chances of catching
its balance. Similarly, on the robots we discovered that the
delay between commands and sensed changes is significant,
and this realization helped us develop a more stable walk in
simulation.
The walk engine, though based closely on that of Graf
et al. [5], diﬀers in some of the details. Specifically, unlike
Graf et al., we use a sigmoid function for the forward component and use proportional control to adjust the desired
step sizes. Our work also diﬀers from Graf et al. in that
we optimize parameters for a walk in simulation while they
do not. For the sake of completeness and to fully specify
the semantics of the learned parameters, we present the full
technical details of the walk in this section. Readers most
interested in the optimization procedure can safely skip to
Section 4. The walk engine uses a simple set of sinusoidal
functions to create the motions of the limbs with limited
feedback control. The walk engine processes desired walk
velocities chosen by the behavior, chooses destinations for
the feet and torso, and then uses inverse kinematics to determine the joint positions required. Finally, PID controllers
for each joint convert these positions into torque commands
that are sent to the simulator.
The walk first selects a trajectory for the torso to follow,
and then determines where the feet should be with respect
to the torso location. We use x as the forwards dimension,
y as the sideways dimension, z as the vertical dimension,
and θ as rotating about the z axis. The trajectory is chosen
using a double linear inverted pendulum, where the center
of mass is swinging over the stance foot. In addition, as in
Graf et al.’s work [5], we use the simplifying assumption that
there is no double support phase, so that the velocities and
positions of the center of mass must match when switching
between the inverted pendulums formed by the respective

3. WALK ENGINE
The UT Austin Villa 2011 team used an omnidirectional
walk engine based on one that was originally designed for
the real Nao robot [5]. The omnidirectional walk is crucial for allowing the robot to request continuous velocities

162

Figure 1: A screenshot of the Nao humanoid robot
(left), and a view of the soccer field during a 9 versus
9 game (right).

side component when no side velocity is requested is given
by

stance feet.
Notation
maxStep∗i
∗
yshif
t
∗
ztorso
∗
zstep

Description
Maximum step sizes allowed for x, y, and θ
Side to side shift amount with no side velocity
Height of the torso from the ground
Maximum height of the foot from the ground
Fraction of a phase that the swing
foot spends on the ground before lifting
Fraction that the swing foot spends in the air
Fraction before the swing foot starts moving
Fraction that the swing foot spends moving
Duration of a single step
Factors of how fast the step sizes change
Separation between the feet
Constant oﬀset between the torso and feet
Factor of the step size applied to
the forwards position of the torso
Maximum COM error before the steps are slowed
Maximum COM error before all velocity reach 0

fg∗
fa
fs∗
fm

φ∗length
δ∗
ysep
x∗of f set
x∗f actor
err∗norm
err∗max

ystance
yswing

p
9806.65/ztorso

α

= 6 − cosh(k − 0.5φ)
8
< cosh−1 (α)
if α ≥ 1.0
=
0.5k
: −0.5
otherwise

φstart
φend

= 0.5(φend − φstart )

The stance foot remains fixed on the ground, and the
swing foot is smoothly lifted and placed down, based on
a cosine function. The current distance of the feet from the
torso is given by
8
t − fg
<
0.5(1 − cos(2π
)) if fg ≤ t ≤ fa
zf rac =
fa
: 0
otherwise
zstance
zswing

=
=

is augmented by
if t < fs
if fs ≤ t < fs + fm
otherwise

These equations allow the y component of the feet to smoothly
incorporate the desired sideways velocity while still shifting
enough to remain dynamically stable over the stance foot.
Next, the forwards component is given by

We now describe the mathematical formulas that calculate
the positions of the feet with respect to the torso. More than
40 parameters were used but only the most important ones
are described in Table 1. Note that many, but not all of these
parameters’ values were optimized as described in Section 4.
To smooth changes in the velocities, we use a simple proportional controller to filter the requested velocities coming from the behavior module. Specifically, we calculate
stepi,t+1 = stepi,t + δ(desiredi,t+1 − stepi,t )∀i ∈ {x, y, θ}.
In addition, the value is cropped within the maximum step
sizes so that −maxStepi ≤ stepi,t+1 ≤ maxStepi .
The phase is given by φstart ≤ φ ≤ φend , and t =
φ − φstart
is the current fraction through the phase. At
φend − φstart
each time step, φ is incremented by ∆seconds/φlength , until φ ≥ φend . At this point, the stance and swing feet
change and φ is reset to φstart . Initially, φstart = −0.5 and
φend = 0.5. However, the start and end times will change to
match the previous pendulum, as given by the equations
=

0.5ysep + yshif t (−1.5 + 0.5 cosh(0.5kφ))
ysep − ystance

If a side velocity is requested, ystance
8
< 0
s
0.5(1 + cos(π t−f
))
yf rac =
fm
:
1
∆ystance = stepy ∗ yf rac

Table 1: Parameters of the walk engine with the
optimized parameters starred.

k

=
=

ztorso
ztorso − zstep ∗ zf rac

s

=

xf rac

=

xstance
xswing

=
=
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0.5 − t + fs
stepx ∗ xf rac

These functions are designed to keep the robot’s center of
mass moving forwards steadily, while the feet quickly, but
smoothly approach their destinations. Furthermore, to keep
the robot’s center of mass centered between the feet, there
is an additional oﬀset to the forward component of both the
stance and swing feet, given by
∆x = xof f set + −stepx xf actor
After these calculations, all of the x and y targets are corrected for the current position of the center of mass. Finally,
the requested rotation is handled by opening and closing the
groin joints of the robot, rotating the foot targets. The desired angle of the groin joint is calculated by
8
0
if t < fs
>
<
t − fs
1
stepθ (1 − cos(π
)) if fs ≤ t < fs + fm
groin =
2
>
fm
:
stepθ
otherwise
After these targets are calculated for both the swing and
stance feet with respect to the robot’s torso, the inverse
kinematics module calculates the joint angles necessary to
place the feet at these targets. Further description of the
inverse kinematic calculations is given in [5].
To improve the stability of the walk, we track the desired
center of mass as calculated from the expected commands.
Then, we compare this value to the sensed center of mass
after handling the delay between sending commands and
sensing center of mass changes of approximately 80ms. If
this error is too large, it is expected that the robot is unstable, and action must be taken to prevent falling. As the
robot is more stable when walking in place, we immediately
reduce the step sizes by a factor of the error. In the extreme
case, the robot will attempt to walk in place until it is stable.
The exact calculations are given by
err

It is desirable for the robot’s center of mass to steadily shift
side to side, allowing it to stably lift its feet. The side to

t − fs
))
sigmoid(10(−0.5 +
fm
8
if t < fs
< (−0.5 − t + fs )
(−0.5 + s)
if fs ≤ t < fs + fm
: (0.5 − t + f + f ) otherwise
s
m

=

stepFactor =
stepi

=

max(abs(comexpected,i − comsensed,i ))
i

err − errnorm
))
errmax − errnorm
stepFactor ∗ stepi ∀i ∈ {x, y, θ}
max(0, min(1,

This solution is less than ideal, but performed eﬀectively
enough to stabilize the robot in many situations.

4. OPTIMIZATION OF WALK ENGINE
PARAMETERS
As described in Section 3, the walk engine is parameterized using more than 40 parameters. We initialize these
parameters based on our understanding of the system and
by testing them on an actual Nao robot. We refer to the
agent that uses this walk as the Initial agent.
The initial parameter values result in a very slow, but stable walk. Therefore, we optimize the parameters using the
CMA-ES (Covariance Matrix Adaptation Evolution Strategy) algorithm [6], which has been successfully applied previously to a similar problem in [12]. CMA-ES is a policy
search algorithm that successively generates and evaluates
sets of candidates sampled from a multivariate Gaussian distribution. Once CMA-ES generates a group of candidates,
each candidate is evaluated with respect to a fitness measure. When all the candidates in the group are evaluated,
the mean of the multivariate Gaussian distribution is recalculated as a weighted average of the candidates with the
highest fitnesses. The covariance matrix of the distribution
is also updated to bias the generation of the next set of
candidates toward directions of previously successful search
steps. As CMA-ES is a parallel search algorithm, we were
able to leverage the department’s large cluster of high-end
computers to automate and parallelize the learning. This
allowed us to complete optimization runs requiring 210,000
evaluations in less than a day. This is roughly a 150 times
speedup over not doing optimization runs in parallel which
would have taken over 100 days to complete.
As optimizing 40 real-valued parameters can be impractical, a carefully chosen subset of 14 parameters was selected
for optimization while fixing all other parameters. The chosen parameters are those that seemed likely to have the highest potential impact on the speed and stability of the robot.
The 14 optimized parameters are starred in Table 1. Note
that maxStepi represents 3 parameters. Also, while fg and
fs where chosen to be optimized, their complements fa and
fm were just set to (1 − fg ) and (1 − fm ) respectively.

5. NON-FULLY HOLONOMIC WALK
MULTIPLE SUBTASKS OPTIMIZATION
This section details how a non-fully holonomic multiple
parameter set walk was optimized for use in the champion
2011 UT Austin Villa agent. This section serves to give both
context and contrast to that of the fully holonomic walk optimization, described in Section 6, which utilizes the goToTarget optimization task presented in Section 5.1. Before
describing the procedure for optimizing the walk parameters, we provide some brief context for how the agent’s walk
is typically used. These details are important for motivating
the optimization procedure’s fitness functions.
During gameplay the agent is usually either moving to a
set target position on the field or dribbling the ball toward
the opponent’s goal and away from the opposing team’s players. Given that an omnidirectional walk engine can move in
any direction as well as turn at the same time, the agent
has multiple ways in which it can move toward a target. We
chose the approach of both moving and turning toward a target at the same time as this allows for both quick reactions
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(the agent is immediately moving in the desired direction)
and speed (where the bipedal robot model is faster when
walking forward as opposed to strafing sideways). We validated this design decision by playing our agent against a
version of itself which does not turn to face the target it is
moving toward, and found our agent that turns won by an
average of .7 goals across 100 games. Additionally we played
our agent against a version of itself that turns in place until its orientation is such that it is able to move toward its
target at maximum forward velocity, and found our agent
that immediately starts moving toward its target won by an
average of .3 goals across 100 games. All agents we compared used walks optimized by the process described in this
section.
Dribbling the ball is a little diﬀerent in that the agent
needs to align behind the ball, without first running into the
ball, so that it can walk straight through the ball, moving
it in the desired dribble direction. When the agent circles
around the ball, it always turns to face the ball so that if an
opponent approaches, it can quickly walk forward to move
the ball and keep it out of reach of the opponent.
Similarly to a conclusion from [12], we have found that
optimization works better when the agent’s fitness measure
is its performance on tasks that are executed during a real
game. This stands in contrast to evaluating it on a general
task such as the speed walking straight. Therefore, we break
the agent’s in-game behavior into a set of smaller tasks and
sequentially optimize the parameters for each one of these
tasks. Videos of the agent performing optimization tasks
can be found online.2

5.1

Go to Target Parameter Set

In order to simulate common situations encountered in
gameplay, the walk engine parameters are optimized for
a goToTarget subtask.3 This task consists of an obstacle
course in which the agent tries to navigate to a variety of
target positions on the field. Each target is active, one at a
time for a fixed period of time, which varies from one target
to the next, and the agent is rewarded based on its distance
traveled toward the active target. If the agent reaches an
active target, the agent receives an extra reward based on
extrapolating the distance it could have traveled given the
remaining time on the target. In addition to the target positions, the agent has stop targets, where it is penalized for
any distance it travels. To promote stability, the agent is
given a penalty if it falls over during the optimization run.
In the following equations specifying the agent’s rewards
for targets, F all is 5 if the robot fell and 0 otherwise, dtarget
is the distance traveled toward the target, and dmoved is the
total distance moved. Let ttotal be the full duration a target
is active and ttaken be the time taken to reach the target or
ttotal if the target is not reached.
rewardtarget

=

rewardstop

=

ttotal
− F all
ttaken
−dmoved − F all

dtarget

(1)
(2)

The goToTarget optimization includes quick changes of
2
www.cs.utexas.edu/~AustinVilla/sim/3dsimulation/
AustinVilla3DSimulationFiles/2011/html/walk.html
3
Note that we use three types of notation for each of goToTarget, GoToTarget, goToTarget, to distinguish between
an optimization task, an agent created by this optimization
task and a parameter set. Similarly for “sprint” and “initial”.

•
•
•
•
•
•
•
•
•
•
•

Long walks forward/backwards/left/right
Walk in a curve
Quick direction changes
Stop and go forward/backwards/left/right
Switch between moving left-to-right and right-to-left
Quick changes of target to simulate a noisy target
Weave back and forth at 45 degree angles
Extreme changes of direction to check for stability
Quick movements combined with stopping
Quick alternating between walking left and right
Spiral walk both clockwise and counter-clockwise

Figure 2: GoToTarget Optimization walk trajectories
target/direction for focusing on the reaction speed of the
agent, as well as targets with longer durations to improve
the straight line speed of the agent. The stop targets ensure that the agent is able to stop quickly, while remaining
stable. The trajectories that the agent follows during the
optimization are described in Figure 2. After running this
optimization seeded with the initial walk engine parameter
values we saw a significant improvement in performance. Using the parameter set optimized for going to a target, the
GoToTarget agent was able to beat the Initial agent by an
average of 8.82 goals with a standard error of .11 across 100
games.

5.2 Sprint Parameter Set
To further improve the forward speed of the agent, we
optimized a parameter set for walking straight forwards for
ten seconds starting from a complete stop. The robot was
able to learn parameters for walking .78 m/s compared to
.64 m/s using the goToTarget parameter set. Unfortunately,
when the robot tried to switch between the forward walk and
goToTarget parameter sets it was unstable and usually fell
over. This instability is due to the parameter sets being
learned in isolation, resulting in them being incompatible.
To overcome this incompatibility, we ran the goToTarget
subtask optimization again, but this time we fixed the goToTarget parameter set and learned a new parameter set.
We call these parameters the sprint parameter set, and the
agent uses them when its orientation is within 15◦ of its target. The sprint parameter set was seeded with the values
from the goToTarget parameter set. By learning the sprint
parameter set in conjunction with the goToTarget parameter set, the new Sprint agent was stable switching between
the two parameter sets, and its speed was increased to .71
m/s. Adding the sprint parameter set also improved the
game performance of the agent slightly; over 100 games, the
Sprint agent was able to beat the GoToTarget agent by an
average of .09 goals with a standard error of .07.

5.3 Positioning Parameter Set
Although adding the goToTarget and sprint walk engine
parameter sets improved the stability, speed, and game performance of the agent, the agent was still a little slow when
positioning to dribble the ball. This slowness is explained
by the fact that the goToTarget subtask optimization emphasizes quick turns and forward walking speed while posi-
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tioning around the ball involves more side-stepping to circle
the ball. To account for this discrepancy, the agent learned
a third parameter set which we call the positioning parameter set. To learn this set, we created a driveBallToGoal24
optimization in which the agent is evaluated on how far it is
able to dribble the ball over 15 seconds when starting from
a variety of positions and orientations from the ball. The
positioning parameter set is used when the agent is .8 meters from the ball and is seeded with the values from the
goToTarget parameter set. Both the goToTarget and sprint
parameter sets are fixed and the optimization naturally includes transitions between all three parameter sets, which
constrained them to be compatible with each other. Adding
the positioning parameter set further improved the agent’s
performance such that it, our Final agent, was able to beat
the Sprint agent by an average of .15 goals with a standard
error of .07 across 100 games. A summary of the progression
in optimizing the three diﬀerent walk parameter sets can be
seen in Figure 3.

Figure 3: UT Austin Villa walk parameter optimization progression. Circles represent the set(s) of parameters used by each agent during the optimization
progression while the arrows and associated labels
above them indicate the optimization tasks used in
learning. Parameter sets are the following: I = initial, T = goToTarget, S = sprint, P = positioning.

6.

FULLY HOLONOMIC WALK
OPTIMIZATION

One weakness of the non-fully holonomic walk learned in
Section 5 is that the optimization process’s heavy emphasis on forward walking speed results in significantly slower
speeds in other walking directions such as backward and
sideways. While this is somewhat mitigated by having an
agent always turn to face the direction it is moving, and
thereby quickly switch to walking at full speed in the forward direction, the turning process slows down the agent
and does not allow for quick changes of direction.
In order to decrease this delay in changing directions we
would like to learn a set of walk parameters for the walk
engine mentioned in Section 3 that allows for equal velocities
in all walk directions. With such a fully holonomic walk
there will be no need, and resulting delay, for the robot
to change its orientation as it changes direction. As the
kinematics of the simulated robot model inherently allow for
walking forwards faster than walking sideways, attempting
to maximize walking speeds in all direction is likely to learn
a walk engine parameter set biased toward a faster forward
walk at the expense of slower speed in the sideways direction.
4
The ’2’ at the end of the name driveBallToGoal2 is used to
diﬀerentiate it from a driveBallToGoal optimization that was
used in [12].

To account for the potential of the speed for any direction
of the walk to dominate over the speed of other directions
during the optimization process, we propose individually tallying the amount of reward given to walking in the three
cardinal directions of forwards, backwards, and sideways,
and then reweighting the rewards accumulated for these directions during the next iteration of CMA-ES so as to give
more influence to directions in which the agent is walking
slower. We implemented this idea by modifying the goToTarget optimization task mentioned in Section 5.1 to only
count the positive reward from Equation 1 for three diﬀerent walk targets that are part of the walk trajectories of the
first item in Figure 2: long walks in the forward, backward,
and sideways directions with each walk having a duration of
7 seconds. The positive rewards for these three walk targets
are then all multiplied by weights whose values we adjust
across iterations of CMA-ES, but whose sum is always normalized to 1, to calculate the overall positive portion of the
fitness given to an agent (shown in Equation 4 for iteration
i). During the first iteration of CMA-ES the values of these
weights are all initialized to be 1/3 (Equation 3).

This is because the negative rewards incurred by moving
when told to stop, and also potentially falling, dominate the
possible rewards gained in just 7 seconds of measured positive movement toward walk targets. Our solution to this
was to weight negative rewards by the ratio of current time
moving to targets for which positive rewards are recorded
to that of the same time as in the original goToTarget optimization (7/124.1).
An alternative to calculating new reward weights using
the directional rewards of the member of the population with
the highest fitness is to instead use a weighted average of the
directional rewards of the top half of the population with the
highest fitness. This weighted averaging is what CMA-ES
does at the end of every iteration to update the mean of the
multivariate Gaussian distribution it is sampling parameters
from. This weighted averaging is computed by the following
equations for which members of a population are first ranked
and sorted in descending order of fitness (i = 1 for highest
fitness member):
weighti

=

weightssum

=

log(popsize/2 + 1/2) − log(i)
popsize/2

wgti=1{f w/bw/sw}
f iti{positive}

= 1/3
rewi{f w} ∗ wgti{f w}
= +rewi{bw} ∗ wgti{bw}

(3)

weighti

i=1

(4)

weighti

=

rewavg{f w/bw/sw}

=

weighti /weightssum
popsize/2

+rewi{sw} ∗ wgti{sw}

After every iteration of CMA-ES the three cardinal direction walk rewards (speeds) of the member of the population
with the highest fitness are examined and used to calculate
new reward weights for the next iteration of CMA-ES based
on the following equations:
rewi{f w/bw/sw}
rewi{max}
wgti+1{f w/bw/sw}

=
=
=

max(rewi{f w/bw/sw} , .1)
max(rewi{f w,bw,sw} )
rewi{max} /rewi{f w/bw/sw}

wgti+1{tot}

=
=

sum(wgti+1{f w,bw,sw} )
wgti+1{f w/bw/sw} /wgti+1{tot} (7)

wgti+1{f w/bw/sw}

X

(5)
(6)

Equation 5 first ensures that all direction rewards are positive which is necessary for the computation of reward weights.
Reward weights are computed in Equation 6 and are equal
to the factor that a directional reward needs to be multiplied
by in order to be equal to that of the maximum directional
reward. Finally Equation 7 normalizes all reward weights to
sum to 1. We refer to the agent that uses this formulation
for updating reward weights as the DynamicRewards agent.
Note that in addition to the positive portion of the fitness
for an agent computed in Equation 4, the agent also still receives negative rewards for falling and movement when told
to stop for all walk targets as described in Equations 1 and 2
in Section 5.1. This is done to ensure that the agent learns a
walk that can quickly stop and is stable in the same way as
the walk produced by the goToTarget parameter set in Section 5.1. As the agent no longer receives positive rewards for
moving to all targets as in the original goToTarget optimization, and instead only receives a positive reward for moving
to targets for a weighted total of 7 seconds, we need to reduce
the value of the negative rewards so as to preserve the ratio
between possible attainable positive and negative rewards
present in the original goToTarget optimization. We found
that not reducing the value of negative rewards causes the
agent to learn walking parameters that keep it stationary.
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X
i=1

rewi{f w/bw/sw} ∗ weighti

We call the agent that uses weighted averages of distance
rewards to update reward weights the DynamicAvgRewards
agent.
In addition to the two agents that change the weight of
rewards over time (the DynamicRewards and DynamicAvgRewards agents), for comparison purposes we also ran optimizations on the modified goToTarget task for a couple of
agents that do not modify rewards. The first of these is the
StaticRewards agent which is optimized in the same way as
the DynamicRewards agent except that it holds each of the
directional reward weights constant at 1/3. Unlike the Final agent used by UT Austin Villa in the 2011 competition,
which controls its orientation diﬀerently for diﬀerent tasks
as described in Section 5, the DynamicRewards, DynamicAvgRewards, and StaticRewards agents all directly move in
the direction of their targets without purposely modifying
their orientations in any way. The second agent which does
not modify directional reward weights is the FaceForward
agent. This agent always turns to face whatever target it is
moving to and is similar to the the GoToTarget agent except
that it was optimized using the modified version of the goToTarget task. All optimizations were done using CMA-ES
with a population size of 150 across 200 generations.
Figure 5 shows how the directional weights for the
DynamicRewards, DynamicAvgRewards, and StaticRewards
agents vary across iterations of CMA-ES. Note that the
weights used by the StaticRewards agent are fixed and that
the weights shown in this figure are only computed and displayed for comparison purposes to show what the weights
chosen would be if the agent was dynamically adjusting its
weights. The DynamicRewards and DynamicAvgRewards
agents’ weights are very close together with a slightly higher
weight for the forward direction (meaning that the forward
direction is producing a slightly lower reward than the other
directions). The fluctuation in weights is a little smoother

Best Agent Fitness
5

Table 2: Directional walking speeds of learned walks
for diﬀerent agents described in Section 6 as well
as the Final agent used by UT Austin Villa in the
2011 RoboCup competition. All speeds are in m/s
and were measured by recording the distance the
agent traveled in ten seconds when starting from a
complete stop.
Agent
DynamicRewards
DynamicAvgRewards
StaticRewards
FaceForward
Final

Forward
.42
.45
.58
.74
.71

Backward
.53
.53
.52
.35
.40

4.5
4

Fitness

3.5
3
2.5

DynamicRewards

2

Sideways
.48
.51
.37
.03
.21

DynamicAvgRewards
StaticRewards

1.5

FaceForward

1
0.5
0

0

50

100
Iteration

150

200

Figure 4: Best agent fitness across iterations of
CMA-ES.

for the DynamicAvgRewards agent than that of the DynamicRewards agent as it is using averaging. The StaticRewards
agents shows a considerable diﬀerence in weights, however,
with a much higher weight (and thus lower reward) coming from the sideways direction. This is an indicator of the
optimization finding it easier to optimize for speed in the
forward direction than that of the sideways direction.
In Figure 4 the best agent fitnesses across iterations of
CMA-ES are shown for the agents described in this section.
Here we see that all agents’ fitnesses start to plateau around
iteration 100. The static and dynamic rewards agents all
have similar fitnesses while the FaceForward agent has a
higher fitness. The probable cause for this is because the
lengthy long walks of 7 seconds in each direction allow the
FaceForward agent plenty of time to turn and walk in the
forward direction for which it is being optimized for.
Directional walking speeds of the diﬀerent agents described in this section, as well as the Final agent used by
UT Austin Villa in the 2011 RoboCup competition, and described in Section 5, are shown in Table 2. Here we see
fairly close values across all directions for both the dynamic
rewards agents. This gives proof that either method of adjusting the weights of rewards across iterations is a viable
solution for learning a walk that is close to fully holonomic.
The StaticRewards agent has a forward walk speed over 50%
faster than it’s side walk speed which shows evidence of the
forward walk speed being easier to increase at the expense
of the sideways walk speed. The FaceForward agent has the
highest speed for the forward walk which is not surprising as
this is the direction it is walking in for most of the time during optimization. Despite never walking backwards during
optimization the agent still has a backward speed close to
half its forward speed. This suggests a correlation in movement between walking forward and backward as they both
lie in the sagittal plane. Walking sideways (movement in the
opposite coronal plane) on the other hand never occurs during optimization which results in a speed in this direction of
nearly 0. The Final agent from the 2011 competition has
very good forward speed similar to the FaceForward agent,
which it was generally optimized for, but also has much better sideways speed than the FaceForward agent due to using
multiple learned parameter sets including the positioning parameter set for which sideways movement was included as
part of the optimization.
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7.

AGENT GAME PERFORMANCE
RESULTS

In Table 3 we present game results of the agents with different walk parameter sets described in Section 6 as well
as the Final agent used in the 2011 competition and described in Section 5. Both the StaticRewards and FaceForward agents do very poorly against the other agents. Empirical evidence shows that the StaticRewards agent is too
slow when trying to move sideways, which happens roughly
half the time, allowing other agents to easily get around or
steal the ball from the agent. The FaceForward agent, on
the other hand, gets mired down in constantly turning and
trying to adjust its position when around the ball as it is
unable to move sideways.
The DynamicRewards and DynamicAvgRewards agents
perform very similarly which isn’t surprising considering how
close their walk speeds are in Table 2. What is surprising is
that they are both able to beat the champion Final agent
from the 2011 competition which uses three learned walk
parameter sets instead of just one. Despite the Final agent
having a significantly faster top walking speed than both
of the dynamic reward agents, the dynamic reward agents
are much faster positioning around the ball due to the Final
agents slow sideways speed and need for turning to adjust
its orientation while circling the ball. While the average
goal diﬀerence that the DynamicRewards agent beat the Final agent by across 100 games was only .20 goals, this still
translated to 29 goals for with 9 against and a record of 23
wins with only 7 losses and 70 ties.

8.

SUMMARY AND DISCUSSION

We have presented the design and learning architecture
for a fully holonomic omnidirectional walk used by the UT
Austin Villa humanoid robot soccer agent acting in the
RoboCup 3D simulation environment. The key to our optimization method is using a novel approach of reweighting rewards for walking speeds in the cardinal directions of
forwards, backwards, and sideways to promote equal walking velocities in all directions. A team of agents using this
learned fully holonomic walk, which consists of just a single
learned parameter set, is able to beat the UT Austin Villa
2011 RoboCup 3D simulation champion team that uses a

Figure 5: Directional reward weights during the course of optimization for the the DynamicRewards agent
(left), DynamicAvgRewards agent (center), and StaticRewards agent (right). Note that the weights used by
the StaticRewards agents are fixed and that the weights shown in this figure are only computed and displayed
for comparison purposes to show what the weights chosen would be if the agent was dynamically adjusting
its weights. Higher weights correlate to lower relative rewards.
Table 3: Game results of agents with diﬀerent walk parameter sets described in Section 6 as well as the Final
agent used in the 2011 competition and described in Section 5. Entries show the average goal diﬀerence (row
− column) from 100 ten minute games. Values in parentheses are the standard error.
Final
FaceForward StaticRewards DynamicAvgRewards
DynamicRewards
0.20(.08)
3.27(.09)
3.18(.11)
-0.06(.07)
DynamicAvgRewards 0.10(.07)
3.49(.11)
2.88(.11)
StaticRewards
-2.77(.13)
0.22(.06)
FaceForward
-2.99(.12)
non-fully holonomic walk employing multiple walk parameter sets. This is a significant accomplishment as the 2011
UT Austin Villa team won all 24 games it played during the
RoboCup competition while scoring 136 goals and conceding
none.
Our ongoing research agenda includes applying what we
have learned in simulation to the actual Nao robots which we
use to compete in the Standard Platform league of RoboCup.
Additionally, we would like to learn multiple parameter sets
for the fully holonomic walk, specialized for walking in each
of the diﬀerent cardinal directions, in a similar fashion to
how the sprint parameter set was learned in Section 5.2.
More information about the UT Austin Villa team, as well
as video highlights from the 2011 competition, can be found
online at the team’s website.5
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ABSTRACT
We present an empirical survey of reinforcement learning techniques and relate these techniques to concepts from behaviorism,
a field of psychology concerned with the learning process. Specifically, we examine two standard RL algorithms, model-free SARSA,
and model-based R-MAX, when used with various shaping techniques. We consider multiple techniques for incorporating shaping
into these algorithms, including the use of options and potentialbased shaping. Findings indicate any improvement in sample complexity that results from shaping is limited at best. We suggest
that this is either due to reinforcement learning not modeling behaviorism well, or behaviorism not modeling animal learning well.
We further suggest that a paradigm shift in reinforcement learning
techniques is required before the kind of learning performance that
techniques from behaviorism indicate are possible can be realized.
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I.2.6 [Artificial Intelligence]: Learning

General Terms
Algorithms, Theory, Performance
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Keywords
Markov decision processes, reinforcement learning, behaviorism

1.

the rewards that they are given. In this paper, we report on a series
of experiments designed to illustrate how the performance of two
common machine reinforcement learning paradigms compares to
the experiences human trainers have when training dogs. Specifically, we examine two popular reinforcement learning techniques:
the model-free SARSA algorithm [9] and the model-based R-MAX
algorithm [11]. We performed a survey of popular dog training
methods methods and identified computational analogues to those
approaches. We ran experiments to evaluate whether reinforcement
learning would benefit from “shaping” inputs commonly used in
behaviorism-inspired dog training techniques. We were looking
for significant performance increases where learning would occur
in orders of magnitude less time or for problems to be learned that
weren’t learnable without these techniques.
Although a few of our experiments resulted in faster learning
rates for the agent, the benefits that were seen were nowhere near
the improvements in learning rates seen in animals when corresponding training techniques are used. At best, applying shaping
techniques to reinforcement learning agents resulted in about half
as many atomic actions taken in order to learn an optimal policy.
This pales in comparison to the effects shaping has on animals.

INTRODUCTION

Human-canine collaboration is unique and astonishingly successful. It is an existence proof that human beings can communicate
complex tasks to non-human autonomous agents. With only minimal communication tools, humans and dogs can work together to
play fetch, hunt, search for buried avalanche survivors, track missing persons, sniff for explosives/narcotics/contraband, or guide the
blind. Published literature on training going back to Skinner’s work
on behaviorism [8] provides insight into how dogs learn, and how
human trainers teach dogs complex tasks quickly and accurately.
At a very high level, machine reinforcement learning agents act
in a way similar to animals undergoing training. They take actions
from different states, and their behavior over time is affected by
Appears in: Proceedings of the 11th International Conference on Autonomous Agents and Multiagent Systems
(AAMAS 2012), Conitzer, Winikoff, Padgham, and van der Hoek
(eds.), 4-8 June 2012, Valencia, Spain.
c 2012, International Foundation for Autonomous Agents and
Copyright �
Multiagent Systems (www.ifaamas.org). All rights reserved.
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CANINE LEARNING

Shaping by successive approximation [13] is a technique used in
animal training by which desired behaviors are taught to learners by
means of selectively rewarding actions closer and closer to the desired behavior. At first, in order to obtain a reward, the animal only
needs to perform an action that is vaguely similar to the desired
one. Once the animal learns how to get the reward, the criteria is
tightened and the animal has to perform actions that are more similar to the desired behavior in order to obtain a reward. Eventually,
the criteria converges and the goal behavior is learned.
Clicker training is a popular paradigm for shaping by successive
approximation in animal training [7]. First, the positive stimulus
of a treat is paired with the click sound from a noise-making device. This process of charging the clicker makes it a “conditioned
secondary reinforcer” using classical conditioning [6]. Because the
click is associated with a treat, the click noise indicates a promise
of a future reward. In order to train the dog to perform a certain
behavior, a click is given whenever the dog’s actions get closer to
the target behavior. After every click, a primary reinforcer (e.g., a
treat) is provided and the episode is over. The criteria for clicking is
tightened as the dog more closely approximates the target behavior.
Shaping by successive approximation in animal training allows
animals to learn much more rapidly than if the same rewards were
given only when the exact target behavior was performed. Without

Figure 1: The 10x10 open grid with goal locations.
any cue as to the sort of behavior the animal is supposed to be doing, the animal can only behave arbitrarily until it finally stumbles
into performing the behavior. The addition of the shaping rewards
expedite the process by guiding the animal into the sort of behavior
it is supposed to perform.
There are many ways that a trainer can use shaping concepts.
The specifics of when to use what approach are part of the “art” of
training. That being said, there is overwhelming evidence that these
approaches enable efficient learning of complex tasks that wouldn’t
be realistic to learn without shaping (cf., [3, 7, 8]). We believe that
in order to get machine reinforcement learning to perform in some
of the awe-inspiring ways we see human-canine teams perform, the
algorithms must respond to the behavior shaping process in an appropriate way. The experiments we describe in subsequent sections
of this paper illustrate that, unfortunately, RL algorithms do not
respond favorably to shaping.

3.

EXPERIMENTAL DESIGN

Reinforcement learning problems are related to Markov decision
processes (MDP). A MDP is defined by a tuple {S, A, T, R}, with
S the set of possible states, and A the set of actions which the agent
can take. The transition function T : S×A×S �→ [1 : 0] represents
the probability of transitioning to state s� after performing action a
in state s, and the reward function R : S × A �→ R, determines the
reward received for performing action a in state s.
The goal of the learner is to find a policy π : S �→ A, that maximizes the expected discounted total reward that the learner receives.
Model-based algorithms such as R-MAX learn explicit models of T
and R, whereas model-free methods such as SARSA learn a function Q : S × A �→ R, which represents the expected discounted
total reward for taking action a in state s. If the state and action
spaces are discrete and of sufficiently small size, the transition and
reward models, or the Q function, as well as the policy π, can all
be represented as tables. For large or continuous state spaces, some
form of function approximation, such as a neural network or tilecoding, is often used to represent these functions. For the purposes
of this paper, we focus on tabular representations only. Our goal is
not to scale these algorithms to large problems, but to see how their
performance on smaller problems changes when different behavior
shaping techniques are used in the learning process.
In order to determine the ability of current machine learning
algorithms to operate in paradigms similar to and display performance characteristics similar to human-dog teams, we conducted a
series of simulation experiments on an open grid world. At each
timestep, the agent can move one step in any of the four cardinal
directions, and the result of each action is deterministic. The goal
state is in one corner of the grid, and reaching the goal state results
in a reward of 1 and the end of the episode. All other states have a
reward of zero. The discount factor was 0.8.
The initial state for each episode is in an adjacent corner to the
goal state (see Figure 1). Defining the problem this way, rather than
having the initial state and goal state on opposite corners, creates

170

a region of the state space that will not be reached by applying an
optimal policy, and therefore is not likely to be fruitful to explore.
One of the major advantages of using the simple grid space is the
incremental adjustments that we can make to the size of the state
space. The same dynamics of the space exist when the region is
small (e.g., 10x10) or large (e.g., 100x100), so good comparisons
can be made between methods on varying problem sizes.
Other reasons to use the grid space include the fact that the optimal policy is known and is easy to visualize. Because we know
what the optimal policy should be, we can compare it to the policy
that the agents actually learn and investigate how long it takes the
agents to approximate the optimal policy.
The simplicity of the grid space allows us to see how the agent
reacts to changes in the problem in accordance with what humans
might do when training animals. Many reinforcement learning
methodologies and improvements that have been investigated in the
past are only applicable to learning domains with very particular
properties. The basic grid space can accommodate many modifications that allow us to simulate the different sorts of training modifications that are done in animal training.
By using this simple environment, we were better able to compare the various algorithms’ performance under different conditions. We sought to determine: Does the performance of learning algorithms improve in ways consistent with canine learners
when canine training techniques are used during machine training? To that end, we tested both a model-based learning algorithm
(R-MAX) and a model free learning algorithm (SARSA) in various conditions modeled after common canine training techniques.
For each of these algorithms, we were looking for a significant improvement in performance when common variants of canine training techniques were applied to the machine training process. By
“significant,” we mean criteria commonly used in evaluating canine
behavior: speed of learning and accuracy of learned behaviors. Due
to the simplicity of our experimental domain, we focused entirely
on learning speed in the survey.
These two learning algorithms were chosen because they are
characteristic of the two major approaches to reinforcement learning problems. SARSA is a good representative of model free methods, whereas R-MAX is a good representative of model-based methods. Applying shaping techniques to both methods gives us a good
survey of how reinforcement learning methods react in general to
canine training techniques.
The SARSA Algorithm: The SARSA algorithm is an on-policy
temporal difference reinforcement learning method. The algorithm
builds a value table using the SARSA update rule, which updates
values using the action that will be taken at the next step, as opposed to the greedy action. We used a learning rate α = 0.1 and
optimistic Q-value initialization combined with a pure exploit policy. In part, we did this because it is a good model of the behavior
we observe in canines. They receive an “intrinsic” reward from the
environment, but a more valuable reward from the trainer. Once a
dog understands what behaviors cause rewards, it will relentlessly
exploit the reward until something better comes along [4].
The R-MAX Algorithm: The R-MAX algorithm [11] estimates a
model of both the MDP transition probabilities and reward function. These models are initialized to assume that all actions in all
states deterministically transition to the fictitious state G0 , and receive a reward of Rmax . The algorithm keeps a record of what transitions and rewards have been observed for each state and action.
Initially, and whenever a new state-action pair becomes known, the
algorithm computes an optimal policy under the current model. In
our implementation this is done using value iteration with a convergence threshold of 0.1. The problem that the R-MAX agent learns
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Figure 2: The number of steps taken to learn using SARSA as
a function of the grid size.
on is exactly the same as for the SARSA agent, with rewards of
1 for the goal state and 0 for all other states. As the agent acts
greedily, the parameter Rmax is set optimistically to 1.0 to encourage exploration, and its value affects the degree to which the learner
exploits its current knowledge. As the considered domains are fully
deterministic, a state-action pair is considered known when it has
been observed once.
Algorithm Performance: To be able to make solid empirical comparisons of the effects of various shaping techniques, it is critical
to have good metrics to compare the learning rates of the agents.
However, in order to compute metrics about how long it takes the
agent to learn a problem, it is necessary to make a decision about
when the agent has sufficiently learned a good policy for the problem. One common solution is to wait until the stored value of Qestimates converges, and no changes are made during an episode
that are greater than a certain threshold. Because this method can
result in the agent learning far after a decent policy has been established, we decided to use a method that was more strictly performance based. Because we know the optimal policy for the grid
space, we can determine how many steps the agent needs to take to
get to the goal in the ideal case. In order to declare that the agent
has learned the problem sufficiently, it needs to get to the goal in
four out of the five most recent episodes within 105% of the steps
the optimal policy would result in. This so called 80% criteria is a
common criteria used by dog trainers [2].
Unfortunately, passing this competence criteria does not guarantee that the agent has a stored policy that leads exactly to the goal.
If the agent updates its policy during the last episode before it is
declared finished, the update can change the policy to something
invalid. In order to make sure this does not happen, we need to explicitly verify the policy before the trial is declared finished. To do
this, we simply walk through the policy from the start state without
making any policy updates. If the goal state is not reached, then we
let the agent continue learning until it passes both the competence
metric and the policy is deemed valid.
We opted to focus on measuring performance of the agent using the cumulative number of steps required across all episodes
in order for the algorithm to learn a policy according to the 80%
criterion described above. There are other metrics we could have
examined. For example, we could have measured the number of
episodes needed to learn the policy, the quality of the resulting policy, or the CPU time. However, as all of these measures are related
in some way and vary highly depending on the particular learning
algorithm, there was little insight we could gain beyond what was
available using the steps measure.

4.



BASELINE PERFORMANCE

To establish a baseline for performance, we ran both algorithms
on the open grid. For SARSA, we scaled the grid size from 10x10
to 100x100. As shown in Figure 2, the number of steps taken
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Figure 3: The growth rate of the number of actions required for
R-MAX to learn the optimal policy, as a function of the width
and height of the square grid.
to learn a policy in accordance with the competence criteria grew
rapidly with respect to the size of the state space.
In order for a shaping method to show adequate improvement
over the baseline SARSA methodology, the results need to show
either a reduction of the growth rate of steps in accordance with the
state space size, or cut the learning time by a significant constant
factor. Some shaping methods might trade higher or lower numbers
of episodes for shorter or longer episodes, so comparing the number of atomic actions taken to learn an adequate policy is a good
comparative metric for the shaping methodologies.
For R-MAX, we scaled the grid from 5x5 to 50x50, with the start
and goal states in the same positions as in the SARSA example.
The results are presented in Figure 3. The number of action steps
required to learn the policy grows roughly linearly in the number
of states (quadratically in the grid dimension). Because in this case
the algorithm only needs a single example to learn the model for
a given state-action pair, and since R-MAX can compute an optimal policy as soon as it has a complete model, it makes sense that
the sample complexity would scale in this way. As a model-based
method, R-MAX performs much better in terms of sample complexity than model-free SARSA. However, it should be noted that
R-MAX incurs a significant computational cost, as it must repeatedly plan a new policy. The complexity of computing this policy
also scales with the size of the state space, but is dependent on
the details of how that policy is computed. While this makes direct comparison with SARSA difficult, here we are concerned with
how sample complexity can be improved for an algorithm relative
to itself using different training paradigms.

5.

POTENTIAL-BASED METHODS

One common approach to shaping behaviors in canines is to use
a reward as a lure to instruct the desired behavior. For example, in
this “lure-reward” paradigm [3], if you were trying to teach a dog to
“heel” (stand at your side, facing forward, shoulders aligned with
your knees) you might do so with a treat as a lure. You would begin
by placing the treat in front of the dog’s nose, and moving it a few
inches toward your side. When the dog moves forward to grab it,
you give it to her. This is repeated, moving the lure closer to your
side until she is in position. This process of providing intermediate
rewards for each step towards the ultimate goal, is akin to reward
shaping in machine learning [5].

5.1

Potential Bands

Reward schemes based on potentials are a traditional method in
reinforcement learning to introduce the idea of shaping behavior.
Each state in the state space is associated with a potential value,
and the reward given for any action is simply the difference in potentials of the resultant state and the original state. By changing the
potential values of states, the characteristics of the agent’s learned

  







 



 

















 



 

 

Figure 4: A depiction of various potential bands. As the number of bands grows, the resulting potential function is an increasingly accurate approximation of the true potential.

Figure 6: The growth rate of the number of actions required
for SARSA to learn the optimal policy on a 40x40 grid, as a
function of the number of potential thresholds used.

  
  

how dogs are generally trained. Dogs generally don’t get feedback
at every point that it gets closer or farther from the desired behavior. Even in the lure-reward paradigm, the rewards are spaced out
over time. As our goal is to investigate how the agents react when
canine training techniques are used, it makes sense to try a different
method for using potentials to better simulate those techniques.



  
 


















 





  

Figure 5: The growth rate of the number of actions required
for SARSA to learn the optimal policy on a 40x40 grid, as a
function of the number of distinct potential bands.
policy can be changed.
A simple way to use potentials for shaping by successive approximation is to group states according to how far away they are from
the desired goal state, and then to assign potentials based on how
far the group is from the goal. In this way, the groups of states are
different approximations of the desired behavior, for which closer
and closer approximations are preferred.
We set the potential for the goal state to 1, and the potential for
the state farthest from the goal state to zero. We then equally space
bands of potentials between those two states. The potential value
for each state in that band is:
Φ(state) = 1 −

dist(band, goal)
,
dist(start, goal)

(1)

where dist(x, y) is the distance between either a state or band x
and another state y. The potential values for the bands thus increase
regularly as the states get closer to the goal.
Figure 4 contains an illustration of how “bands” are used to estimate the true potential function. As seen in Figure 5, as one might
expect, the more bands of potentials that were used, the faster that
the agent was able to learn how to get to the goal state—more
potential bands equate to a more accurate approximation of the
true potential of each action. Using more bands entailed narrow
bands and decreased potential differences between the bands. As
the number of bands increases, the average distance that the agent
has to move before it gets a reward drops. With all of this extra
information, the agent learns much faster. With as few as 10 bands
on a 40x40 grid, with a width of each band of 4, the agent using
SARSA learns at nearly its maximum pace.
In the case with the maximum number of potential bands, the
agent receives a positive reward whenever it moves closer to the
goal, and a negative reward any time it moves away. As one would
expect, it learns extremely rapidly in this scenario. In the degenerate case with just one band, the problem is identical to the basic
case, and the agent learns at the basic rate.
However, these potential bands do not correspond very well with
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5.2

Potential Thresholds

In training methods that try to shape by successive approximation, the animal is rewarded when its behavior approximates the
desired behavior within a certain “distance”. When the animal
demonstrates proficiency on behavior within a given approximation, the threshold is made tighter so that the animal has to get even
closer to the desired behavior. For example, when teaching a dog
to “watch me,” they are first asked to look for just a few seconds.
Once they are proficient, the duration of maintaining eye contact is
expected to increase (a new threshold).
A more accurate way to shape agent behavior by successive approximation using potential shaping is to use a threshold function
for the potential value. For simplicity and consistency, the values
of our function are zero and one.
�
0 : dist(state, goal) > threshold
Φ(state) =
(2)
1 : dist(state, goal) ≤ threshold
Once the agent crosses the boundary between the potentials and receives a reward, the episode terminates. Once the current threshold
has been learned sufficiently, the criteria is changed and a lower
threshold (closer approximation to the desired behavior) is used.
In order to train the agent to reach the goal state, we need to decide when it is appropriate to up the criteria and move the threshold
closer to the goal. We use the same criteria inspired by dog training
to decide whether or not the agent has sufficiently learned the problem as a whole to decide whether or not the agent has learned the
subproblem [2]. In order to move on to the next potential threshold, the agent has to cross the threshold boundary within 105% of
the minimum steps four out of the five most recent trials (the 80%
rule). Again, because criteria changes are determined during learning (and not in a separate evaluation process) a policy verification
step is necessary to make sure a Q-table update during the last trial
did not make the policy invalid.
As shown in Figure 6, the performance for the agent using potential thresholds did not change much. The number of steps taken
to learn the policy in accordance with the competence criteria was
fairly consistent with the base SARSA algorithm (illustrated in Figure 7) regardless of the number of thresholds used. Thus, despite
starting with easier tasks and slowly increasing complexity (i.e.,
by using more thresholds), RL algorithms perform essentially the
same. This is because, regardless of the number of potential thresholds, the world must be explored to build the Q-table.
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Figure 7: The growth rate of the number of actions required for
SARSA to learn the optimal policy, with 2, 5, and 10 potential
thresholds, as a function of the square grid size.
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SUCCESSIVE APPROXIMATIONS

A paradigm that is gaining significant momentum in the dog
training world is clicker training [7]. Through the use of a conditioned secondary reinforcer [6] humans are able to more effectively shape the behavior of canines by requiring them to perform
increasingly more accurate approximations of the desired behavior.
Shaping, conceived of this way, is a process by which a common
start state is used (e.g., the dog is in a standing position) and the
goal state is moved closer and closer to the ultimate goal (e.g., the
dog’s behind is closer and closer to the floor for a sit behavior).
In this section, we report on a variety of experiments that use this
shaping by successive approximations technique.
A straightforward method of performing successive approximation is to introduce the idea of subgoal states. Rather than giving
a reward for the agent reaching the ultimate goal state, we give a
reward once the agent has reached some state that lies along the
optimal trajectory between the start state and the goal state.
For a given optimal trajectory between a start state and a goal
state, we choose a number of subgoals spaced evenly between the
start state and the goal state.1 We begin by running episodes starting from the same start state, but where a reward is given and the
episode is terminated when the agent reaches the first subgoal.
We determine when the agent has sufficiently learned how to
get to the subgoal by the same competence criteria as used in the
previous experiments. When the agent has learned how to get to a
particular subgoal, the subgoal that is next closest to the goal state
becomes the current subgoal and is the only state that is rewarded.
Once the agent has demonstrated that it knows how to get to the
final subgoal, the true goal state becomes the state that is rewarded.
As in the original problem, the agent must get to the goal state
within 105% of the minimum distance to the goal four out of five
of the most recent trials and the policy must be verified to lead
to the goal in order for the agent to be done. Our primary metric
of concern was the total number of steps taken. The total number
of episodes used to learn is an interesting measure, but use of the
subgoal architecture is likely to result in a shorter average episode
length because the start and goal states are closer.
It is worth noting that any time the criteria changes and a new
subgoal is selected, the old Q-values become inaccurate because
the reward is non-stationary. The Q estimate for all actions of states
close to the subgoal will be fairly close to the reward value, as they
are only a few states away from getting a reward. When the Markov
decision process is changed so that the subgoal is farther away, all
of those values will need to decrease, rendering the work done to
1
Although omitted from this paper, we found that the spacing of
subgoals had no effect on performance. This is actually contrary to
what we observe in dog training, where subtask complexity can increase as learning persists. We believe that curriculum design [12]
is actually crucial to algorithm performance in the long run.
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Figure 8: The growth rate in the number of actions required
for SARSA to learn the optimal policy for varying numbers of
subgoals, as a function of grid size.
give preference to the action along the optimal trajectory futile.
Even worse, the policy for states that are between the subgoal
and the goal state are likely to point back to the previous subgoal
even when the subgoal state is moved closer to the goal. Time is
wasted when the episode does not terminate when the agent reaches
the previous subgoal, and the policy for states closer to the goal
pushes the agent backwards. That portion of the policy has to be
unlearned before the agent can move on to reaching the subgoals
closer to the goal. The data we present support these observations.

6.1

Simple Subgoal Decompositions

In our testing we found that SARSA with optimistic initialization and a fixed exploit policy was frequently unable to learn an
optimal policy in the face of non-stationary rewards. Because certain Q-values that should reflect a reward for later subgoals in the
decomposition may be learned to have low Q-values during training on earlier subgoals in the decomposition, the learner may have
a hard time converging on more accurate higher values when the
subgoal criteria changes. In those cases, learning may get stuck.
Therefore, to better compare the results of using subgoals to the
basic agent, we used an epsilon-greedy action selection policy for
the agent that used the simple subgoal decomposition. The agent
takes a random, exploratory action 5% of the time, which fixes the
issue by allowing the agent to discover the fact that the optimal
trajectory has a higher value than the one that is stored.
Figure 8 shows that the performance of agents using the subgoal architecture was consistently worse than agents learning on
the base problem. The more subgoals that are included in the architecture of the problem, the longer that the agent takes to complete the problem. The growth rate of the number of steps that the
agent takes versus the number of subgoals used is not directly proportional, which points to the fact that there is some benefit gained
to having the knowledge of how to get to the previous subgoal over
starting from scratch on each subgoal state. However, this benefit
is dwarfed by the amount of overhead taken up by the subgoal architecture, either by proving that the agent knows a policy to get to
the subgoal well enough, or by relearning parts of the policy that
differ once the subgoal is moved.
As seen in Figure 9, similar problems can be seen when using
R-MAX with subgoals. To incorporate subgoals into R-MAX, we
attempted to consider all subgoals simultaneously. The transition
and reward models for the current subgoal are updated to reflect
the fact that the episode terminates there, and are set such that any
action causes the agent to remain in the subgoal with 0 reward.
When any subgoal is reached and it is determined that the current
policy is optimal for that subgoal, then the subgoal is removed.
When a subgoal is removed, the model is reset to show all actions
from that state leading to state G0 with reward Rmax . When a
transition or reward does not match the current model, the value for
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Figure 11: The growth rate of the sample complexity using options, as a function of the number of options.

6.2







suggesting that there is still a limit to how much of an improvement can be gained through this method. Further, these gains can
only be realized when each subgoal is considered an independent
subtask—something that does not model real-world learning.
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Figure 9: The growth rate of the sample complexity for R-MAX
using subgoals, as a function of the number of subgoals
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Figure 10: The growth rate of the sample complexity of R-MAX,
as a function of the number of subtasks.
that transition is replaced, and the optimal policy is recomputed.
This allows the agent to adjust its model to reflect the removal of
subgoals. Once the reward for an earlier subgoal was reduced, the
new greedy policy would be exploratory until the new (sub)goal
was learned. However, because there were still many unexplored
states when the subgoal was moved, the exploration policy would
not always be efficient at finding the new goal. As a result, it took
longer to find each new subgoal, as well as the final goal, than it
would have taken without the subgoals.
For the R-MAX algorithm, subgoals lead to unnecessary exploration, and so we attempt to address this issue by decomposing
the full task into subtasks which should require less exploration to
solve. In this case, we consider moving from one subgoal to the
next as distinct subtasks that are learned separately by R-MAX, and
the final policy then consists of a chain of policies from the start
state, through each subgoal, to the final goal. Each subtask is processed in order going towards the goal, but as is the case for the
Q-tables for options, each subtask is learned independently, without sharing transition or reward models. Learning on a subtask
completes when an optimal policy for that task has been found.
Figure 10 shows that with a sufficient number of subtasks, that
is, with subtasks that are sufficiently small, a lower sample complexity can be achieved. For a smaller number of subtasks, however, the number of steps required actually increases. There is a
specific number of subtasks for each grid size at which the sample
complexity peaks and then begins to decrease. With a sufficient
number of subtasks the total sample complexity of solving all of
the subtasks is actually less than that of solving the full task. One
likely explanation for this is that once the number of subgoals becomes large enough, and consequently the distance from one subgoal to the next drops below a certain threshold, the optimal policy at the earlier subgoal is to move towards the next subgoal, instead of trying to reach unexplored states, which it assumes yield
reward Rmax , but now incur a greater penalty to reach than the
subgoal. Chained R-MAX does show a substantial improvement
in performance, in terms of sample complexity, over the base RMAX . There is, however, a point after which sample complexity
begins to increase again as a function of the number of subgoals,
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Subgoals with Options

In order to avoid the issue of forcing the agent performing SARSA
to do extra work by unlearning the Q-estimates near the previous
subgoal, we can leverage the options framework [10] to try to improve shaping by successive approximation. We still start with giving a reward to the agent when it reaches the first subgoal. However, when the agent has demonstrated that it knows how to get to
the subgoal according to the 80% competence criteria, instead of
using the same table of Q-estimates for the following subgoal, we
start with a fresh table of Q-estimates and package the previous Qtable as an option available at the start state (including recursivelydefined options). The initiation set for the option is just the original
start state. The option exits with probability 1.0 upon reaching the
subgoal for which the option was built, and probability 0.0 otherwise. The Q-estimate for the option is initialized in the same optimistic manner as for the other actions. The agent is not forced to
take the option, but is very likely to learn to do so as the option will
follow a near-optimal policy towards the next subgoal.
Because the policy for each subgoal is required to pass policy
verification before being declared complete, the option is guaranteed to terminate. It is possible, and very likely, that the policy that
is wrapped into an option contains a previous option as part of the
policy. As the problem progresses, there could be a recursive stack
of options potentially as large as the total number of subgoals. Each
of the options on the stack ultimately controls the behavior from its
corresponding previous subgoal to its own subgoal state.
As seen in Figure 11, using options in this way increases the
sample complexity over the basic algorithm, that is, the case with
only 1 option. The problem caused by inconsistency between the
optimal policies to reach different subgoals is avoided by using the
options architecture. However, there is an additional sample overhead caused by the fact that the agent must learn, with every new
subgoal, that it needs to take the provided option over the atomic
actions. It seems that this overhead is still much greater than the
benefits to be had by shaping the behavior of the agent with subgoals that are easier to reach.

7.

LEARNING FROM EASY MISSIONS

Shaping by successive approximation, as described above, is a
common tool for teaching dogs simple behaviors (like sit, stay, or
down). However, it is also very common when teaching dogs more
complex behaviors to use a slightly different approach. Strictly
speaking, this other approach is still shaping by successive approximation. However, rather than keeping a fixed start state and varying
the goal, a fixed goal is used and the start state is moved increas-
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Figure 12: The growth rate of the LEM agent as the grid size
scales as compared to the basic agent.

ingly “farther” away. This technique is very commonly used when
training working dogs (e.g., hunting dogs [2]).
One of the major problems that slows down shaping by successive approximation using simple subgoals is the fact that the Qestimates that are learned for each subgoal are inconsistent with
the Q� values for the optimal policy. This results from moving the
goal state to perform shaping. Instead of using a complex method
such as applying the options framework in order to get around this
issue arising from moving subgoals, we can instead keep the goal
location fixed and vary the start state (like in hunting dog training).
This process is known as “learning from easy missions” in RL [1].
A set of start states are evenly spaced between the ultimate start
state and the goal state. The agent starts by performing episodes
starting from the start state closest to the goal. Once the agent
reaches the 80% competence criteria as before and the policy is
verified to lead to the goal, the start state is moved back to the next
position. This process is repeated until the agent demonstrates that
it knows how to get from the final start state to the goal state.
The major advantage that fixing the goal state has over the basic
subgoal method is that the portions of the Q-table that are learned
initially according to the early start states do not need to change
when the start state is moved away from the goal state. Because
the same state is always rewarded, intermediary states’ values are
unchanged and there is nothing unlearned when subgoals change.
The agent performed strictly better than the agent using the basic
subgoals architecture (see Figure 8). However, as seen in Figure 12,
like the agent that used potential thresholds, any performance gains
over the baseline SARSA were limited. This result held regardless
of the size of the state space or the number of start states.
Compared to the agent not using subgoals at all, there is a fair
amount of sample overhead that comes with using multiple start
states. A speed gain is accomplished when the agent spends more
time closer to the goal and thus less time wandering aimlessly far
from the goal. The most productive learning can occur just outside
the region for which the agent has a good policy to get to the goal,
and thus reasonable estimates for the value of the actions. Because
the agent is using dynamic programming, the agent is able to expand that region outward to new states when it is on the frontier
just outside of the region it knows well. With the start state moving
progressively backward, the agent is able to spend a larger percentage of time on the productive frontier learning rapidly. The EVFA
algorithm [14] for approximating solutions to MDP’s can be said to
do something similar to this. It maintains a set of states for which it
has an accurate value estimate. The algorithm uses those estimates
to expand the set by learning values for nearby states.
R-MAX is well suited to the LEM approach, as neither the transition function nor the reward function change when the start state
is moved. In this case, the start state is moved back when an
optimal policy from the current start has been found. The same
transition and reward models are used for each start state, and the
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Figure 13: The sample complexity of the LEM R-MAX agent as
a function of the number of start states.
known/unknown parameters are not changed. As seen in Figure 13
LEM does not degrade the performance of R-MAX, it does not improve it either. As the start state is moved back, the algorithm may
need to explore states that it did not need to when the start state was
closer to the goal, and so the total number of actions taken is the
same as if the full task were solved at once.

8.

EPISODIC INTERRUPTION

One of the challenging things when training dogs is to deal with
the fact that they frequently will lose interest in training. Perhaps
they get full and a food reward becomes less enticing. Sometimes,
especially when they are puppies, they lose focus focus and wander
off. Whatever the cause, it is often necessary as a dog trainer to
interrupt an errant dog and start the trial over again. Generally,
this is accompanied by a verbal correction so the dog knows its
actions were inconsistent with the task. By using this technique,
dog trainers are able to focus their training sessions on reinforcing
successful trials, thereby reducing the amount of time dogs spend
performing irrelevant actions.
One observation about the performance of agents in our state
space is that they spend a large portion of their time wandering in
the large region away from both the start state and the goal state.
The agent using SARSA and the LEM approach on a 50x50 grid
space spent, on average, only 7.5% of its steps in states that are
within two steps of the optimal trajectory between the start and goal
state. The policy near the goal state is well-defined, and once the
agent nears the goal state, the episode ends within a short period of
time. However, the policy far from the goal state is nearly random,
and the agent can spend a lot of time in the distant region. Additionally, little utility is gained from spending time in that region.
Temporal difference learning relies on the fact that the stored value
for the next state the agent will enter is a reasonable estimate for
the future value of the previous state. However, the stored values
in this unexplored region are mostly arbitrary, so not much useful
learning can actually happen.
An additional observation is that the most rapid learning takes
place on the frontier between the region near the goal state for
which it has a near-optimal policy, and the region far from the goal
state for which it has an arbitrary policy. If the agent is closer to the
goal state, it does not improve much on the already near-optimal
policy. If the agent is too far from the goal state, it wanders aimlessly without a good way to improve its policy. However, when
it is on that frontier, it can expand what it knows about the region
near the goal state into the area farther from the goal state.
In order to improve the performance of the algorithm, we can
force it to spend more time on the productive frontier than in other
regions. One way to do this is to end the episode early if the agent
takes more than a certain number of steps. The number of steps
is set to some amount greater than the minimum number of steps
between the current start state and the goal. If the agent enters

  



 

 

 

 













 

 

 

 

 

 



 

Figure 14: How the parameter determining how long to wait
before resetting the trial affects how long the agent takes to
learn on a 100x100 grid.
the area near the goal for which the policy is already near-optimal,
then the episode will end anyway. However, if the agent enters a
region far from the goal state and starts to wander, than it will get
cut off before it wastes too much time wandering aimlessly. In the
Learning from Easy Missions framework, the current start state is
always near, but not in, the area that the agent already has a good
policy for. Thus the potential advantage of giving more attempts to
learn between the current start state and solidified region is large.
In order to explore the effect of resetting the episode when the
agent takes too long, we ran a series of trials on grids of different
sizes with different parameters for when the episode was cut off.
The episode was cut off when the number of steps taken reached
some multiple of the minimum steps necessary to reach the goal
from the current start state along the optimal trajectory. This multiple was varied from 1.0 to 10.0.
As in shown in figure Figure 14, the performance of the agent is
highly contingent upon when the episode is cut off. If the parameter is set too high and the episode is allowed to go on too long,
the performance converges upward to the performance of the agent
without cutting episodes off, as one might expect. However, if the
parameter is set too low and the agent is cut off to early, performance rapidly deteriorates because the agent has trouble reaching
the goal state before the episode terminates.
The optimal parameter for resetting the episode seems to be to
reset the episode when the agent takes a number of steps around
twice the minimum distance necessary to reach the goal. In this
case, the agent takes about two-thirds as many steps as it would
without cutting off any episodes early. In addition, on the 50x50
grid space, it spends 17.1% of its steps on average in states within
2 steps of the optimal trajectory versus 7.5% for the agent that does
not use episodic interruption. Although this improvement is notable, it is not indicative of a strong change in the agent’s ability to
solve the problem when subgoals are introduced.

9.

CONCLUSION

In this paper, we have surveyed a number of techniques for shaping behavior. We have drawn connections between these topics in
the canine training literature and the machine learning literature.
We have conducted an empirical analysis of these techniques on a
simple, open grid environment where complete policy and performance comparisons can be made. Overwhelmingly, we found that
the “behavior” of both model-based and model-free reinforcement
learning algorithms did not match our expectations based on our
experience training dogs and on relevant dog training literature.
Based on these data, we conclude that shaping techniques are unlikely to yield significant improvements in the performance of standard reinforcement learning algorithms in simple grid (and similar) domains. As these shaping concepts enable dog trainers to
train dogs to incredibly high performance, it would be expected
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that any model of animal learning should see similar gains when
such techniques are applied. The fact that similar improvements are
not found suggests that standard reinforcement learning algorithms
are insufficient as models of animal learning. It may be the case
that, for certain domains and state representations, shaping techniques may prove more effective, or it may be that these learning
algorithms are fundamentally unsuitable for this form of training.
Regardless of which may be true, reinforcement learning—being
more a dynamic programming technique than model of learning—
may need a paradigm shift if it is to benefit from the training regimens that human trainers use with animal learners.
Future analyses will extend this work to stochastic domains, as
well as to domains with continuous or factored state spaces, using
function approximation. Additional work will examine different
environments and learning tasks to determine what properties of
tasks, if any, afford shaping. Future work will also contribute the
development of algorithms which are more suitable to shaping.

10.
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ABSTRACT
In a cooperative multiagent system, information discovered
by one agent may be useful to others. Defining a reward
structure that can tap into the information discovered by
other agents can promote faster learning through group exploration of the state space. Previous work has shown that
collective rewards of this nature, referred to as Actions Not
Taken (ANT) rewards, outperform classic reward structures
on the Bar Problem in both learning speed and robustness
to system changes. However the applicability of ANT rewards is severely limited by the fact that they only consider
learning in a system in which agents have identical properties and action spaces. Because most real-world systems do
not involve identical agents, we propose a new ANT reward
which better accommodates heterogeneous agents using a
similarity weighting. In addition, we show the applicability
of this approach by extending to more complex domains: (i)
a version of the El Farol Bar Problem with agents that have
heterogeneous actions and, (ii) a network routing domain.
We show that our formulation of ANT for heterogeneous
agents shows up to 55% better performance with 30% faster
convergence in the network routing domain.

Categories and Subject Descriptors
I.2.11 [Distributed Artificial Intelligence]: Multiagent
Systems

General Terms
Algorithms

Keywords
Multiagent Reinforcement Learning, Congestion Games, Network Routing

1.

INTRODUCTION

Reinforcement learning in multiagent systems has broad
applications to many domains, including RoboCup Soccer
[4], data routing [5, 8], and air traﬃc control [6]. Learningbased algorithms are in many cases more adaptable to system stochasticity than static algorithms, but careful reward
design is imperative to keeping convergence time low and
solution quality high. Reward design in multiagent systems
frequently must take into account a system-level goal, which
does not necessarily maximize the utility of an individual
agent. In routing domains, agents which attempt to increase
their personal benefit may cause congestion and decrease the
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performance of the system. In such situations agents implementing personally-optimal policies may actually minimize
system performance, a phenomenon known as the Tragedy
of the Commons [3].
Diﬀerence rewards [8] have been shown to eﬀectively overcome the Tragedy of the Commons while maintaining better convergence speed than standard system-level rewards.
However in more complicated systems diﬀerence rewards
may require resimulation or function approximation in order
to capture the full eﬀects of the system. As these methods
of reward calculation can be costly, it is crucial for agents
to learn quickly from sampled information.
To maximize the usefulness of each reward given within
the system, it is possible to use the actions taken by one
agent to determine the eﬀect of another agent taking the
same action. This method, called ‘Actions Not Taken’ (ANT)
[7], which updates the information of all agents based on
the actions of its teammates, results in faster exploration
of the state space as compared to local, system, and diﬀerence rewards. ANT rewards been shown in the El Farol Bar
Problem [2] to converge faster and to recover quickly from
system changes. ANT rewards oﬀer a promising method of
speeding up learning within a multiagent system, but they
hinge on one main premise: the actions of one agent taking
an action must have the same eﬀect as if another agent were
to take the action in its place.
When agents are homogeneous, as seen in the Bar Problem, it can be assumed that the impact of any agent taking
another action would be the same. In most real-world domains, however, agents have diﬀerent properties and abilities
to impact the system. To give an example from RoboCup
Soccer, an agent playing the goalkeeper would have diﬀerent
actions available to it than an agent playing as an oﬀensive
team member. Even if an oﬀensive player took an action and
had a positive eﬀect on the system, the goalkeeper taking the
same action could not necessarily expect to have the same
positive eﬀect. To extend the applicability of ANT rewards
to more complex domains, we introduce a new ANT-based
reward which takes into account agent diﬀerences to more
accurately translate actions not taken. We demonstrate the
eﬀectiveness of these ANT rewards on a heterogeneous-agent
formulation of the Bar Problem as well as a network routing
domain.
The remainder of this paper is structured as follows: Section 2 provides background on reward shaping techniques
and diﬀerence rewards, as well as shows the previous formulations of ANT rewards and an overview of the network
routing problem. Section 3 introduces our testing domains

and their respective objective functions. Section 4 outlines
the learning mechanism and reward formulations for both
of our testing domains. Section 6 presents the results of the
simulations in the bar problem and network routing domain
and Section 7 provides a discussion of the general results
and potential areas of future work.

2.

RELATED WORK

To motivate our reward structure we present alternative
methods of reward modification for engineering better system performance, generally referred to as ‘reward shaping’.
We also present a brief overview of the network routing domain.

2.1

Reward Shaping

In many cases it is too complex to model interactions between agents and mathematically compute the total eﬀect
which an agent had on the system. It may be nearly impossible to model these interactions in nondeterministic multiagent settings as in the routing domain, where actions taken
by agents have ‘downstream’ consequences which will aﬀect
congestion at a later time period. This is diﬃcult to quantify in a forward fashion. Diﬀerence rewards [8] provide a
compact encapsulation of the agent’s true impact on the
system by examining the eﬀects of removing an agent from
the system and comparing the result to the system with the
agent.
These rewards balance two parameters, factoredness and
learnability [1], which define the behavior of a learning system. System rewards are perfectly factored but tend to have
too much noise in the signal for an agent to identify its impact on the reward signal. Local reward signals are perfectly learnable in that an agent’s actions directly aﬀect the
reward, but these are subject to the Tragedy of the Commons eﬀect as described in Section 1. Diﬀerence Rewards
have proved to outperform global and local rewards in many
congestion domains [1, 8, 7, 9]. The diﬀerence reward formulation in its general form is:
Di (z) = G(z) − G(z − zi + c)

(1)

where z is the system state, zi is the part of the system
state that agent i impacted, and c is some counterfactual
which did not depend on the actions of agent i.

2.2

Actions Not Taken Rewards

This work builds directly oﬀ of the Actions Not Taken
(ANT) concept provided in [7], which introduces the idea
that an agent may be able to learn from simulating taking diﬀerent actions in order to reduce the exploration of
the state space. A number of diﬀerent setups for ANT
have previously been explored including exploration of all
alternative actions, ANT with early stopping (stopped sampling actions not taken and gave diﬀerence reward with zero
counterfactual after some training period), ANT with teams
(only explored alternative actions taken by team members),
and ANT with weighted teams (increased the perceived reliability of the estimate based on how many other agents took
the action). In previous work, ANT with weighted teams
dominated the other ANT formulations, and was given by
the reward:
i→b
DW
T

= G(z −

zia

+

zib )

− µ|T i

day i→b

|

· G(z −

zTb i

−

zia )

(2)
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for an agent i that takes an action a and compares to an
action b and where G(z − zia + zib ) refers to the system evaluation of a state in which agent i has taken action b instead of
a, µ|T i
| is the average number of team members taking
dayi→b

action b, and G(z − zTb i − zia ) refers to the system evaluation
of a state in which agent i and its teammates taking action
i→b
b are removed. In preliminary testing of DW
T , it was discovered that this reward performed better in the case where
µ = 1.0, which equated to the DT eam reward in [7]. For
this reason our reference to ‘previous ANT rewards’ is to
the DT eam reward rather than DW T .

2.3

The Network Routing Domain

Network routing is a common real-world problem, covering air traﬃc control, toolpath scheduling, and Internet routing. Typical commercial solutions in these applications have
not included learning, but it nevertheless provides an interesting testing domain. Shortest-path algorithms are popular
for network routing, however it has been shown in previous
work that in a routing domain that objects being sent on a
longer path may be beneficial to the system as a whole as it
may alleviate downstream congestion [10].
This result is similar to the bar problem, in which some
agents must take suboptimal actions in order to optimize the
entire system’s performance [9]. Learning algorithms and
reward structures such as the diﬀerence reward have been
applied to the data routing domain, specifically with mobile ad-hoc networks (MANETs)[8], but ANT rewards have
never been investigated in this domain. As these represent a
system with complex dynamics and real world applications,
a reward’s success in this domain serves to demonstrate it
can be applied eﬀectively to stateful domains with heterogeneous agents.
In this work, we do not provide non-learning popular algorithmic solutions as a comparison metric, as our goal is to
use the network routing domain to demonstrate the applicability of ANT rewards to complex systems rather than to
challenge present algorithms.

3.

EXPERIMENTAL DOMAINS

We explore two experimental domains in order to test our
reward formulation. The first is a bar problem featuring a
modification such that agents have somewhat diﬀerent actions available to them. This provides a toy domain on which
to demonstrate the success of our method on a system with
heterogeneous agents. We then present a network routing
domain, which closer models a real-world problem with heterogeneous agents.

3.1

The Bar Problem

The El Farol Bar Problem is a frequently-used abstraction of congestion problems. The problem is set up such
that there is an optimal capacity c which provides the most
enjoyment for all who attend the bar on a particular night.
The local enjoyment of an agent attending the bar is a function of its attendance that night:
Li = e

−xi (z)
c

(3)

where xi (z) is the attendance on the night that agent i
went to the bar. The total enjoyment of the system is given
by a summation of these rewards:

G(z) =

K
�

xk (z)e−xk (z)/c

(4)

k=0

where k is the index of the day within the week, and xk (z)
is the number of people who attend on that night.
Our modification of the bar problem features restricting
the action space of agents with a certain probability Paction
of any action being in its action space. As agent action
spaces were generated semi-randomly, this meant that the
new bar problem optimal solution was not calculable, and
presented a more diﬃcult learning problem for the agents.

3.2

Network Routing

Our network consisted of N nodes connected by L links.
Packets had to be routed such that they arrived at their
destination within a certain set amount of time. Nodes were
modeled as learning agents. Links were generated such that
each node linked to another node in a ring, and then links
were generated randomly until L links had been created.
The network was therefore sparsely connected but guaranteed that any packet could be successfully routed from any
starting point to its destination (at worst a packet’s optimal
path would be travelling N/2 hops).
Links were set to have homogeneous delay (synchronous
packet delivery) and packets were set to have homogeneous
starting attributes. Packets had unit size, and all began
with the same time-to-life (TTL) value which defined how
many hops a packet would exist in the system before it timed
out and was removed. This was decremented after each
hop. Packets were also assigned with a random starting node
and destination node, which were not identical. Congestion
levels in the system were kept constant by random packet
generation upon destruction of a packet.
Nodes had queues in which they stored packets waiting
to be routed, and had a capacity C. If this capacity was
exceeded they dropped the excess packets from their queue.
Node states were defined by the attributes of the packet a
node was routing, as well as the number of packets in the
queue of the neighboring nodes at that timestep (this would
change before the packet arrived, but nonetheless gave some
indication of congestion at that point).
The system utility was defined as the number of packets
delivered over the number of packets handled by all of the
nodes in the system per turn, yielding:
Delivered
(5)
Handled
where Delivered and Handled represent the total number of packets delivered to their destination and the total
number of packets routed in the system. The local reward
at a node was given similarly, except on a per-agent basis
rather than globally.
G(z) =

4.

AGENT LEARNING AND REWARDS

Qnew (s, a)

←

Qold (a) + α(R(st+1 )
+γ max Q(st+1 , at+1 ) − Qold (s, a))
at+1

where γ refers to the learning discount factor. Actions in
both domains were selected using �-greedy action selection.

4.1

ANT in the Bar Problem

We postulate that a weight may exist which expresses the
similarity of one action to another action. In this work,
we modify the original ANT rewards by incorporating this
weighting (wi,j ) to previous ANT team reward formulations
seen in [7]:
i→b
Dhet
= G(z − zia + wi,j · zib ) − G(z − wi,j · zTb i − zia ) (7)
i→b
where Dhet
is the reward given to each agent simulating
reward agent i would have gotten if it had taken action b
instead of its own move (action a), z represents the system
state, zia represents the part of the state aﬀected by agent i
taking action a, and zib represents the part of the state that
would have been aﬀected by agent i taking action b.
In many cases, the intersection of the action space between agents may be small, but this does not mean that
there is no correlation between the actions of these agents.
The analytical solution to maximize the system utility of
the bar problem favors an even spread at the capacity of
the bars over all nights but one, with one night hosting the
‘excess’ agents who get negligible enjoyment for their night
but allow the maximum enjoyment on the other nights. In
this problem some agents in a team may share a single night
on which they are both capable of attending. It therefore
may be optimal for the ‘excess’ agents to attend this night
preferentially, as it will hold the most agent excess.
However the other nights that they attend have approximately equal value as far as the system reward is concerned.
If the ‘excess’ night is night 1, and there are two agents
with action spaces {1, 2, 3} and {1, 4, 5, 6} then for purposes of biasing the results toward faster convergence using
ANT rewards the rewards from the first agent’s actions {2,
3} may translate to equal the second agent’s actions {4, 5, 6}
(all of the non-excess actions within the set having roughly
equal value). We experiment with this possibility by using
a weight to define an action’s similarity, which is related to
the amount of overlap between the actions of agents:

wi,j =

Agents learned in the bar problem using Q-learning with
a zero-initialized Q-table which updated according to the
stateless Q-update equation:
Qnew (a) ← Qold (a) + α(R(a) − Qold (a))

the learning rate which is bounded by 0 and 1 (0 producing
no learning and 1 causing the agent only to consider the
most recent reward), and R(a) being the reward received
for action a.
In the network routing problem, agents used stateful Qlearning with a zero-initialized Q-table. This updated according to the equation

(6)

where Qnew (a) is the updated Q-value for taking action
a, Qold (a) is the previous Q-value for taking action a, α is
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ni∩j
nj

(8)

where wi,j is the weighting factor to translate an action
found in the set of agent j’s actions to an action in the set
of actions available to agent i, ni∩j is the number of actions
which are shared by i and j, and nj is the number of actions
available to agent j.
This factor is meant only to translate actions which are
seen in agent i’s action space but not that of agent j. In the

Bar Problem
460
7, 3.5
4
10
100
30
NA
0.1
0.3
NA

Network Routing
20
5
15
1
100
30
100
0.1
0.1
0.9

8

7

6

G(z)

Domain
Agents
Actions/Agent
Capacity
Teams
Training Weeks (ANT)
Statistical Runs
Packets
�
α
γ

5

4

3

Table 1: Specifications of the Bar Problem and the
Network Routing domains. �, α, and γ values refer to exploration rate, learning rate, and learning
discount factor respectively
case that agent i and j share the action in question wi,j = 1.
In the case where agent i and j share no actions, it is assumed that they are completely independent of one another
and the action is not updated. Congestion and learning
specifications of the bar problem in this implementation are
given in Table 5.

Di (z) =

Delivered
Delivered − Deliveredi
−
Handled
Handled − Handledi

200

400

600

800

1000

Weeks

Figure 1: Bar Problem results for diﬀerence, team
diﬀerence, and heterogeneous diﬀerence rewards for
the original bar problem.
4

3.5

3

2.5

(9)

where Deliveredi and Handledi refer to the total number
of packets that node i has individually delivered or handled.
Specifications for the testing values for both the Bar Problem and the network routing domain used can be found in
Table 5

RESULTS

Team rewards converged to higher values than weighted
team, in this experimentation, which diﬀers from the results
found in the original work on ANT rewards [7].

6.1

0

ANT IN THE NETWORK ROUTING DOMAIN

The diﬀerence reward, which was used for ANT calculation, was determined from this definition of the global reward by combining Equation 5 with Equation 1, giving:

6.

2

G(z)

5.

D
DTEAM
DHET

Bar Problem Results

The heterogeneous formulation of the bar problem proved
to be more statistically variable than anticipated; the distribution of agent action spaces heavily impacted the optimal
solutions available. However, our reward compares favorably against previous ANT rewards in both the original bar
problem and the action-restricted bar problem. We show
that our heterogeneous formulation performs just as well
as DT eam in the original bar problem (which is intuitive,
as in this case they are mathematically equivalent), while
when the action spaces are reduced by approximately half
the heterogeneous formulation outperforms Dteam . The total reward is also decreased, but this is intuitive due to the
fact that the optimal solution for the original bar problem
becomes impossible due to the limited choices of the agents.
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Figure 2: Bar Problem results for diﬀerence, team
diﬀerence, and heterogeneous diﬀerence rewards for
the bar problem with approximately half the actions
available to each agent.

6.2

Network Routing Results

The statistical variability of the performance of the system
may be explained by the fact that it is not possible to deliver
all packets at once; that is, a large number of packets may
be just one hop from their destination at one timestep, and
at another timestep there may be no packets which can be
delivered in the next hop, through no fault of the agents.
ANT rewards were shown to converge much faster than
diﬀerence rewards in the network routing domain. As shown
in Figure 3 ANT rewards reached their peak in 250 hops with
a value of 0.3 whereas diﬀerence rewards were still unconverged at a value of 0.18. Moreover, after this peak, the
ANT rewards had converged whereas diﬀerence rewards remained unconverged after 1000 hops. In Figure 3 it can
be seen that the reward trends slightly downward after the
peak, but this is attributed more to the variability of the
sporadic packet receiving schedule, and it is assumed that

Figure 3: Network Routing results for local, global,
diﬀerence, ANT, and random action.

Figure 4: Network Routing results for local, global,
diﬀerence, ANT, and random action.
At 500
timesteps 80/100 links are randomly re-created.
the reward has converged.
One major benefit demonstrated by the results from the
link failure testing in Figure 4 is that ANT rewards are more
robust than diﬀerence reward. After 500 weeks 80 links out
of a total of 100 links in the system were destroyed and
randomly re-created. In examining the ANT reward it appears that there is very little eﬀect from this link destruction, whereas a clear dip in performance is seen in the graph
of the diﬀerence reward. This may be attributed to ANT’s
much faster learning speed than the diﬀerence reward, as it
can easily recover from perturbations in the domain.

7.

weighting is that it represents an action which the agent
cannot physically take; if an agent shares 30% of its action
space with another agent, it will translate the other agent’s
action as being 30% there for one night–something which
is not possible by the action selection in the bar problem.
This means that an agent is comparing itself to imaginary
actions. However previous work on the diﬀerence rewards
has indicated that this is a permissible method of reward
calculation [9].
The bar problem and the network routing domain are different in the way they introduce congestion in the system.
In the bar problem, an agent may only take a single action,
which causes congestion by its presence in the system. In
the network routing problem, an agent introduces congestion into the system by sending a number of packets (up to
its queue size) to another node. The ANT rewards in the
network routing domain were important in that they allowed
us to analyze the eﬀects of not only single actions, but chains
of actions leading to temporally-dependent congestion in the
system. By enforcing a cap on the number of packets in the
queue the agents had to learn to route around bottlenecks
or risk packet loss and its subsequent performance penalties.
As shown in Figure 3, our modified ANT rewards delivered much faster learning speeds than diﬀerence rewards.
However their converged performance is not as clearly superior in the network routing domain as in the bar problem.
This indicates that a simple weighting may not be enough
to capture the eﬀects of replacing another agent. In the bar
problem there was little sense of connectedness and chains
of related actions, whereas this is one of the aspects which
makes the network routing domain very complex, and inhibits calculation of an optimal solution. Further adjustment of training time could also oﬀer faster convergence
speed.
A weighting function to translate better between nodes
may require a higher level of domain-specific knowledge,
whereas our definition of connectivity is simple enough to
have broader applications in other domains. Highly complex networks may require a more sophisticated translation
function such as a neural network to fully characterize the
eﬀects of states and actions of one agent on another. Alternately a statistical sampling may be done to develop better
static weights during a preliminary run.
Translation of learning of one node to another node using
our weighting is a simple first step, but it provides a foundation for exploiting the similarity between agents to increase
learning speed. Significant improvements were seen using
our simple formulation, and leveraging this idea of sharing
information between heterogeneous actions with a more sophisticated method of translation could amplify these improvements even further. Our results oﬀer motivation for
exploration into further application of ANT rewards in conjunction with methods of assessing the relative impacts of
heterogeneous agents.

8.

DISCUSSION AND FUTURE WORK

ANT rewards show promise in both handling failure in the
system (such as in Figure 4) and in learning with much less
sampling of the system. In domains in which it is costly to
sample, it may be quite valuable to be able to extrapolate
information from rewards in this manner.
One main downside of our formulation of our translation
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ABSTRACT
In many multiagent learning problems, the complexity can
be decreased by exploiting the repetitive nature of the problem. For this reason, the literature of Reinforcement Learning (RL) contains many diﬀerent hierarchical RL methods
that decompose a given task into subtasks that need to be
accomplished for a defined goal. On the other hand, some
single agent and multiagent problems require to achieve only
one of many similar goals. These problems force the agent
to choose one subtask instead of accomplishing all subtasks.
To exploit this type of problems with choices of repetitive
structure, we introduce a method that uses High Level Evaluation of Low Level MDPs (HELM) where a low level MDP
is used for each of the subtask choices of the original MDP.
Inspired by hierarchical schema, this simpler but parameterized MDP is used both to learn to achieve a subtask and
to evaluate diﬀerent subtask options for the agent. To be
able to use the schema in a multiagent setting, we extend
the method using a subtask based version of diﬀerence rewards, a reward shaping method proven to work for cooperative multiagent systems. The algorithm is tested using the
multi-rover problem where rovers cooperatively learn to observe POIs in the environment. The results show that agents
which use the combination of HELM and subtask based difference rewards result in significant improvement both on
learning speed, and converged policies.

Categories and Subject Descriptors
I.2.6 [Artificial Intelligence]: Learning

General Terms
Algorithms

Keywords
Cooperative Learning, Hierarchical Learning, Reward Shaping

1.

INTRODUCTION

Multiagent learning is a growing research area, and the
diﬃculties associated with learning in a dynamic environment become more pronounced as the number of agents increases. In addition to the dynamism, the problem of credit
assignment arises between the agents. Because of these
problems, autonomous agents that learn to cooperate are
studied from many diﬀerent aspects to improve the collabo-
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ration between agents using implicit or explicit coordination
methods.
Looking at the nature of the multiagent problems, there
can be a repetitive pattern where the agents learn to share
resources. In these problems, although the main goal of the
agents is to learn to cooperate, they have to deal with the
environment using primitive actions. The repetitive routine of the primitive actions used by agents can be easily
collected into a hierarchical structure to separate general
learning into learning to collaborate and learning the task.
For this reason, hierarchical reinforcement learning methods
are attractive for these problems. However, the application
of hierarchical learning schemas face the challenge of having
two layers concurrently learning using one reward.
In this study, we propose a learning method for multiagent
problems where agents face choices between similar types
of tasks while cooperating with each other. Inspired from
hierarchical schemas, High Level Evaluation of Low Level
MDPs (HELM) is composed of two layers, but the learning
is only happening at the lower level. Higher level decisions
are made by evaluating the Q values of the low level learning. The advantages of such a schema are simplifying the
problem to learn, giving ability to use a task oriented state
representation, and reuse of the knowledge by exploiting the
repetitive patterns in the problem.
We first define HELM for single agent problems and then
extend it to multiagent problems by coupling it with the reward shaping method “diﬀerence rewards” to solve the credit
assignment problem. The method is applied on the Continuous Rover Problem where the agents learn to observe
Points of Interests (POIs) distributed to the environment.
The results show that when coupled with diﬀerence rewards,
HELM provides a better learning experience for the agents
both in terms of learning speed and converged policy. In
many diﬀerent tests, the agents using HELM and the difference rewards outperformed the agents using HELM with
other reward schemas and the agents using flat learning with
diﬀerence rewards.
The rest of the paper is organized as follows: Section 2
gives the required background on multiagent learning and
hierarchical learning schemas. Section 3 gives the formal
definition of HELM on single agent problems and explains
the logic behind it. Section 4 explains the problems with
using HELM in multiagent learning problems and gives the
solution by integrating diﬀerence rewards as a reward shaping method. Section 5 presents the rover problem and explains the application HELM. Section 6 presents and discusses the experimental results, and the paper ends with
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Section 7 where the conclusions and future work directions
are stated.

2.

Get
Pickup

BACKGROUND

North

Reinforcement Learning and MDPs
Reinforcement Learning (RL) is a learning method, where an
agent learns from its experiences with an environment [18].
In RL, the agent is expected to learn the optimal behavior
using the rewards given by the environment as feedback. At
a given timestep, the agent gets the state information from
the environment, then decides on an action and according
to the state and the action of the agent, the environment
returns the new state and reward.
The task is defined in terms of Markov Decision Processes
(MDPs) specificied by the tuple (S, A, T, R). The agent observes a state s ∈ S that is a vector of state variables. It
decides on an action a ∈ A. Reward function R : S × A → R
maps state and action to reward value. Transition function
T : S × A → S maps the state and action to a new state.
Given these definitions, the policy of the agent π : S → A
defines which action to take on a given state.
The Q value of a state action pair, denoted by Qπ (s, a), is
the estimation of the sum of all the rewards that one agent
would get by taking action a at state s and following policy
π. Through the learning process, the agent improves the estimation of Q values and the policy to increase performance
for the given problem. In action value learning algorithms
such as q-learning and sarsa, the agents learn Q values assigned to each state action pairs. In the sarsa algorithm,
this update is defined as:
Q(st , at ) ← Q(st , at ) + α{rt + γQ(st+1 , at + 1) − Q(st , at )}
where α is learning rate and γ is discount factor. Using these
updates, the Q values converge to discounted values of the
best action for the successor state, and the policy becomes
selecting the action that gives the best Q value for every
state.
In the definitions given previously, the state s is a discrete
entity, but in many real world problems, the state variables
are continuous which requires discretization. Even when the
states are discrete, the number of states can be impossible to
handle. Moreover, generalization between similar states can
speed up learning significantly. Because of these reasons, RL
algorithms are usually coupled with diﬀerent types of function approximations such as linear function approximations,
tile coding or neural networks. [5]. In this paper, the agents
use tile coding where the state space is divided into equal
sized intervals having separate coeﬃcients to estimate the Q
values [18].

Hierarchical Reinforcement Learning
For diﬀerent problems, the structure can allow diﬀerent approaches to provide better learning experience for the agent.
For problems where the same sequence of actions are repeated, one possible approach is using Hierarchical Reinforcement Learning (HRL) [3] . The general idea in HRL
is having an abstraction for repeated action sequences. One
approach is defining temporally extended actions that takes
more than one timesteps and that can be initiated in particular states [14]. Using this setting, the problem can be defined in terms of semi Markov Decision Processes (SMDPs).
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Figure 1: Hierarchical Structure of Taxi Domain used by Dietterich to explain MAXQ method. The taxi has to pick up
and drop the passengers. The subtasks have to be completed
in order to achieve the goal.

Another approach is using Hierarchically Abstract Machines
where an upper level controller uses SMDPs and lower level
ones are finite MDPs. In this setting, the upper level controller gives a decision when the lower level controller reaches
boundary conditions. Another HRL method is MAX-Q Decomposition by Dietterich [7]. The task is treated as an
SMDP and decomposed into subtasks. For each subtask, the
state has additional information specifying the parameters
and stack of calling subtasks. Subtasks have pseudo-reward
functions, and according to execution time and reward accumulated, the Q values propagate to the upper levels of the
hierarchy. The literature also contains HRL for cooperative
multiagent problems, but again the problem is divided into
diﬀerent subtasks that needs to be accomplished in an order
[10].
From the HRL perspective, all these methods introduce a
multiple layered structure to learning, but the subtasks are
abstractions that need to be accomplished in order to solve
the root task. Figure 1 shows the taxi domain example used
to explain MAXQ learning. The problem is decomposed into
subtasks that are needed to be accomplished in order. The
method introduced in this paper similarly decomposes into
higher and lower level structures, but the overall approach
is significantly diﬀerent. First, the original task is treated
from a diﬀerent perspective. We specifically work on cases
where a task contains multiple choices of similar goal, on the
other hand HRL methods handles the execution of successive subtasks. If we explain it using taxi domain example,
we are considering the selection between multiple passengers. Second, the higher level decision in our approach does
not contain learning. Section 3 gives a detailed explanation
about the method.
In addition to the HRL methods, the literature contains
other task decomposition methods. Mostly developed for
multiagent systems, these methods are based on the idea of
decomposing the task into smaller tasks for diﬀerent agents
and coordinating the agents to get a more eﬀective assignment schema [15, 16]. Compared to these methods, multiagent usage of HELM serves a similar purpose, but the
approach is completely diﬀerent. HELM is developed first
as a single agent algorithm to help an agent learn a task with
multiple goals to pick from. The approach is then extended
to multiagent problems and coordination via integration of
reward shaping (Section 4).

Multiagent Learning and Reward Shaping
Reinforcement Learning methods are first developed and
proven for single agent systems. On the other hand, many
problems require or are naturally defined by multiagent systems [20, 17]. A multiagent problem can be defined as an
environment containing multiple agents interacting directly

3.

HELM AND SINGLE AGENT LEARNING

Problems containing diﬀerent choices of tasks can quickly
become complex problems for a learning agent. Considering
that each option has to be presented in the state representation of the agent, the resulting state space grows exponentially in terms of number of tasks. Moreover, for problems
that have many choices between similar goals, giving a decision on a high level action and then choosing a primitive
action is more intuitive for a human being.
As explained in Section 2, problems that have repetitive
characteristics can be handled using a hierarchical structure
in learning mechanism. For problems with multiple tasks to
choose from, the most intuitive way of structuring an agent
would be using a higher level decision mechanism for the
selection of the task and a lower level decision mechanism
that decides on the primitive action. Although this schema
would help reduce the complexity of the problem, it introduces two levels of concurrent learning. When two levels of
concurrent learning are involved, learning can become hard
with one reward corresponding to the consequences of two
actions taken on diﬀerent levels.
In a hierarchical schema, if we summarize each level’s responsibility, the lower level is responsible for how good each
action is for a specific task, and the upper level is responsible for how good each task is in a given situation. The
problems can be heterogeneous or homogeneous in terms of
tasks. When the agent has a selection of similar tasks it is
called homogeneous. For example, in the taxi problem discussed before, picking up one of the 4 passengers in a map
is a selection from the same type of task. The tasks are the
same, but the parameters or the conditions are diﬀerent. In
such type of problems, all these choices can be handled using
one task: picking up a passenger from a given point. At this
point, we construct a simpler MDP containing the simple
task containing only one goal. As reinforcement learning is
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State
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or indirectly through the environment. The task can be
competitive, cooperative, or both by having opponents and
teammates together. From the learning perspective, a multiagent problem is much harder than a single agent problem. Since each agent’s actions eﬀect all the agents in the
environment, the environment is highly dynamic. Another
dimension of the problem is learning to cooperate or beat
other agents. In addition to the environment, agents have
to deal with other agents’ behaviors that are changing over
time by learning.
There are many applications of single agent learning methods to multiagent problems, but the results are not always
satisfying. Because of that, the literature contains many different multiagent learning methods [13]. Cooperative problems are subset of multiagent problems where the agents
learn to coordinate. The coordination might be explicit such
as using communication or coordination graphs, or it can be
implicit such as using reward shaping, or teammate modeling. Diﬀerent Multiagent RL methods and their drawbacks
can be found in this detailed survey by Busoniu et al [4]. In
addition to these methods, reward shaping methods handle
the agents learning independently, and provides them individual rewards such that optimizing the individual rewards
will optimize team behavior [12, 6, 8, 11]. As a reward shaping method, Diﬀerence Rewards are used and explained in
Section 4 where HELM is extended to multiagent problems
via integrating the diﬀerence rewards [2].
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schema
Figure 2: Comparison of traditional and two level learning
approaches for a problem with two goal states, 3 and 5 steps
away. Since the traditional learner propagates the values
from the best next state, the current value of the state is γ 3 .
The two level learner has two diﬀerent tasks where Q values
of the current state are γ 5 and γ 3 resulting in the better
choice having a higher Q value.

used for learning this MDP, the lower level learning mechanism contains a perfect feature that can be used for upper
level evaluation: Q values.
The reinforcement learner has a Q table which contains Q
values of each state action pair, and these values are mainly
used for decision making between diﬀerent possible actions
in a specific state. These values not only signify the best
action for that state, they also propagate to the other states
which contain a transition to that state. Each of these Q
values are actually estimations of the expected sum of the
discounted rewards starting from that state and following
the current policy. These estimated values are not only beneficial for action selection, they give the agent perfect opportunity to judge how ”good” a specific state is. This property
results in a Q table where values become higher when the
agent is closer to a goal.
If the agent uses flat learning, for the problems which
are composed of choices between similar tasks and goals, Q
values are propagated from the closest goal state because
the algorithm propagates the value of the best state. The
Figure 2-a illustrates this propagation at the decision point.
In a hierarchical learning case, considering the existence of
a learner for a lower level MDP, for each of the tasks, the
state of the agent will be transformed to a state specific to
the new MDP (Figure 2-b). Q values will be propagated
separately instead of merging. This leads to independent Q
values for diﬀerent tasks. Looking at the overall picture, the
state given to the agent is transformed into a diﬀerent state
for each diﬀerent task. For each of these states containing
one task, the agent can use the learning with a simpler MDP
which only contains one task, and check the Q values that
these states give. When the learning for a task is converged
to optimal policy, these Q values for each task will increase
depending on how close the agent is to that specific task. As
RL on MDPs is proven to converge to the optimal policy,
and the low level learning is defined on an MDP, low level
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Figure 4: Example of two agents two goals scenario for usage
of HELM. Qi,j represents Q value of agent i if selecting task
j. It can be seen that, in the ideal case, as the closer goal
state Q values will be higher, both agents will select G1 .
Since one of the agents will not be able get a good reward,
Q values will no longer represent closeness of the goal, which
will also damage high level selection of the task in the future.

argmax

Figure 3: The learning diagram of HELM. The state s is
transformed into states s�i for each task i. These states are
evaluated through reinforcement learner for MDP M � . The
task giving the maximum value selected so that state s� is
given to the agent to learn M � . In a multiagent setting,
the selected task is used to shape the reward to provide the
agent with diﬀerence rewards on a specific task.

will also converge to the optimal policy.
Since the agent now has the ability to evaluate current
state for each of the tasks, the decision of which task to
choose becomes straightforward: the maximum one. The
upper level of the hierarchy becomes selecting the maximum of the potential values for each task. After the task
with maximum value is selected, the learning becomes a flat
model similar to an MDP containing single task. The agent
selects the primitive action, and updates it with the reward
given by the environment.
Formally, if we restate the idea described, the agent gets
a state s in MDP M containing many tasks. The problem
is reduced to a simpler MDP M � that contains only one
task. Between M and M � the diﬀerence is number of goal
states. For every task i, the state s is transformed into state
s�i that belongs to MDP M � . For every task, the current
situation is evaluated by collecting Q values of s�i . On a
high level, the task with maximum Q value is selected, and
then the problem is treated as MDP M � . Figure 3 illustrates
this process. From one perspective, this is a reduction from
MDP M to M � using the transformation function that gives
the highest Q value in M � . On the other hand, this can also
be called as High level Evaluation of Low level MDP using
Q values (HELM).
Although the intuition behind the described method is a
hierarchical model, the simple selection of the task with the
maximum Q value prevents the model from being a true
hierarchical model. The method becomes a reduction to an
easier MDP which is simpler than a hierarchical model, but
still contains most of the benefits of the hierarchical models
such as exploiting the repetitive nature of the problem by
reusing the previous experience, simplifying the state space
by decomposition and simplifying the task to learn.
One great benefit of this model is the ability to use a simpler state representation for the learning agent. Since the
problem is transformed into a smaller task, the amount of
information that the agent requires is reduced significantly.
Instead of learning on a state representation of the complete
environment, the state representation that contains information related to the specific task is enough. Another benefit

186

of the learning model is the reuse of the knowledge. Since
the agent uses the same learning mechanism for any task, at
every time step, instead of learning a specific task, it learns a
generic policy for all the tasks. This greatly reduces learning
time of the agent.

4.

MULTIAGENT LEARNING USING HELM
AND REWARD SHAPING

The HELM method described in the previous section has
many benefits over flat learning, but the range of the problems that it is applicable to is limited to single agent problems with choices. One commonly studied subset of learning problems is multiagent problems where there are multiple agents learning a cooperative task. In this specific subset, multiple tasks to choose from becomes multiple tasks to
share between the agents. The environment contains many
agents and many tasks where the agents learn to collaborate
and share the resources.
The multiagent learning problems are harder than the single agent one in many aspects. First, the environment is
highly dynamic. Every time step, the resulting state also
depends on the other agents. Second, the performance of
the system aﬀecting the rewards not only depend on a single
agent, it also depends on the other agents. Third, the environment becomes more crowded, and the state space gets exponentially bigger. Moreover, considering the method proposed, probably the most important diﬀerence is the nature
of the task. From choosing a task and achieving a goal state,
it becomes a more complex problem where the agents learn
both the tasks and also to collaborate with the other agents.
If we try to apply the HELM directly to a multiagent
problem, at every timestep all the agents will be choosing the
easiest task according to the Q values of the tasks. Imagine
the scenario in the previously described situation with two
tasks. If we have two agents at the similar situation (Figure
4), looking at the Q values, they will both learn to pick the
easy task. This problem not only breaks collaboration, it
will also aﬀect their performance on learning to achieve the
low level task, because picking the same goal will result in
unexpected rewards for the agents. Since the whole learning
mechanism relies on the Q values based on the low level
learning, high level task selection will also fail.
Although the multiple agent setting breaks the method
completely, the problem faced is nothing more than a credit
assignment problem as explained in Section 2. Assuming
that the agents could get a perfect reward which takes into

consideration the consequences of the collaboration, it would
guarantee a good reward when a low level task is achieved
in a cooperative way. The consequences of such a reward
will not only stabilize the Q values and bring back the proposed method to life, it will also improve it as a collaboration
method. First, it will provide the agents a good enough reward to learn the low level MDP. By learning the low level
MDP, Q values would have the incremental flow property
that the method exploits. Second, the collaboration aspect
of the reward will encourage cooperation as it does with
agents using a flat learning method.
As a reward shaping method, the Diﬀerence Rewards is
well studied and proven reward shaping method that holds
the properties that HELM needs [1]. Briefly, it gives an
agent a specific reward signifying the eﬀect of the agent on
the system. Mathematically, it is defined as the subtraction
of the team reward and the team reward without the specific agent. Before explaining diﬀerence rewards, let us discuss two natural (unshaped) rewards that can be provided
to an agent operating in a team. First, one can provide
the “Global” reward (G), which represents full team performance, and second, one can provide a “Local” reward (L)
which represents an agent’s direct contribution to the global
reward. In large systems, providing the global reward becomes problematic as the impact of an agent’s actions are
obscured by the actions of all the other agents. Similarly,
having each agent simply aim to pursue its own contribution
does not lead to coordinated behavior.
Based on these observations, the degree of factoredness
of a reward defines the proportion of the individual rewards
that are aligned with the global reward. This allows an
agent to determine if increasing its own reward will also increase the reward of the entire system. On the other hand,
learnability measures the impact of the agent’s actions on
the reward that it gets. Considering the concepts explained
above, the local reward is highly learnable but less factored,
and global reward is perfectly factored but not highly learnable. To overcome the problems of these two rewards, the
Diﬀerence Reward (D) was developed to provide a shaped
reward that is more learnable than global reward and more
factored than local reward. It is defined as:
Di ≡ G(z) − G(z − zi + ci ) ,

(1)

Where first term G(z) is the global reward of the state z,
second term G(z − zi + ci ) is the global reward of the system
where the agent i is taken out and is replaced by a default
action ci . Subtraction of the second term from the first term
gives the eﬀect of the agent on the system. It is shown to
perform better than G and L in many diﬀerent domains [19,
9].
Since the low level MDP in HELM is a 1 task MDP, the
application of the diﬀerence reward requires task specific
rewards. For that purpose, instead of using diﬀerence rewards on the whole environment, we use diﬀerence rewards
for the new MDP which only contains one task (and 1 goal)
of the environment. Figure 3 shows this additional multiagent component with a dashed arrow from the selected task
to the shaped reward. Using this information, While shaping
the reward with the Equation 1 the function G is replaced
by Gi which is global reward of the team for a given task i.
We call these modified rewards “task specific diﬀerence rewards”. Although the shaped reward looks like a new type
of reward, it is nothing more than a diﬀerence reward for
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the low level MDP M � instead of MDP M .
The eﬀects of diﬀerence rewards on HELM can be further investigated using an example scenario with two agents.
Consider a case where two agents have two choices of tasks
similar to the example used in single agent scenario (Figure
4). While using the transformation to the simpler MDP,
both agents decompose the problem into two tasks. The
figure includes reward structures and the propagated values that aﬀect agents’ choices. As explained before, global
reward results in total confusion to agent, because it also depends on other agent’s eﬀect. Not only they have problems
selecting the right task, they also have problems learning
to achieve a task. Local reward is a perfect signal to learn
the low level tasks, but it encourages each agent to go for
their own benefit even if it is not beneficial for the team. On
the other hand, the diﬀerence reward distributes the reward
encouraging best action for the team. There is another interesting result in this example, for the choice of task that
is not beneficial for the team, the propagated value does not
signify how close the agent is to the task, it results in zero.
In conclusion, the propagated values signify how close the
agents are to the goals but this value is non zero only for the
tasks which would be beneficial for the team. Since these
values discourage the agents from selecting selfish decisions,
the resulting policy gives better results for the team.

5.

APPLICATION TO CONTINUOUS ROVER
PROBLEM

The Continuous Rover Problem is a toy domain inspired
from the idea of multiple rovers exploring a field containing points of interests (POIs). The domain is previously
studied to demonstrate the credit assignment problem and
reward shaping methods such as diﬀerence rewards and its
estimations [19]. Although it is a toy problem, real robot
applications and transfer learning from the toy domain to
physical robots are also studied [9]. The domain consists of
a 2D plane containing Points of Interests (POI) and a team
of rovers. The goal of the rovers is to observe the POIs by
getting close. The global reward function is defined as:
G=

��
i

j

Vi
mini δ(Lj , Li )

(2)

where Vi is the value of the POI i and L is the location of
the POI or agent. δ(Lj , Li ) is defined as min{||x−y||, δmin }
where δmin is the minimum distance required to observe a
POI.
When we apply Reinforcement Learning to the Continuous Rover Problem, one has to consider the state representation, action choices and reward functions. As explained
earlier in the paper, diﬀerent types of reward functions such
as global, local and diﬀerence rewards will be tested. For
state representation, although there are many possibilities,
the decision was made on previous success of the 4 quadrants
(Figure 5-a) [9] . The state is represented with 8 numbers
while 4 of them represent POI densities in 4 directions, another 4 represent rover densities in 4 directions. Discretization of the action space is done by defining 3 actions: turning left, keep straight and turn right. Rovers are assumed
to move 1 unit in all of the actions, while they change direction. As the state space is continuous, the adaptation to RL
is done by using a function approximation method called tile
coding. For each variable, the range is divided into 11 tiles,
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(a) Classical
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Figure 5: State Representations used for the Rover Domain.
Classical State Representation consists of 8 variables representing density of Agents and POIs in 4 quadrants. Task
oriented state representation consists of the angle φ, the distance between rover and POI and density of agents around
the POI.
and 4 diﬀerent tilings. Further details about tile coding and
how it works can be found in [18].
The application of HELM to the rover problem is straightforward. The problem contains multiple agents that needs
to observe diﬀerent POIs. Here, the low level MDP is ”observing a single POI with existence of other agents in the
environment”. This new MDP contains all the agents and
only the specific POI, as opposed to all the POIs. When
the problem is transformed into the low level MDP, it is
transformed into diﬀerent problems with the goal being in
diﬀerent positions. As the task simplifies to observing 1 POI,
the state representation can change significantly. Here, we
picked a goal oriented state representation that will make the
lower level task easier to learn, which will be more precise
and indirectly result in better coordination by the nature of
the algorithm. For that purpose, the selected state representation is composed of 3 variables: the angle between rover’s
direction and POI, the distance between rover and the POI
and rover density around the POI (Figure 5). Since, the size
of the state space is significantly smaller than the previous
representation, a more detailed representation can also be
used for the task.

6.

EXPERIMENTAL RESULTS

As explained in Section 4, given a multiagent problem,
using the learning schema proposed and diﬀerence rewards
together is expected to learn faster and converge to a better
policy. To be able to test how well HELM and diﬀerence
rewards work together, we conducted experiments with various scenarios and number of agents. For every experiment,
20 statistical runs are made to show consistency of the results. For all of the experiments calculated standard errors
are small enough that they are neglected on the resulting
graphs.
The first experiment is on a small environment (50 by 50)
with 4 agents and 4 POIs. 4 POIs are distributed to the
corners and the agents are trying to observe as much as possible during episodes of 300 timesteps. The ideal behavior
is having 1 rover per POI to observe. As Figure 6 shows,
HELM combined with diﬀerence rewards (D) outperforms
the rest in terms of learning speed. With a simpler task to
learn, the agents have almost instant peak for convergence
compared to flat learning methods. The benefit on learning
speed comes from the partially hierarchical schema of the
decomposition. As the information learned is reused within
the low level learning, the agent basically learns the domain

188

Figure 6: Results of HELM coupled with diﬀerent reward
functions on an environment containing 4 agents and 4 POIs
that are spread out to diﬀerent corners. D, G and L represent Diﬀerence, Global and Local Rewards respectively.
The results show that HELM coupled with D has almost an
instant learning experience and converges to the same point
as the agents using flat learning and D

when it learns the simpler task resulted by the decomposition.
On the other hand, HELM reaches a good policy only
when it is combined with the diﬀerence rewards method. As
explained earlier, when the low level task is not learned correctly, the theory behind using HELM on multiagent problems collapses, because global reward is not good enough
even to learn the low level task. When the low level task cannot be learned high level selection is almost random, which
causes more confusion to the agent. This can be clearly seen
looking at the results of decomposition coupled with global
rewards (G).The agents using HELM and global reward even
performs worse than flat learning with G. Comparing flat
learning methods with diﬀerent types of rewards, the results are as expected. When the agents get shaped reward
D, they outperform agents using global and local rewards.
The second experiment is relatively more complicated with
a larger environment and 4 POIs concentrated at the same
corner. Using this setup, we can see the eﬀects of the more
precise and goal oriented state representation that could be
used after transformation to the new MDP. In this setting,
the diﬀerence between HELM & D and others becomes more
clear. Figure 7 shows that when HELM is coupled with difference rewards it outperforms both in learning time and
converged policy. The diﬀerence in converged policy mainly
comes from the abilities of the goal oriented state representation that is simpler and more precise than representing
the whole environment (Figure 5-a vs Figure 5-b). The performance of the agents using HELM model and local reward
is also related to the state representation and small number
of agents in the environment. Although both rewards (local
and diﬀerence) provide learning for the low level task, local
rewards do not encourage cooperation. As the number of
agents will be higher, the diﬀerence caused by the reward
structures will be higher. The rest of the graph shows that
coupling HELM with global reward or using flat learning
with other types of rewards results in worse performance as
expected.
When the number of agents is increased to 12 and 24, the
Figures 8 and 9 show the consistent performance of coupling

Figure 7: Results of HELM coupled with diﬀerent reward
functions on an environment containing 4 agents and 4 POIs
which are concentrated in one corner. With a harder problem to learn, the diﬀerence between the methods becomes
bigger. HELM & D not only converges faster, it also converges to a better policy than other methods.

Figure 9: Results of HELM coupled with diﬀerent reward
functions on a larger environment containing 24 agents and
24 POIs that are concentrated in one area of the environment

HELM
Flat

12 POIs, 12 Agents
D
G
L
11.9 9.8
11.0
11.7 11.0
11.4

24 POIs, 24 Agents
D
G
L
20.5 13.5
18.0
18.0 15.0
16.5

Table 1: Number of POIs observed for diﬀerent learning
algorithms and rewards. There is a significant improvement
when the agents use HELM and D.

Figure 8: Results of HELM coupled with diﬀerent reward
functions on an environment containing 12 agents and 12
POIs with uniform distribution. In a crowded environment
that requires more coordination, HELM & D gives an increase of 20% on overall performance of the agents

HELM with diﬀerence rewards. Again, both the converged
policy and learning time is better compared to other combinations. Note that these graphs do not contain results
for global reward as the performance was notably below the
other four mehods.
Comparing the agents that use HELM to flat learners, it
can be seen that time to converge is around 1.5∗103 episodes
instead of 3 ∗ 103 . From the learning time aspect, the time
requires to converge is less than half in all of the scenarios,
and for smaller problems learning can almost be considered
as instant (Figure 6). For a multiagent learning algorithm,
this is a significant improvement.
It is shown that the converged behavior can score around
400 points higher than flat learning. Considering that flat
learning scores around 2200, this gives an increase around
20% on top of the initial performance. Considering the nature of the problem, the diﬀerence can be critical in a real
mars rover observation mission. We also analyzed the results from another perspective. Table 1 shows how many
POIs are being observed at the end of each episode. Al-
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though the agents learn to increase amount of observation,
it can be seen that HELM and D observes more POIs than
any other combinations. Moreover, the diﬀerence is 2 POIs
when there are 24 POIs and 24 agents in the system.
The experiments tested the proposed algorithm in a rover
domain with diﬀerent settings. With diﬀerent sizes of the
environment, diﬀerent POI distributions, varying number of
agents, and diﬀerent reward structures, the results agreed
with the claims made in the Section 4. When coupled together, decomposition and task oriented diﬀerence rewards
results in agents learning faster and better.

7.

CONCLUSIONS AND FUTURE WORK

In this paper, we first introduced HELM as a single agent
Reinforcement Learning method by transforming the problem with multiple tasks into a simpler problem with one task.
The selection of the diﬀerent tasks are evaluated through Q
values in the simpler task. Although the proposed schema
looks similar to a hierarchical learning method, the learning happens only at the bottom layer which is responsible
for low level MDP. The method is first introduced and explained on single agent multiple task problems. The benefits of using HELM were simplifying the problem to learn,
allowing a task oriented state representation, reuse of the
knowledge and exploiting propagation properties of Reinforcement Learning by using Q values as a metric for high
level choice.
For multiagent problems, we explained that unless low
level learning can be established, upper level coordination
mechanism would not work. To be able to establish both
coordination and low level learning, we integrated reward
shaping to the method by introducing a task oriented version of the diﬀerence rewards. With the reward shaping
introduced, it is explained that the agents can learn low

level MDP. In addition, using the credit assignment aspect
of diﬀerence rewards, propagated Q values encourages cooperation, transforming the method into a framework suitable
for learning to cooperate.
The method proposed is studied on the Rover Domain
that is previously used for both reward shaping and transfer
learning to physical robots. Transformation into a simpler,
one task problem allowed a task oriented state representation that is simpler and more precise. The new MDP was
learning to observe a single POI in existence of other agents
in the environment. The method is tested in various scenarios with diﬀerent numbers of agents to cooperate with.
The experimental results showed that agents using HELM
with diﬀerence rewards results in significant improvement on
converged policy and significant decrease on time to learn.
From the results presented, it can be concluded that HELM
can be a great framework for multiagent learning as long as
the agent is provided with a good agent specific and task
oriented reward signal such as diﬀerence rewards.
We are planning to improve the proposed method in many
diﬀerent ways. First, by including reward shaping, the method
is used as an implicit coordination method, but it can be improved with communication and explicit coordination methods. As the agents learn lower level tasks, and use the Q
values to evaluate diﬀerent tasks, the agents have a brief important information about each task to choose from. At that
point, HELM chooses to pick the task with maximum value,
but using an explicit coordination by exchange of these values, we are investigating ways to further improve the coordination between agents. Using such communication will be
less costly than communicating whole state information.
Second, the method can be extended for scenarios where
the tasks in the environment cannot be completely separated from each other. In that case, tasks with dependencies would gain another dimension to the coordination problem. If these dependencies can be included in the state representations of each task, we believe that the method can
be adapted to a broader range of problems. For example,
partially observable domains is a class of problems that we
have not tested our algorithm in, however to the best of
our knowledge, with the reward shaping and task oriented
state representations, the method should be able to adapt
itself to partially observability; which will be investigated as
a further research topic.

8.
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